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Yactb VII

Cnyuaiinble rpadbl
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I—D,MCerTHaﬂ BEPOSITHOCTL

Paspensi

AuckpeTHas BepoSITHOCTb



METOAbl AHAJZIN3A OAHHbIX. Yacte VI: CnyualiHblie rpadbi 3/88

Lﬂ,mcerTHaﬂ BEPOSITHOCTL

Ob6o3Ha4eHus |
|x| — nonm: argmax{n < z}; [z]| — motonok: argmin{z < n};
neN neN
K,, — nonublii rpac Ha 1 BepLUNHAX;
K < K,, — nogrpadp K rpacda Ki, k < n.

K 4 — nonublii ABYAONbHbIN rpad Ha ABYyX NOAMHOMXECTBAX
BepwmH (BONSX) NO P N ¢ BEPLUNH B KAXKJOI J0S€ COOTBETCTBEHHO.

2M — Gynean mHoxecTsa M.
2™ — koHeyHast byneea anrebpa ¢ n aToMamu.

Cny4arinoe cobbiTne — NOAMHOXECTBO MPOCTPAHCTBA
3/IEMEHTAPHBIX UCXOLOB.

P[A] — seposTHocTb cobbitus A € {0,1}.
P[A+ B] = P[A] +P[B] — P[A- B]
P[A-B] = P[A]-P[B], ecnu cobbITusi He3aBUCAMDbI
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LAmcxpermaﬂ BEPOSITHOCTL

Ob6o3Ha4eHnunsa I

Ecan nposogutcs n mcnoitannii no cxeme beprynan ¢
BEPOSITHOCTBIO €AMHUYHOTO yCnexa p, TO BEPOSTHOCTb P
HabntogaTh X0Tst Bbl oAuH ycnex —

Pey = 1= (1-p)" <np,

PIY Al <D PlAL

E[X] — maTemaTnuyeckoe oxngaHne cnydaiiHoii sennynnsl X .
D[X] = E[X?] — (E[X])? — ancnepcus cayudaiitoii sennumnbl X.

Hepasencteo Yebbiwiésa Anst HEOTPULATENLHON CAYyYaHO
BeNMYMHbI X C KOHEYHbIM MaTemaTudeckum oxugannem E[X]:
E[X]

—

P[X > ¢] <
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Lﬂmcxperuaﬂ BEPOSITHOCTL

Ob6o3Ha4venuns Il

AcumnToTunKa npn n — oo.

0: f(n) = Olg(n)) « |4

o) < const

— OrpaHW4eHHOCTb CBEpXY;

= const
— OFpaHN4YEeHHOCTb CHU3Y;

S
i

O(g(n)) < — orpaHUYEHHOCTb N CBEPXY, U CHU3Y;

f
0: f(n) =o(g(n) & LM —o0.
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Lp,vu:»(peTHaﬂ BEPOSITHOCTL

OuckpetHas cnyydaiiHas BesiM4uHa: onpeaesieHne n npumepsi
Onpegenenne

Cnyyalinas BenMYNHA HA3bIBAETCS JUCKPETHOM, €CN NPOCTPAHCTBO
eé anemeHTapHbIx ncxogos (Hocutens) Q = {wp, wi, ...} He
bonee, 4yeM CHETHO.

MocnepoBaTensHOCTb Po, P1, -- -, rAae p; = Plw;], i =0, 1,
Ha3bIBAETCS JUCKPETHLIM PACNPEAENEHNEM WA PyHKUUEN
BeposiTHOCTU (sicHo, 4to p; > 0, > . p; = 1).

[Mpumepsl

» Pacnpegenenne bepuynnu B(p,q):
={0,1}, po=p.p1 =¢
» Pacnpegenenne [Tyaccona Po(\): @ = {0,1,...}, A >0.
)\z -
1 =¢c e =¢ <1+)\++ > H
Z>0 \z—’
i
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Lﬂmcxpermaﬂ BEPOSITHOCTL

AunckpeTHas cny4yaiHas BesM4YUHA: NPpUMEpPHI

» OtpuyatensHoe bunommanbroe pacnpegenerdune N Bi(k,p):
Q={0,1,...},0<g<l,p=1—¢

(1—q)" Y Chd" = Z(n_;ﬁ;1>p”(l—p)k

k>0 k>0

— pacnpegeneHne AUCKPETHOMW CAy4YailHOW BENNYUHbI PABHOW
KONIMYECTBY NPOU3OLLIEALLNX HEYAAY B MOCNEA0BATENBHOCTU
ncnolTaHuii beprynnu ¢ BeposTHOCTBIO yCcnexa p, NPOBOAVMOIA
{40 M-ro ycnexa.
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Lﬂ,mcxperuaﬂ BEPOSITHOCTL

AuckpetHas cny4aiiHas BesiM4UHA: NpUMeEpSI...

» burnomuaneroe pacnpegenenne Bi(n,k): pesynbtat n
ncnouiTaHuii no cxeme beprynnmn ¢ BeposTHocThio 0 < p < 1

kaxgoe, q=1—p, Q@ ={0,1,...,n}
n
n . .
=g = 3 (7
i=0
i

— BEpOSITHOCTL HabnopeHus k ycnexos, 0 < k < n.
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Lﬂ,mcerTHa\ﬂ BEPOSITHOCTL

OuvckpertHble cny4aiiHblie cobbiTus

Beposithocts P[A] cnyuaiitoro cobbituss A C Q ectb > p(w).
weA

Knaccudeckuii cnocob 3anannsi BEPOSITHOCTEN: KOJINYECTEBO
3NIEMEHTAPHbLIX UCXOLOB KOHEYHO 1 BCE OHU MMEIOT OANHAKOBYHO
BEPOATHOCTb.

Torpa BeposiTHOCTb ntoboro cobbiTusi npu kKoHewHom (2]
ONpefeNsieTcs Kak OTHOLUEHNE ero MOLWHOCTM (T.€. KoNMYecTBa
3/IEMEHTapPHbIX NCXOAO0B, BaaronpnsTCTBYOWNX AaHHOMY COBbITUIO)
K ODLLEMY HUMCNY DEMEHTAPHBIX NCXOLOB:

_ 1Al

PlA] = g Ac@
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Lp,vu:»(peTHaﬂ BEPOSITHOCTL

Knaccuuyecknii cnocod 3agaHus BeposAiTHOCTe: npumep
Mpumep

» [unepreometpunyeckoe pacnpegenenne HGe(k; N, D, n):
nmeeTcss MHOXeCTBO U3 N 0b6bekToB, n3 KoTopbix D
LedEKTHBIX; ECAN U3 JAHHOrO MHOXECTBA AEeNaeTcs
cnyyvaiiHas n-sblboOpKa, TO KakOBa BEPOSITHOCTb, YTO B HEl
okaxkeTca poBHO d aedekTHbix 0bbekToB?

N-D D
——
©o0...0ee .. .0 N

o
o
°
°
S
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I—l'loHﬂTvle O BEPOATHOCTHOM MeTofe

Paspensi

MoHaTune o BEpPOATHOCTHOM MeToae
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LnoHﬁTMe O BEPOATHOCTHOM MeTofe

BepoATHOCTHbI MeTOoA: OCHOBHAs Uaest 04eHb NPOCTA

Ons  pokasaTenbCTBa CyLleCTBOBaHUS ObOBEKTa C  AaHHbIMK
cBolicTBamMm onpeensitoT noaxoasiiee BEPOSITHOCTHOE
NPOCTPaHCTBO O0OBEKTOB, a 3aTeM MOKa3blBalOT, 4TO npw
cny4yaiiHoMm Bblbope 0OBEKTa BEPOATHOCTb HAAM4YUS Yy HErO
WHTEPECYIOLLNX CBONCTE CTPOro MOJNOXKMUTENbHA.

[okazaTenbCcTBa B MaTEMaTUKe:

> B KOHCTPYKTUBHbIX [OKa3aTeNbCTBAX MPOBOAUTCS
npegbseieHne TpebyeMoro obbekTa uan anropuTMm ero
MOCTPOEHUS;

> B 3K3UCTEHLMAbHbIX LOKA3aTeNbCTBAX AOKA3bIBAETCS, NNLlb
4TO OOBEKT CYLLECTBYET, MOCKOJIbKY SIBASIETCS 3JIEMEHTOM
HEKOTOPOro HEMyCTOro MHOXECTBA.

BepositHocTHbIli MeTog, npepnoxenHblii [1.Dpaéwem B cepennHe
XX B., CTas MOLLHbIM UHCTPYMEHTOM AJ151 PeLleHnss MHOrMX 3ajad
ONCKPETHO MaTeMaTuUKN.
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LnoHﬁTMe O BEPOATHOCTHOM MeTofe

M. Spaéw
Man Spaéw (senr. Erdés Pal, 1913-1996)
— BEHrepCKUll «CTPaHCTBYHOW MM MaTEMaTUK,
OfMH N3 CaMblX 3HAMEHNTBIX Y4€HbIX XX Beka.
PaboTtan B cambix pasHbix obnacTtsax
COBPEMEHHOI MaTeMaTnKu: KOMOMHATOPMKA,
Teopusi rpachoB, TEOPUS HuCen,
MaTEMaTMYECKUI aHAIN3, TEOPUS MHOXECTB,
TEOPMNS BEPOSTHOCTEN ...

Ero nmsa HocuT Heckonbko BecATKoB
Teopem, runoTes (HekOTOpbIE N3 KOTOPbIX Bbian BnoCcnencTsMM
[0Ka3aHbl), KOHCTAHT, HEPABEHCTB, rpachoB, MPOCTPAHCTB, MOAENe. .

JlaypeaT MHOXeCTBa MaTeMaTUYECKUX Harpag U OCHOBaTENb

npemMun Jpgéa.

Koan4ecTBo HanMCaHHbIX MM HAyYHbIX CTaTell, Tak XKe KakK N Y1Cao
COaBTOPOB HE MMEET aHAJIOroB Cpefn COBPEMEHHbBIX €My MaTEMaTUKOB.
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LnoHﬂTvle O BEPOATHOCTHOM MeTofe

Yucno Pamcesn
Onpegenexne

Yucno Pamces R(k,l) ecTb HauMeHbluee Lenoe n, Takoe, YTO npu
nr0boii packpacke pebep nonxoro n-sepmntoro rpaca K, (V, E)
B CUHWI 1 KpacHbIiA uBeTa nubo cyllecTByeT KpacHblid nogrpad
Ky, nubo cywecteyet cunmii nogrpacp K;.

Pamceii nokasan, yto uncno R(k,l) koHe4Ho ansi ntobbix k wn [.

[mnoTesa: R(3,3) Z 5. Moo nu pébpa
NONHOro 5-BepLIMHHOrO rpadba packpacuTb
B CUHWI 1 KPacCHbIA LBeTa Tak, 4Tobbl

He 0Ka3asjoCb HU CUHErO, HU KPaCHOro
TpeyronbHuka?

MoxHo: —

Moatomy 6 < R(3,3).
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LnoHﬁTvle O BEPOATHOCTHOM MeTofe

«Jlupuyeckoe oTcTynneHme»: gokasatenbcrteo R(3,3) <6
@ ScHo, uTo nwoboii packpacke pébep rpaca Kg B CUHMIA 1
KPaCHbI LBETa KaXXA0# ero BeplinHe NHUNAEHTHO Anbo He MeHee
3 cuHunx pébep, Nnbo He MeHee 3 KpacCHbIX.

@ PaccmoTpum npoussonbHyto BeplunHy v € V(Kg) n nycTsb eii
NHUNAEHTHO 3 KpacHbix pebpa (v,v1), (v,v2), (v, v3).
Torpa ans pébep (v1,v2), (v2,v3) n (v3,v1) BO3MOXHBI 2 Caydas:

1) Bce oHU cuHMe, n Torga oHM 0BpPasyrOT CUHUIA TPEYrOALHUK;
2) xoTs b6bl 04HO M3 3TMX pEbep KpacHoe, Hanpumep, (v1,v2), 1
Torga pébpa (v,v1), (vi,v2), (v2,v) obpasyroT KpacHbIii

TPEeYroNbLHUK.

@ Ecim BepwuHe v € V(Kg) eii nHunaentHo 3 cuHux pebpa,
PacCyAeHNS aHaNornyHbI.

Otctopa cneayer, yto R(3,3) = 6.
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|—|'|(>HﬂT|/|e O BEPOATHOCTHOM MeTofe

Hokazatenscteo R(3,3) < 6: nanoctpayus
Va Vs
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LnoHﬁTMe O BEPOATHOCTHOM MeTofe

17/88

HYucna Pamces TpygHOBbIYUCANMDI
Acho, yto R(1,1) =1n R(2,1) =1.
HekoTopble nssecthbie 3naveHns R(k,l) n ux oueHkn:

Rk, [3] 4[5 6 7 8 9 10
3 6|9 |14] 18 23 28 36 | 40..42
4 [9|1825]36..41 | 49..61 | 58..84 | 73..15 | 92...149

Yucna Pamces 4ypesBblvaiiHo TpygHO BbluncaATh: yucno O,

BCEBO3MOXHbIX 2-packpacok pébep nonHoro n-seplumHHoro rpada

paBHO 2(’5) n, Hanpumep

[V(Kao)| = 253 = 780 u Cyo = 270 ~ 6,36 10234

SpAéw nonaran, 4To B Ciydae KpaliHeli HeobxogumocTu
YenoBe4ecTBO ewg cnocobro Haiitn R(5,5), Ho He R(6,6):

102 < R(6,6) < 165.

OH Haweén cnocob noayunTb HUXKHIOK OLEHKY AMNArOHasbHbIX

43 < R(5,5) < 49,

yncen Pamces, ncnonbsys BepoSTHOCTHbIA METOA.
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LnoHﬁTMe O BEPOATHOCTHOM MeTofe

HuxHaa oueHka anaroHansbHoro 4yucna Pamces
— NpUMEpP NPUMEHEHNS BEPOSATHOCTHOrO METOoAA.

Yrsepxaenne.
Ecan CF - 21-C% < 1, 70 R(k, k) > n.
Takum obpasom, R(k,k) > |2F/2| ans scex k > 3.

JlokazaTenbcTso

PaccmoTpum cnyuaiinyto packpacky pebep rpadcda K, B KpacHblii 1
CUHWIA LUBETa PAaBHOBEPOSITHO N HE33aBUCMMO APYT OT Apyra.

Onpepenum gna kaxgoro nogrpacda K < K,,, k < n cobbiTue

M, =1 < nogrpagp K — MoHOXpOMaTNYECKUIT

(nnn opHOUBETHBINA, BCe ero pebpa siBnsoTCs NMbo sBNAIOTCS
KpacHbIMu, nbo CuHUMI).
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LnoHﬁTMe O BEPOATHOCTHOM MeTofe

Cob6biTue M) — MOHOXpPOMATUYHOCTL k-BeplunHHOro noarpada

AcHo, uto  P[Mj] = C%% = 21-C}

(nBa BapmanTa u3 207 BOZMOXKHbIX 2-LBETHBIX PAaCKpaCOK BCeX
C?% pébep noarpadpa).

T.k. cywecTByeT Crlf BapuaHTOB Bhibopa K, To BeposATHoCTb P
TOro, 4TO NO KpaiiHeid Mepe ogHO u3 cobbiTnii M) nponsoiiger —

P =1-(1-PM])% < Crkl=Ct < 1,
a 4to He npomsoiigét — 1 — P >0 = cywecTsyeT 2-packpacka
rpacha K, 6e3 ogHouseTHbix nogrpacpos, T.e. R(k, k) > n.
Ecim k>3 n n=[2"2], 10
0521—0,3 _ n~(n—1)~.l.€.!~(n—k+1) CQl=k?/2+4k/2 o nk 21tR/2 1,

k! 2k2/2

n, cneposatensho, R(k, k) >n = |2%/2] ans ecex k> 3.
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LnoHﬂTvle O BEPOATHOCTHOM MeTofe

BeposaTHOCTHbIA meTog v npuHunn Oupuxne
B paHHOM npumepe MoxHO 0boliTUCH BE3 BEPOATHOCTM, NONYHMB
AOKa3aTeNnbCTBO KOM6VIHaTOprIM AyTeM: ACHO, 4YTO 4UCNO 2073
2-packpacok rpacdpa K, bonblue yncna Tex, 4To cogepxat
MOHOXpomaTudeckuii nogrpad K.

MpuHunn Dupuxne: ecnm n KPOJMKOB paccaxkeHbl B k KIETOK, TO
rapaHTUPOBaTh, YTO B OAHOI U3 KJIETOK HaxoguTcs bonee ogHOrO
KpoJinKa, MOXXHO ecnin n > k, a ecim k > n, TO KaK MUHUMYM
OfHa K/ETKa mycTa.

Bapuant — «npununn ronybeii n awmkoe» (Pigeonhole principle).

Teopunsa Pamcest 06obwaet 3ToT npuHumn.
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LnoHﬁTMe O BEPOATHOCTHOM MeTofe

®.M. Pamceii
®Dpsuk lNMnamntoH Pamceri

(Frank Plumpton Ramsey, 1903-1930)

— QHTMANACKNIA MaTEMATUK, YCNEBLUNIA BHECTU
TaKXX€ 3HAYNTENbHbIN BKNag B puiocoduto
1 SKOHOMMYECKYIO HayKY.

«OH [0Ka3as, 4yToO ynopsifOHEHHbIE
KOHbUrypaymm Hem3bexxHo npucyTCTBYIOT B
1oboii 60a1bLLION CTPYKTYPpE.

Ecnun B3sTb npumep co 3863gamu, TO BCEr4a MOXHO HAWTU B HEl
rpynny, KoTopasi ¢ 04eHb bONbLION TOYHOCTBIO 06pa3yeT Kakyto-Hnbyab
334aHHYHO KOHGPUTYPALNIO: MPSIMYIO JIUHUKO, MPSMOYTrONbHAK U AP.
@akTudeckn Teopus Pamces yTeepxpaaert, yto nwobas bonbiuas
CTPYKTYpa 00513aTE/IbHO COLEPXKUT YNOPSIAOHEHHYIO MOACTPYKTYPY>.

= M0JIHas HEynopsaf4O04YE€HHOCTb HEBO3MOXHA.
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LnoHﬁTMe O BEPOATHOCTHOM MeTofe

BeposATHOCTHbIA MeToA: aNropuTMUYeCcKuin acnekTt

N3 mokasatensctea R(k, k) > [2F/2], k > 3 cneayer, 4To

cywecTsyeT pebepHas 2-packpacka rpada K, 6e3 ogHoLBETHbIX

kmnk Kalog, n-

Kak HaiiTu Takyto packpacky sisHo? [lonnas nposepka ogHoro

nogrpaca Kj — 20k = ok*/2—k/2 BapWaHTOB.

Dns 6onbwnx k npu n = |25/2| seinonweno

21+k/2 n k 21+k/2

k! (W) SR
= cnyvaiiHasi packpacka rpada K, c 6osbLIOA BEPOSATHOCTLIO He
COAEPXKUT OAHOLBETHBIX Noarpachos NoArpacpos Kolog, r-

Cck. 2= < < 1.

Yr1obbl NpeacTaBuTh SBHO 2-packpacky pebep rpada Kigoq 6e3s
OAHOUBETHbIX Noarpacos Koy, TO MOXKHO NOAOPOCUTH NMPaBUIIBbHYIO
moHeTy CZyp4 Pa3s u nonyunts Tpebyemyto packpacky:
BEPOSITHOCTL TOrO, Y4TO PaCKpalUeHHbI NONHbINA rpad copepXuT
oaHouBeTHbI nogrpac Kigoq4 MeHblue % ~8,4-10716.
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LnoHﬁTMe O BEPOATHOCTHOM MeTofe

TypHupbI
Onpegenenue

TypHup T Ha MHOXXECTBE U3 T UTPOKOB €CTb pe3ynbTaT
opuenTauun pebep K, (= nonHbili n-epunHHblii oprpad).

Typuup T obnapaet cBoiicTBOM S), €C/M 4151 KAXKZOrO
k-3/1€MEHTHOrO NOAMHOXECTBA UTFPOKOB HANAETCA XOTs Obl ognH
UrpoK, KOTOpPbI nobexxaaeT ux Bcex — nobeguTess.

Hanpumep,
OPMVEHTUPOBAHHBIN
TPeyroyibHuK

c V={1,2,3} n
E={(1,2),(2,3), 3,1)}
obnagaer ceoiicteom S7.
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LnoHﬁTMe O BEPOATHOCTHOM MeTofe

Mpobnema LLoTTe
— BEPHO /1N, 4TO A5 10boro KoHeyHoro k cywjecTsyet TypHup
T (c bonee qem k BepwmHamu), obnagarowmii csosictsom Sy ?

Cnyyaiinbiii TypHup — TYPHUP, NOAy4YaeMblii U3 NOHOMO rpacha
BLIOOPOM ANA KaXKAOM napbl €ro BEpLINH U U U HE3aBUCUMO U
paBHOBeposTHO nnbo ayru (u,v), nubo ayrm (v, u).

Mpu aTom BCe 207 BOZMOXHBIX TYPHUPOB Ha MHOXecTBe V'
PaBHOBEPOATHBI.

Wpes: ecnn n [OCTaTOYHO BENUKO NO CPAaBHEHMIO C K, TO
cnyyaiiHblii TypHup Ha mHoxectee V = {1, ..., n} c bonblwoii
BEPOSITHOCTLIO obnagaeT ceolicteom Sk.
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LnoHﬁTMe O BEPOATHOCTHOM MeTofe

Kypt LLIrotTe

(Hem. Kurt Schiiette, 1909-1998)

— HemeuKuii MmaTemaTuk.

Mocnepnnii acnupant [. Munsbepra.

B 1961-63 rr. no npurnawenuto K. [€aensn
pabotan B MIHCTnTyTe nepcnekTueHbIX
nccnegosannii (r. Mpuucton, CLLA).

3asegosan kacdeapoli MaTemaTnyeckoin noruku
B yHuBepcuteTe Jliogeura-Makcumunnmnana
(r. Miohxen).

PaboTtan B obnacTu Teopun [oKa3aTeNbCTB U NOPSIAKOBOIO
aHanu3a.

ABTOp pyHAaMeHTanbHOR MoHOrpachun « Teopus fOKa3aTeNbCTBY.
B 1966 r. 6b1n naeHapHbIM Jokaag4mkoM Ha MexgyHapogHom
KOHrpecce MaTemaTukoB B Mockse.
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LnoHﬁTMe O BEPOATHOCTHOM MeTofe

Mpobnema LLioTTe: peweHune

Teopema (Ippéuy, 1963k
e
Ecnn C’fi (1 — 27’“) < 1, TO cywecTByeT TypHUp Ha N

BepLunHax, obnagarowmii ceoiicteom Sy,.

LokazaTenbctBo

Paccmotpum cnyudaiinbiii TypHup Ha mHoxectee V = {1, ..., n}.

Onsa kaxgoro k-anemeHTHOro nogmHoxecTtsa sepwnd K C V
onpegenum cobeitne N, COCTOSILLEE B TOM, YTO HE CYLUECTBYET
nobegntens K.

Mockonbky ans kaxgoii BepwuHsl v € V . K BeposATHOCTb TOrO,
4yTo v He ecTb nobegutens K pasHa 1 — 27k nece n—k
cobbITuli, COOTBETCTBYIOLMX Pa3iNyHbIM BbIDOPaM BEPLINH ©,

He3aBUCUMbI, TO —k n—k
P[N,] = (1—2 )
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LnoHﬁTMe O BEPOATHOCTHOM MeTofe

Mpobnema LLtoTTe: pewerue...

Ouenunm BeposTHOCTb P TOro, 4To xo7s b6 04HO CobbiTne N
Npon30LWANo:

P=P|Y N < ZP[Nk]:cﬁ(1—2—k)"7k<1.

KCV KCV
|K|=k |K|=k

CrepoBaTenibHO, C NONOXKUTENBHON BEPOATHOCTLID 1 — P HU ogHO
13 cobbiTnii N He nponcxoanT = CYLIECTBYET TYPHUP Ha T
BepluMHax, obnagatownii ceolicteom Sj.
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L Mopenu cny4aiiHbix rpacdos

Paspensi

Mopgenu cay4aiiHbix rpacos
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L Mopenu cny4aiiHbix rpacdos

Mogenb dpaéwa-PeHbu
— NCTOPWYECKN NEPBasi MOLeNb CaydaliHoro rpada.

Ha mHoxectee V,, = {1, ..., n} BeplmnH BBOAUM MHOXECTBO
pébep FE, coeanHsia napy BepLinH pebpomM C 3ajaHHOM
BeposiTHoCTbIO p € (0,1) He3aBUCMMO OT BCEX OCTasbHbIX Nap
BEPLUMH.

T.o. pebpa nosiBASIOTCSA B COOTBETCTBUN CO cxemoli BepHynnu, ns
C? wcnbITaHWii C BEPOATHOCTBLIO €AUHNHHOTO ycnexa p.

SAcHo, yTo E — cnyyaiiHoe MHOXXECTBO.

G(n,p) = (Vy, E) — cnyyaiinbiii rpad 8 moaenn dpaéua-Penbu.
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L Mopenu cny4aiiHbix rpacdos

Mopgenb dppaéwa-PeHbu: BEpoATHOCTHOE NPOCTPaAHCTBO
B akcnomaTnke Konmoroposa nosy4mm JUCKpeTHOE BEPOSITHOCTHOE
npoctpavcteo G (n,p) = (Qp, Fp, Pry, ), 8 kOTOpOM

Q={G = (Va, B)}, Fu=2, Pr,,[G] =pPl(1-p)@I”.

_ 1 -C2

Mpu p = 5 BeposTHOCTL Bbibopa ntoboro rpacba pasHa 27,
dnemeHTbl curma-anrebper F, — Habopbl rpados.
BeposiTHOCTb, C KOTOpOIA rpad Ha 1 BeplumHax obnagaeT AaHHbIM
cBoiicteom A:

Progld] = 3 Pr,,cl,

GeA

roe MHoxecTeo A € F,, cocTouT U3 BCex rpachoB, ANs KOTOPbIX
BbINOJIHEHO CBOWCTBO A.
CeoiicTBO A BbINOJHEHO NOYTY BCErga, €Cam

Pryp[A] = 1 npn n — oo.
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L Mopenu cny4aiiHbix rpacdos

Mopgenb dppéwa-PeHbu: TpaHcnopTHas nHTepnperauus
MpeacTaBum cebe, 4TO B HEKOTOPOI CTPaHE €CTb 7. FOPOAOE,
KOTOPbIE MOMAPHO COEANHEHBI JOpOramMi (CUILHOE MPeANoOKeHNE,
OfHaKo).

Jonyctum, kaxaas u3 SOPOr 3a ONpenesieHHbI CPOK
N3HalwmMBaeTcs (T.e. CTAHOBNUTCS HEMPOE3XKENi) C U3BECTHOM
BEPOSITHOCTBIO ¢ W W3HOC AAHHOW JOPOrM HUKAK He 3aBUCUT OT
M3HOCA OCTasIbHbIX AOPOT.

Bonpoc: kakoBa MakcMMasibHas BEPOATHOCTb ¢, NPU KOTOPOI C
BEPOSTHOCTbIO bosbe 1/2 ewé He ncHe3HET BO3MOXHOCTb
rnepemeLLeHmnst Mexay tobbiMu AByMsi ropogamu’?
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L Mopenu cny4aiiHbix rpacdos

Mopgenb dppéwa-PeHbu: TpaHcnopTHas nHTepnperauus...
Conocrasum

> KaXXAOMY M3 M TFOpPOJOB COMOCTaBUM BeplunHy ¢ € V,,,
> [opore Mexgy ropogamu i M j — COOTBETCTBYtOLEE pebpo,
> a M3HOC Joporu — ucHesHoseHne pebpa.

Torpa yTeepxaeHne «[0Opora M3HALLMBAETCA C BEPOSITHOCTLIO ¢
= YTBEPXKAEHUIO «Pebpo NOSIBNAETCS C BEPOATHOCTLIO p = 1 — ¢».

Takum 0bpa3om, HaC WHTEPECYET, KaKOBa MUHUMaNbHANA
BEPOSITHOCTb P, Npu KOTOpoli B Mogenn Jpaéwa-Perbn G(n,p)
BEPOSAITHOCTL CBA3HOCTU rpacha bosbLue NONOBUHLI.

Mockonbky NpeanonoXxeHne 0 TOM, 4TO BCE rOPOAa NONAPHO
CBSI3aHbl JOPOraMu — YepecHyp CUibHOe = Aafiee NMPUBOANTCS
moaundukauns mogenn Jpaéwa-PeHbn, B kKOTOPOIA 3TO
NpeanofoXKeHne MOXXHO byaeT afeksaTHO ocnabuTs.
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L Mopenu cny4aiiHbix rpacdos

HapexxHocTtb cetu

Teopema

lycts p = 8 mogeanm G(n,p).

Ecnn ¢ > 1, 10 no4tu BCerga ciyHalinbili rpach cBs3eH,
ecm ¢ < 1, To nouTn BCerga cayyalieiii rpach He sBaseTcs
CBSI3HbIM.

clnn

LokazatenbcTso

1. Cayvaii ¢ > 1.
Beeanem cnyuvaiinyto BenuuuHy Ha npoctpaHctee G(n,p):

0, ecnu G cesseH,
Xn = Xu(G) = { k, ecnny G poBHO k KOMMOHEHT.

T.o. X,, npuHumaet 3HaveHuns 0, 1, 2, ...
Mokaxem, 4to Pry, p[X,, =0] = 1 npn n — 00, 4TO paBHOCK/ILHO
Pr,, [ X, > 1] — 0.
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L Mopenu cny4aiiHbix rpacdos

HagexxHoCTb ceTu: foka3aTenbCTBO Ajs caydasa c > 1

Mo HepasencTey Yebbiwésa: Pry,[ X, > 1] < E[X,], u Ham
octaeTcsi 0bocHoBaTL cTpemeHune k Hynto E[X,].

MNpeactasnm X, B BUAE CyMMBbI

Xn = n,1 +... .+ Xn,nfla
rae Xnx = X x(G) — 4ncno k-seplumHHbIX KOMNOHeHT rpacpa G.
3aHymepyem BCe k-3N1EMEHTHBIE NOAMHOXECTBA MHOXKECTBA
BepwuH V,, cny4vaiinoro rpacha B HEKOTOPOM (NMPOM3BOSBHOM)
nopspke: Ki, ..., Kcznc.
Torpa B ceoto ouepeap X, = Xpp1+...+ Xn’k’cﬁ,
NOCKOJIbKY

1, ecnn K; obpasyeT komnoHeHTy G,
Xoki = Xnki(G) = { 0, wuHaue Z ’ ’
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L Mopenu cny4aiiHbix rpacdos

HagexxHoCTb ceTu: foka3aTenbCTBO AJs caydasa c > 1...

B wTore o1 Ck
E[Xa] = D) ElXuuil
k=1 i=1
OuyeBungHo,

E[X, ki) = Pryp[K; obpasyer komnonenty B G| <
< Pryp[us K; 8V, \ K; Het pébep B GI.

Monyuyas nocnegHee HepaBEHCTBO, Mbl MPOCTO NpeHebpernin
YCIOBUEM CBA3HOCTM TOl YacTu rpacpa (G, KOTOpast «CUAUTY Ha
MHOXeCTBe BepwmnH K; (Takyro 4aCTb NPUHATO Ha3bIBATb
NHAYLMPOBaHHbIM nogrpagpom, cumeonunyeckn G|k, ).
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L Mopenu cny4aiiHbix rpacdos

HagexxHoCTb ceTu: foka3aTenbCTBO AJs caydasa c > 1...

Hanee,
Pr, pu3 K; 8 V \ K, vet pebep 8 G| = (1 — p)kn=k),
1, 3HAYNUT,
n—1 C} n—1
<D -p = 3o - .
k=1 1i=1 k=1

I'Iocne,u,H;m CyMMa CUMMETPNYHA B TOM CMbICNE, HTO eé cnaraemMble

npm k n n — k pasubl. Paccmotpnm k = 1:

_ —p(n— _cnn)(n-1)
n(l—p)" ' < ne PN = pe n =

1\ o)
=n (—) = o(1),

n

nockosibky ¢ > 1.
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L Mopenu cny4aiiHbix rpacdos

HagexxHoCTb ceTu: foka3aTenbCTBO AJs caydasa c > 1...

OcraBlascs 4acTb pacCyXAEHNs COCTOUT B [OKa3aTe/bCTBE TOrO,
yTo cnaraemblie ¢ k> 1 n k <n — 1 npeHebpexnmo manbl no
CPaBHEHUIO C MEPBbIM ClaraeMbIM.

CoOTBETCTBYIOLLYIO BBIKAAAKY Mbl MPONYCTUM.

Ecnun e nosepuTh B €e CNpaBeaiMBOCTb, TO NOJYHUTCS, YTO BCS
CyMMa JOMWUHNPYETCS NEPBbIM M NOCAELHUM CNaraeMbiMun, a CTaso
BbITh, M OHA CTPEMUTCS K HYJIHO.

Teopema gnst cnyyas ¢ > 1 pokasaHa.
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L Mopenu cny4aiiHbix rpacdos

38/88

HagexxHoCTb ceTu: foka3aTenbCTBO Ajs caydasa c < 1

2. Cayuaii ¢ < 1.

ObozHauum yepes X,, KONMYECTBO M30/NPOBAHHbLIX BEPLUMH B

cnyyaiivom rpacpe. 3anuwem

Xn=Xp1+...+Xun,

roe
1, ecnn BepwnHa k € V,
Xngk = Xnk(G) = — usonuposaHHas B G}
0, wHave.
Torpa

E[X,] = E[X,1] +... + E[X,, ]
B cBoto oyepenb

E[X +n,k] = Pr,,[k — vsonuposannas 8 G] = (1 —p)" L.
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L Mopenu cny4aiiHbix rpacdos

HapgexxHoCTb ceTu: foka3aTenbCTBO s caydasa c < 1...

Takum obpasowm,
BLX,] = n(l—p)"" = n(1-p)"(1 +o(1) =
= (1+o0(1)ne " = (14 0(1))n'

3ameTum, 4TO BBUAY HepaBeHcTBa ¢ < 1 BbinonneHo E[X,] — oo.
MocunTaem gucnepcuto cnyyaiiHoii Bennymubl X!
D[X,] = E[X2]—(E[X,])® = E[Xp1+. . +Xnn]*—(E[X,])? =
= E[X2, ... +EXC ]+ Y ElXniXay] — (E[Xa)? =
i#]
= EXn1] + .+ ElXnn] + Y E[Xni Xn ] — (B[XW])* =
i#j
= B[X,] + Y E[XniX,,] — (B[X,])%
i#]
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L Mopenu cny4aiiHbix rpacdos

HapgexxHoCTb ceTu: foka3aTenbCTBO s caydasa c < 1...

Hanee,
E[X, X, ;] = P[i n j nsonuposansl B G| =
= (1-p*" = 1 +01)(1 - p)*",

> E[XniXn;] = n(n—1)(1+0(1))(1 - p)* =
i#j
= (1+0(1)n*> % = (14 o(1))(E[X,])2.

B nTore
D[X,] = E[X,]+(1+0(1)(E[X,])* — (E[X.])? = o ((E[Xa])?).



METOAbl AHAJZIN3A OAHHbIX. Yacte VI: CnyualiHblie rpadbi 41 /88

L Mopenu cny4aiiHbix rpacdos

HapgexxHoCTb ceTu: foka3aTenbCTBO s caydasa c < 1...

Mo HepaBeHcTBY Yebbiwéra
Pry, »[G cBasen] < Pry,[X, = 0] = Pr, p[X<0] =
= Prpp[-X;, > 0] =

= P, [E[Xn] — Xo > E[Xa]] € el = olL).

N BTOpasA 4aCTb T€OpPEMbl AOKA3adHa.
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L Mopenu cny4aiiHbix rpacdos

HapexHocTb ceTu: obcyxaeHue pe3ynbTaToB
1. CoxpaHeHue ceazaHHocTu rpadpa npu p — 0.

__clnn
Mpn n — 00, p =" — 0 (poBonbHO bbICTPO), HO Npn ¢ > 1
rpach ocTaércsa CBA3HbIM.

Hanpumep, ana 1000 ropofoB Mbl MOXeM MO3BOJINTL JOPOram
paspywaTbcs ¢ BepoAaTHOCTbo 0.993 1 npu 3TOM C BEPOATHOCTLIO,
BAM3KOI K eQUHMLE, NEPEMELLEHNE MEXAY NHODBIMU ABYMS
ropoflaMu BCE €eLLE OCTAaHETCS BO3MOXKHbIM.

2. Pe3kunii ckayok cea3aHOCTM.

®Pynkuusa p(n) = IHT” CNY)XUT rpaHuueil nepexoda OT «MNOYTK

BCErga CBA3HOCTMY» K «MOYTW BCErga HECBA3HOCTUY.
Takoii nepexon NPUHATO Ha3biBaTb Pa30BbIM, a COOTBETCTBYOLLYIO
dbyHkuuo p(n) — noporosoii
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LMOAE!‘IM cny4aliHbix rpacos

KoHkpeTHbIii pe3yabTaT

Teopema
lycts p = Cl% 8 mogeanm G(n,p).
Torga ecaym ¢ > 3, To npu n > 100
1
Pry, p[G cBszen] > 1 — —.
n

N3 aToii Teopembl ciegyert, 4To, Hanpumep, npu n = 1000

rOpOAOB N BEPOATHOCTM U3HOCA goporn 1 — % ~ 0,98

BEPOATHOCTb COXpaHEHUsl CBA3aHHOCTU He MeHee (,999!
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L Mopenu cny4aiiHbix rpacdos

KomnoHeHTbl cBaA3HOCTM rpadha

Teopema (Ippéw n Penbn)
Iycts p = & B mogenn G(n,p). Torga ecn

» ¢ < 1, To naiigetca takas kouctanta 3 = (B(c), 4T0 nouTu Bcerga
pa3Mep Kaxzgou CBSI3HONM KOMMOHEHTBI CJ1yHaliHOro rpagha He
npesocxoauTt [lnn;

» ¢ > 1, To HaiigeTcs Takas koHcTanTa y = ~y(c), 4To noyTM BCerga
B C/1y4aiiHOM rpache eCTb POBHO OfHAa KOMMOHEHTA pa3Mepa = Yn.

CHoea ha3oBbIfi nepexom — C NOPOroBoi dyHKUMel p = +: ecn

BEPOSATHOCTbL pebpa B ¢ > 1 pas "
> HUKE MOpora, TO BCE CBA3HbIE KOMMOHEHTHI rpadha, Ckopee BCero,
KpolleyHble (MMerowme norapudpmnyeckuii pasmep ot obuiero
yMcna BeplwuH n);
> Bbllle NOpOra, TO, CKOpPee BCEro, HaliAeTCA KOMMOHEHTA C YNC/IOM
BEPLUMH NOpsiAKa 7. Takas KOMNOHEHTA HA3blBAETCSA rUraHTCKOM.
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L Mopenu cny4aiiHbix rpacdos

deontouyusa rpada
VTouHeHus Teopembl Jpaéia—Perbn:

> 41O Npu ¢ > 1, NOMUMO eANHCTBEHHOI rMraHTCKOW
KOMMOHEHTbI, B C/y4aliHoM rpache HMYEro CKob-HUbyap
KPYNHOFO NOYTN HUKOFAA He BO3HMKAET: BCE OCTaJjibHble
KOMMOHEHTbI CHOBA NOrapudMudeckue;

> BepHbl HE TOJIbKO HEPaBEHCTBO > YN, HO U aCUMNTOTNKA
~n.

NameHenme ceolicTe cydaiinoro rpada npu n3meHeHun
BeposaTHOCTU pebpa p — 3sosoyns rpadha.
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L Mopenu cny4aiiHbix rpacdos

deontouyusa rpada

Tepmunonorust A.M.Paiiropoackoro: ucropusi mupa.

p < =+ («eoganusmy) — Becb rpad NOJENEH Ha HECBS3AHHbBIE
mexay coboii norapudpmmyeckne Kycouku;
p>> L («umnepusi») — ruraHTckas KOMMOHeHTa;

g

p > 1 («muposoe rocnoacTso») — «MMnNepUsy yHUUTOKAET
«OKpauHbl» U aobueaetca Bceoblueli CBA3HOCTU.

3

CMbICn TeopeMbl B TEPMUHAX HAAEXHOCTU: MOXHO €elé B Inn pas
YMEHBLINTL BEPOATHOCTb COXPAHHOCTW OTAENbHOV Aopory, a
BO3MOXHOCTb COObLLeHnst Mexay nobbiMu ABYMS ropogamu
OCTAHETCA B 3HAYMTENBHO 4acTn CTPaHbI.
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L Mopenu cny4aiiHbix rpacdos

A. PeHbu

Anbcppes Penbn

(senr. Renyi Alfred, 1921-1970)

— BEHrepcKuii MaTeMaTuMK, OCHOBaTeNb
MaTemaTuyeckoro nHctuTtyTa B bymanewrTe,
Tenepb HOCSILLEro €ro MMmsi.

OcHoOBHble TpyAbl MO TEOPUUN BEPOATHOCTEIA,
Teopuu nHdopmauum, KombruHaTopuke

1 Teopun rpacos.

Hanucan 32 cratbu cosmecTHo ¢ IN.9pagwem, B Hanbonee
M3BECTHBIX N3 KOTOPbIX BBOAUTCS Mogens Jpaéwa—Penbn
cnydaiiHbix rpados..

ABTOp MONY/ASIPHBIX KHUT MO MaTEMaTUKE.

Emy npunagnexut ussectHasi cppasa:
«MatemaTuk — 370 aBTOMAT MO nepepaboTke Koghe B TEOPEMBI>.
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L Mopenu cny4aiiHbix rpacdos

VYcTpoiicTBO «Mupa» «BHYTpu (pa30BbiX Nepexonos»

T.e. npu:
P~ % — BCE CJIOXKHO;
p~ R
Teopema
llyctb p = Innteto(l)

n
Torga Pr,, ,[G ceaszen] — e .
Inn
n

1

B wactHoctu, npu p = BEPOSITHOCTb CTPEMUTCA K € .

34€eCh yxe pedb He UAET O «MOYTM BCErga CBA3HOCTUY UAn
«MOYTU BCErAa HECBA3HOCTMY . aCUMNTOTUYECKAs BEPOSTHOCTb
CBSI3HOCTM €CTb, HO OHa JIeXUT B cTporux npegenax ot 0 go 1.
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LMO}:\&!‘IM cny4aliHbix rpacos

0606uweHns mogenn Ipaéwa-PeHbu

@ Myctb Ha BepwmHax V, = {1, ..., n} rpaca BeposiTHOCTb
pebpa Mexxay BeplIMHaMKN © U j €CTb p;j, T.€. pebpa nossastoTcs
HE3aBMCUMO ApPYr OT Apyra, HO C Pa3HbIMU BEPOSTHOCTSMMU.

B dopmaTe akcnomaTtukm KosMoropoea nosiy4aem AWCKpPETHOE
BEPOATHOCTHOE MPOCTPAHCTBO, SIEMEHTbI KOTOPOrO CyThb

Q, = {G = (V,, B)}, Fp =2,
Prop, (Gl = [ »i- [ (0 —pi)-

(i.j)eE (,5)¢E
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L Mopenu cny4aiiHbix rpacdos

0606uweHns mogenn dpaéwa-PeHbu: BaXKHbI YAaCTHbIW Cay4aii
@ ®ukcupyem HekoTopslii rpap H,, = (V,,, E},) v nonaraem

o { b, (27]) €E7
Pii =0, (i,j)¢E

(pebpa rpacdha H,, BO3HUKAIOT B CAYHaiHOM rpadhe HE3aBUCMMO
APYyr OT Apyra C OfHOW u Toli xe BeposiTHocTbio p = p(n) € [0,1],
a pebpa, KOTOpbIX B HEM HET, HE BO3HUKAKOT BOBCE).

ToT BapuaHT mMogenn npuHsaTo obosHavate G(H,,p), B Heil
Pry [G] = pIE\(l _p)IEnI—IE\_
Mogens G(H,,p) BnonHe afekBaTHa BOMPOCY O HAaAEXHOCTN

TPaHCMOPTHOIA CETW: C CaMOro Hayana MOXKHO 3adpKCUpOBaTh
rpad gopor H,, n cnefuTb 3a U3HOCOM ero pebep.
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L Mopenu cny4aiiHbix rpacdos

Mopene G(H,,p)
— bBosee afekBaTHasi peanbHOCTU 1 bonee CAOXKHAs s
nsyuenust, 4em G(n,p).

[naBHbIA pPe3ynbTaT OTHOCUTENIBHO aTOl MoLenn — HETpuBMaabHaA

Teopema (I.A. Maprynuc)

Mycry {H,} — nocnegosatenbHocTe rpagpos, pebepHasi CBS3HOCTb
KOTOPbLIX CTPEMUTCS K beckoHe4dHoCTu npu n — oo. Torga
CYLUECTBYET MOPOrosas (pyHKUNSA p ANA CBOACTBA CBA3HOCTY
cnyHaiinoro rpagha 8 mogenn G(Hy,,p).

Monck noporogoii byHKLUM, CYLLIECTBOBAHNE KOTOPOI
[OKa3blBAaETCA B TEOpPEME — BCSAKMUI pa3 CIAOXKHAsA 334a4a,
noBsi3aHHast Ha cneundpuky rpados ns nocnegosatensHoctu {H, }.

MpakTuyecknii CMbICT TEOPEMbI: HAZO CTPOUTL AOPOrM Tak, YTObbI
CBSISHOCTb NOJyYatoLwerocs rpadpa HEYKAOHHO pocaa.
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L Mopenu cny4aiiHbix rpacdos

r.A. Maprynuc

F'puropwii Anekcavgposuny
Maprynuc (1946)

— POCCUIACKMNIA N aMEepPUKAHCKMNIA
MaTeMaTuk, A.cp.-M.H.,

HayyHbili cotpyaunk UMM PAH,
¢ 1991 r. — npodpeccop Menbckoro
ynusepcutera (CLLA).

JMaypeat npemun Jx. Pungca (1978, Ha uepemoHun BpydeHus He
NpUCYTCTBOBaN, T.K. €My DbINO OTKa3aHO B BLIE3HON BU3E)

n npemun Bonbcpa (2005).

Ynen HaunonansHoii akagemun Hayk CLUA, pelicTBuTeNbHbI
yneHoMm AMEPNKAHCKOrO MaTeMaTn4eckoro obuuecTsa.
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3akoHbl 0 u 1: a3bik NnepBoro nopsiaka ans onucaHus rpados

— COOEPXKUNT CMMBOJIbI:

>

vVvyVvVVyywy

MPEAMETHBIX MEPEMEHHBIX — I, Y, ..., ODO3HAYAIOT BEPLUNHBI
rpada;

OTHOLLEHUSI ~ CMEXHOCTU BEPLUNH;

NOrnyYecknx CBA3oK — —, V, &, D, =;

KBaHTOpoB — V, 3;

OTHOLLEHUS] = PABEHCTBA BbIPAXKEHMWIA;

ckobok (, ) — BCnomoraTesibHble CUMBObI, obecneynsatowne

NpaBUJbHOE YTEHUE Bblpa)KeHVIﬁ.

Mpaeuna obpasosarus (KoHeuHbIX) BbipaxkeHuii (popmyn
A3blKa) — 0bbIYHbIE.

Mpumep dopmynbl «rpad COOEPKNT TPEYrOAbHNKY

Jr Iy Iz (z ~y)&(Y ~ 2)&(z ~ ).
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L Mopenu cny4aiiHbix rpacdos

3akonbl 0 n 1: A3bIk NEPBOro nNopsiaka AJisi onucanus rpacgos
He Bce ceolicTa rpacba BbIpasuMbl Ha A3bIKE NEPBOrO NOPAAKa,
Hanpumep «rpad CBA3EHY:
VeVydneNgIxy,...,xn: (x ~21)&(x1 ~ 22)&. .. &(xH ~ Y)

— yTBepxaeHne dn € Ny HeBbIpasnMo Ha BBEAEHHOM SI3bIKe
nepBOro Nopsiaka.
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L Mopenu cny4aiiHbix rpacdos

3akoHbl 0 u 1: pesynbratbl

CeoliicTeo cnyualivoro rpaca noguuHsietcss 3akoHy 0 u 1, ecnu oHo
no4Tn HaeepHoe Nnbo BbINOAHEHO, DO HE BbINOAHEHO.

PesynbTaTthl gas mogenn Spaéwa—Penbu.

Teopema
llpn p = const cBoricTBo rpagha, KOTOPOE BO3MOXHO 3aNMCaTb Ha
S3blKe NepBOro nopsigka, nof4yuHsiercss 3akoHy 0 u 1.

Teopema
lpu p =n%, o € Q cBolicTBO rpacha, KOTOPOE BOIMOXHO
3anucaTb Ha SI3bIKE NEPBOro NopsiAka, NoAYNHSETCs 3akoHy 0 n 1.

Teopembl [OKa3bLIBAtOTCS C MOMOLLBIO Urpbl DpeHdoiixTa
(Andrzej Ehrenfeucht, 1932) Ha rpadax.
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Paspensi

Mogenn NutepHeta. Mogenb bapabawu-Anwbept
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Kakum 3akoHam nog4uusietcs poct MutepHera?

— BOMPOC ecTecTBeHHO BO3HUK B 1990-e, koraa VIHTepHeT Tonbko
3apOXAaCs 1 BO3HMKI/IA HEOBXOANMOCTL NOCTPOUTL afEKBATHYHO
MOJENb €ro < >KNU3HUY.

A.-J1. Bapabawu n P. AnbbepT Hawm psag BaXKHbIX SMINPUYECKNX
3akoHomepHocTeli B nosegeHnmn MntepHeta. OcHoBHast U3 HuX:
HOBbIE CaliTbl YAaLUE CCbINAIOTCS HA YXKE CyLUECTBYHOLLNE
nonynsipHbIe CaliThl.

SRy noen enocneacTtenn
d)opmanmsosblsanm MHOTne aBTOpPbI.

Mogenn Bapabawun-AnsbepT
NMPUMEHSAIOT ANA OnMcaHus

TakXe couuanbHbix, bruonornyeckux,
TPaHCMOPTHbLIX U T.4. CETENA.
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LMOAEIIM NHTepHeTa. Mopens Bapabawu-Ansbept

A.-J1. bapabawun n P. AnbbepT

Anbbepr-Jlacno bapabawmn
(Albert-Laszlé Barabdasi, 1967)
— dusnk, paboraer B YHueepcuterax CLLUA.
Ynen AMepunkaHCcKoro crsnyeckoro
obLecTBa, MHOCTPaHHbI Y4aeH BEHrepCKOl

Akagemun Hayk.

-

Puka Anbbépt (Réka Albert, 1972)

— npodpeccop dusnku n buonoruu

B NeHcunbBanckom ynusepcntete (CLLA).
A.-J1. bapabawu n P. Anbbept —
3THUYECKNE BEHIPbl, POAUBLLNECA B PyMbIHVIVI.

Ha momenT nybankauun coemectHoli paboTsl
Emergence of scaling in random networks (Science, 1999),
P. Ansbept — acnupanTtka A.-J1. Bapabawwn.
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pacdpbl MiHTepHeTa

BepuwmnHbr — cTpykTypHble eanHuubl B VIHTepHeTe: caiiTsl
(MinTepHeT-rpad), xocTbl (xocT-rpadsi),
cratudeckue-html crpanuysr (HyperText Markup
Language, seb-rpadni), Bnagensus u np.;

Pébpa — coepnHAIOT BEPLUNHBI, MEXAY KOTOPbIMU UMEHOTCS
CCbUIKU, T.€. MMEIOTCS KpaTHble u pebpa, u netin.

Beb-rpad cesizein calitos
CO PAH u yuebHbix yupexaeHuii.
Yucno B kKpyxke — HoMep caiiTa.
Crpenka oboszHavaeT Hanuuue
rMnepccbUIok, ®
undpa y CTpeNkm — Ux KOJIMYECTBO.
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Xapakrepuctukn rpacpa |

Paccrosinne B rpaghe — uucno pébep B KpaTuaiiluem pébepHom
nyTu.

Auametp diam(G) rpagha — makcumanbHoe paccTosiHue
MeXay BepimHamu (HeonpeaenéH 4is HECBA3AHHOTO
rpacha).

Ecnn gnametp man, 1o rpad TecHslii.

He3zasucvumoe MHOXeCTBO — COBOKYMHOCTb BepLUMH rpada
HNKAKNE BE N3 KOTOPLIX HE COEAUHEHBI PEBPOM
(MHAYLMPOBAHHBIN 3TUM MHOXECTBOM nogrpad
COCTONT U3 N30JIMPOBAHHbIX BEPLUNH).
MakcumanbHblii pa3mep HE3aBMCUMOrO MHOXECTBA
rpadha G obosHavatoT «G).



METOAbl AHAJZIN3A OAHHbIX. Yacte VI: CnyualiHblie rpadbi 61 /88
openu NHtepHera. Mopens Bapabawn-Ansbepr
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Xapakrepuctukn rpacpa |l

Xpomatudeckoe yncno x(G) — MUHUMANBHOE HYNCIO LIBETOB,
B KOTOPbIE MOXHO PaCKpacMTb BEPLUMHbI rpadpa Tak,
4TObbI KOHLbI At0boro pebpa umenn pasHble LBeTa.

Ob6xBat girth(G) — pa3mep kpaTuaiiwero yukna 8 G.
lMnotubifi rpagh — rpad, B KOTOpoM 4ucno pébep banzko K
MaKCUMabHOMY.

Pa3pexxetHbii rpagh (npotusononoxHoe ceolictso) — rpad,
nmMetownii Manoe Yncno pébep.
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Xapakrepuctukn rpacpa Ill
I'urantckas komnoHeHnTa [lycTb faHa NOCNEOBATENLHOCTD
rpados {Gp, = (V, Ep)} v lim |V,| = 4o0.
n—oo
loBopsaT, 4To rpacbel (), COBEPXKAT rUraHTCKYyH
KOMMOHEHTY CBA3HOCTH, €CIH
Jv > 0Vn: |Hanbonbwas komnoneHTa cessHocTn G| = v|V,|.

Crenenun BepumH — indeg v, outdeg wv, deg v — Bxogswas,
UCXOASILLAS U MOJIHAS CTENEHb BEPLUUHbLI V.

Bropbie ctenenn BepiunH — MOXXHO ONpefenuTb No-pasHOMY:
> YUCJIO BEPLUMH HA PaccTosHWnW 2 OT v;
> YUCNO BEPLUMH Ha pacCcTosHUM < 2 oT v;
> CyMMa CTEeneHel BepLUWH Ha paccTosHum 1 oT v;
— 3HAY€HMUS AaHHbIX BEAUYUH MOTYT CUIBHO
pasinyaThCA.
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|—Monenul NHTepHeTa. Mopens Bapabawu-Ansbept

Xapakrepuctukn rpaca IV

lMengxpank — ...
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Habnopennsa bapabawn-Anbbept
® Beb-rpad BecbMa paspexer: y Hero B t-BepluMHOM nogrpadpe
npumepHo kt pebep, rae k > 1 — KOHCTaHTa, YTO OT/IMYAETCA NO
nopsaky ot uncna C? = O(t%) pébep y noaHoro t-BeplunHHOrO
rpada.

@ [Ouametp Beb-rpacpa Hesesnk: B 1999 r. oH umen BennyuHy
5...7 — rpad TeceH.
DT0 — N3BECTHOE CBOMCTBO COLMANbHbLIX CETER — «MUP TECEH»
(small-word phenomenon):
> nrobble aBa 4enoBeka B MUPE 3HaKOMbI yepe3 5...6
pyKonoxaTuii;
> ¢ ntoboro caiiTa MOXHO nepeliTu Ha ntoboii apyroi 3a 5...7
nepexofos (€CNM HAXOAMMCS B FUTAHTCKON KOMMOHEHTE).

Ecnn yunTteiBaTe opueHTauuto pébep, To guametp ~ 10...20.

DTN napameTpbl HE MEHSIOTCSA LOJITNE FOAbI.
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Habnopenns bapabawn-Ancbepr...

® Beb-rpad xapakTepusyeTcst CTENEHHBIM 3aKOHOM
pacnpefeseHns CTENEHER BEPLUMH: BEPOSITHOCTb TOrO, YTO
BeplwinHa Beb-rpacha umeeT cTeneHs d, oueHnBaeTcs kak c/d’, rae
A = const, a ¢ — HOPMUPYIOLWNT MHOXNTENb, BbIHUCASEMbIA 13
ycnoeust y  Pr=1.

PeanbHble 6VIOJ10FI/I‘-I€CKI/Ie, counanbHbIC, TPAHCNOPTHbLIE U T.4. CETN
NOAHYNHAKTCA TAKOMY XK€ CTENEHHOMY 3aKOHY C pa3HbIMA

A€ (2,3):

BeO-rpader — A = 2,1;
xocT-rpadel — A = 2,3;
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Habnopenns bapabawun-Anbbept: cneacrens n BoiBOg
MonbiTaemcs npumeHeHuTs Mogenb Jpaéwa-Penbn gns onucanus
pocta VntepreTa n nogobHbix ceteii.

1. Mogbopom BEPOATHOCTU P MOXHO JOBUTHLCS Pa3pPEIXEHHOCTH
n Techotsl (npn p = O(1/n), xoTs 1 He ¢ HabatogaembiMu
napamerpamu).

2. CreneHHoOli 3aKOH 3aKOHOM PaCnpeaefeHmnst CTENEHel BEpLUMH
He MOXeT bbiTh nosydeH B cxeme BepHynau: 8 mogenu
G(n,p) cTeneHb KaXAolh BepLUMHbI Cy4aiiHoro rpadpa
BuHomunanbHa ¢ napametpamu n— 1 n p, n npu p = O(1/n)
OaHHOe BUHOMMNaNbLHOE pacnpeaeneHune annpoKCUMUPYETCS
MyacCOHOBCKNM, @ HE CTEMEHHbIM.

Beisoa: mogens Ipaéwa-Penbu He npumennma ansi onmcaHms
pocTa MHTepHeTa n NogobHbIX ceTeli.



I B3I,
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Mopaenn npeanoyYTUTENbHOIrO NPUCOeaUHEHUS

Mpegnoxenns J1.-A. Bapabawmn n P.Ansbept no mogennposaxuto
npouecca dopmuposanus Vuteprera:

> CUMTaeM, YTO B KaXKAblli MOMEHT BPEMEHUN NOSABAAETCSA HOBbIIA
CaliT, KOTOPbIN CTAaBUT PUKCUPOBAHHOE KOJAMYECTBO CChbIIOK Ha
CBOMX MPESLUECTBEHHUKOB;
> BEpPOATHOCTb, C KOTOPOI HOBBIW CAiT NOCTAaBUT CChbIIKY Ha OAVH
13 NPEXHMUX CAliTOB, MPONOPLMOHAIBHA YNCAY YXKE UMEBLUMXCS Ha
TOT CaliT CCbINOK.
— mogenn npegnodTutenstoro npucoegunenus (preferential
attachment). "Wmywemy gacrcs, a y Heumyuero oTHumercs".

Bapabawm n AnbbepT HuUKak He KOHKPETU3MPOBAIN, KaKyK WMEHHO N3
Takux mMogesneli OHM npepnaraloT paccMaTpuBaTh.

ApekBaTHyto cbopmanmnsaunto mogenn bapabawn-Ansbept
npegaoxunn B Hadane 2000-x b. Bonnobaw n O. Puopgan.
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LMO}:\&!‘IM NHTepHeTa. Mopens Bapabawu-Ansbept

B. bBonnobaw u O. PuopgaHx
Bena Bonnobaw (Béla Bollobas, 1943)
— BEHrepckuii matemaTuk, paboTtatownii
B BennkobpuTtanun.
B toHOCTN npuHan yyacTue B AByx
MeXAyHapoaHbix MaTemaTnyeckux Onnmnnagax,
3aBOEBAB /iBe 30J10TblE MEAaIN.
Pykoeogutenem ero Ph.D. 6uin Man Spaéw.
Craxupoeancs 8 Mockee y .M. Tenscpanga.

Onusep Puopgan (Oliver Maxim Riordan, 7)

— npodpeccop GUCKPETHON MaTeMaTuKu
Okcdpopackoro yHusepcuteta (Benukobputanus).
Vuuncs 8 KeMbpuakckom yHueepcuteTe

y b. bonnobawa.
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Mopens Bonnobawa-Puopgana (avHamuyeckas mogudukauums)

» CHavana CTpOMTCSA NOCNEA0BATENLHOCTb Cy4daliHbix rpados
G} = G}, G2, ..., B koTopoii y rpaca c Homepom 7
yncno eeplinH n pebep paeHo 7,

> 3aTeM U3 Heé POpMUPYETCS NMOCNEA0BATENBHOCTb {GZ}n%, B
KOTOpPOIi y rpacdha C HOMEPOM 7. YWUC/IO BEPLUMH PABHO 7, @ YUC/O
pebep — kn, k € N.

® Haunnaem c rpacba G c ogHoli BepwWHOiA 1 oaHON NeTnéii.

@ Korga rpad G’f_l ¢ n—1 BepwunHoii n — 1 NeTAAMU NOCTPOEH,
pobasum K Hemy BepimHy n u pebpo (n,i), ¢ € {1,...,n}, npu atom

> netnst (n,n) BO3HWKHET C BEPOSITHOCTBIO %%;

> pebpo (m,i) BO3HMKHET C BEPOSTHOCTLIO d gz, roe degi —

CTeneHb BepLMHbI i B rpade G?il.
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Mopens Bonnobawa-Puopgana (anHamuyeckas mogudukauyus)...

Pacnpegenerune BeposiTHOCTER 3ajaHO KOPPEKTHO:

n—1 degi i _ 2n—1 1 _
Zi:l 2n—1 + 2n—1 = 2n—1 + 2n—1 L,

Cnyyaiinbiii rpacp G NOCTPOEH, 1 OH YAOBNETBOPSIET MPUHLMMY
NpesnoYTUTENBLHOrO NPUCOEANHEHNS.

® Crpoum G}
» Bepem rpacd G4 ¢ kn sepwunamu u kn pébpamu.

» [lennm MHOXeCTBO ero BEepLUMH Ha MOC/efOBaTeNbHbIe YacTu
pasmepa k:
{1,.. .k}, {k+1,...,2k}, ..., {k(n—1)+1,...,kn}.
» ObbsiBNSieM KaXkAyto 4acCTb BEpLUMHON, a pebpa coxpaHsiem:
pebpa BHyTpM HacTu obpasytoT KpaTHble NeTAN, a MEXAY
LBYMS pasfinyHbIMM HacTAMU — KpaTHble pebpa.
BepwuH ctano n, a pebep — no-npextemy kn.

Uenb gocturuyTa.
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Mopens Bonnobawa-Puopgana (avHamuyeckas mogudukauums)
NnntocTpauus k nocnesHemy wwary

v, 0y U3 v, U5 Vg
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Mopens Bonnobawa-Puopgana (cratnyeckas mogudukauus)

— MO CBOUM BEPOATHOCTHbBIM XapPaKTEPUCTNKAM NPaKTU4YECKN
HEOTANHNMaA OT JJ,I/IHE]MVI‘-IGCKOVI.

Moctpoum aunelinyto xopgosyto gunarpammy (linearized chord
diagram, LCD):
1) 3adpukcmpyem Ha ocu abcuucc Ha NAOCKOCTU 21 TOHeEK
1,2 3,..., 2n;
2) pa3obbeM 3TM TOYKM Ha Napbl, a SJEMEHTbI KaXKAoM napsbl
COeANHNM OYrOii, nexkallel B BEPXHEA NONYNAOCKOCTHU.

Oyrun 8 LCD moryT nepecekatbcsi, iexaTb ApYr Nog APY>KKOiA, HO
HE MOTYT UMETH OBLUMX BEPLUMH.

Konnyecto pasnuynbix LCD: 1, = 2n—1)(2n—3)...1 =
(2n)! (2n)! (2n)!

T 2m(2n—2)2n—4)...2 2mn-1)(n-2)...1 2l

Ecau LCD cnyyaiinas, TO BEpPOATHOCTb MOSIBAEHUS KaXKAoh — %
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Mopens Bonnobawa-Puopgana (cratnyeckas mogudukauus)...
Mo kaxgoii LCD noctpoum rpadp:

> 1AeMm C/IeBA HAMpaBO MO OCM abCLMCC, NOKA HE BCTPETUM
BNEPBbIE NPasbiii KOHEL, Kakoi-nnbo Ayru; nycTb ero Homep ij;

» obbsensiem Habop {1, ..., i1} nepeoii BepwuHoli byayuiero
rpacba (cknemsaem ux);
> CHOBa ugem oT 7] + 1 HanpaBO LO NepBOro MPaBOro KoHUa 19
Kakol-nnbo ayru n obsiensiem BTOpON BEpLMHON rpadha Habop
i1+ 1, ..., 9; n T4
Monyyaem n BepwwuH, a pebpa nopoxxgaem gyramu: BEpPLUNHBI
coeanHsiem pebpom, eciim Mexgy COOTBETCTBYHOWMMU Habopamu
ecTb ayra; pebpa opueHTUpyeM cripaBa Ha/sIEBO, METNN BO3HUKAOT
aHanoruyHo: rpacp ¢ n BepwuHamu U 1 pebpaMm NOCTpoEH.
lpacb ¢ n BepwuHamm n kn pebpamu nonyyaem Kak B
OVHaMUN4Yeckoli mogenn.
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Mogenb Bonnobawa-Puopgana: guametp rpaca

Teopema (Bonnobaw n Puopaan)

O6o3na4um D,, = 2 : torga gas awboro k > 2 n moboro

~ Inlnn’
e>0 R
P HdiamGz — D,

<8] — 1, n — oo.

~

Beisoa: anametp rpacdpa G} nnoTHO ckoHueHTpuposaH okono Di,.

V Beb-rpacha nopsigka 107—10% Bepiumnn; nogcrtasnss stu

3HA4Y€Hu4, I'IOJ'Iy‘-IVIM ~
58 < D,, < 6,2

— ¢hanTacTuyeckoe nonaganue (paxe npu n = 10 D,, < 7)!
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Mogenb bonnobawa-PuopgaHa: pacnpepenedne cTeneHei BepLnH

Teopema (Bonnobaw, Pnoppan, Cnecep, Tywnagu (2001))

lycty d,, — pons sepwmn crenenn n 8 rpacpe G u
_ 2k(k+1)
Tdk = Tdvk+1)(d+k+2)(d+k+3)"

Torga gnsa mobbix k=21 n d<n
Eldn] ~ rax,

1/15

T.k. k — KkoHcTaHTa, T4} ~ const/d3, T.€. IMeeM CTeneHHOMN
3aKOH C A = 3.

JBa HegocTaTka Teopembl:

1) orpaHuuenune d < n/15; Teopema npakTUHECKM HENpPUMEHUMA
(maxe npn n ~ 10'2, umeem d < 10%/5 ~ 6,31) — stoT
HeJOCTaTOK YCTPaHEH;

2) A =3 — HeobxoANMO yTOYHEHNE MOZENN.
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76 /88

Mogene bonnobawa-PuopgaHa: passutue

B pamkax mogenn Bonnobawa-Puopgata nonydyeHs oueHkn
pacnpegenenuii (npn pasHbix eé MogudUKaLNNaX,/yNpPOLLEHNSX 1
OrpaHNYeHNsX Ha napameTpsi)

»

>
>
»

>

BTOPbIX CTENEHEN BEPLUMH;

KonmyecTea peébep MeXAy BEpLUMHAMN 33a[aHHbIX CTENEHEI;
KNaCTepHbIX KO3 LNeHTOB;

4ucia KOMuii PMKCUPOBAHHOTO rpadha: TpeyroNbHUKOB (B
mMogenn — ~ @(1113 n), a peanbHo — ~ n®), TETPasgpos u T.4.;
HaAN4ne KINK ObBbACHSETCA AECTBUAMN CNamMepoB, KOTOPbIE
NCKYCCTBEHHO PaCCTaBAAIOT CCbIKW, XKENas NOBLICUTb PEATUHIU
CaiiToB, 3annaTUBLLUNX 3a PacKPyTKY;

nengxpaHka.

TeopeTuyeckme pacnpefeneHus B pasHoii CTeneHn COBMAZatoT C
amMnupuyeckn Habnogaembimu.

Cnam B mogenn Bonnobawa-Prnopgata He y4TEH, 4TO Takxke eé MuHYC.
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Mopene Baknu-Octraysa (2004)
— yTouHeHue mogenu bapabawn-Ansbepr.
Crpoutca cnyuiinbiii rpacp Hy'
NPUTAraTeNbHOCTL BEPLUMHbLI, NAaPaMETp MOLENN.

a — Ha4dajibHas

® Hauunaem ¢ rpada Hg’l C OAHOW BEPLUMHOW U OfHOU NeTNE.

@ Korpa rpacd Hy'y c epwmHamn {1, ..., n} u n netnamu
noctpoet, gobasnm K Hemy BepwmnHy 1+ 1 n pebpo
(n+1,4),i€{1,...,n+ 1}, npu atom

» netna (n+ 1,n+ 1) BO3HMKHET C BEPOSITHOCTbIO m;

degi—1+4a rae

> pebpo (n+ 1,7) BO3HUKHET C BEPOSITHOCTHIO TarDntt

degi — cTeneHb BeplmHbl i B rpacbe H';.
Pacnpegenenne BeposTHocTeli 3agaHo koppekTHO (Y P = 1) u npu
a =1 umeem mogens bonnobawa-Puopgana.

® lpacdp Hy,, ctpoutcs, kak n Gy,
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openu NHtepHera. Mopens Bapabawn-Ansbepr
Lm n M Bapa6awu-Ans6

Mopens Mopwu (2005) —

— noyTtwn cosnagaet ¢ mogensto baknu-Octraysa.
~ ~ n
CrpouTcst cnyuiinblii rpad Hé 721 3@ NPUTSAraTeNbHOCTb BEPLUMHBI

oTBeyaeT napametp [3.

2)

® B Hava/bHbIA MOMEHT BpeMeHn uMeem rpad H/é,l C AByMS
BEpLUMHAMUN 1 PEDPOM MEXAY HUMU.

@ Koraa rpad Hg,? c Bepwunamn {1, ..., n} n n netnsmn
noctpoex, gobaeum k Hemy BepwmHy 1+ 1 n pebpo (n + 1,1i),
i€{l,...,n} (nerenb et), npn 31om pebpo (n +1,i)
BO3HUKHET C BEPOATHOCTbLIO %, roe degi — cTeneHb
BepwuHbl 7 B rpade Hénl)

Jlerko npoeepsieTcs, 4TO pacnpegeneHne BepOATHOCTER 3a4aHO

KoppekTHO 1 npn 3 =0 umeem mogens Bonnobawa-Puopgana.

(n) n
® lpad Hﬁ,m cTpouTcs, kak 1 G, Npu 3TOM NOABAAIOTCA
netau.
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LMOF\&!‘IM NHTepHeTa. Mopens Bapabawu-Ansbept

Mogenu Baknu-Octraysa v Mopu. Ewé mogenu...
B aTux mMopensax oueHKn HEKOTOPLIX NAaPaMETPOB YAY4YLLAKOTCS, HO
ANS KNacTepHbIX KOIMULNEHTOB U YMCAA TPEYrOAbHUKOB
YAYYLUEHNIA HET.

Mpepnoxerbl n gpyrue mogenu NHTtepHeTa:
» Bonnobawa-Boorca-Puogana-Yaiiec (2003);
» mogenb konuposanus (2000);
Kynepa-®pusa (2003);
Xonma-Kuma (2002).

v

v
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|—Monenul NuTepHera. MeligxpaHk

Paspensi

Mogenn NutepHeTa. lNehg>xxpaHk
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LMop\enm NuTepHera. MeligxpaHk

Medpxpank PR(i) — xapakTepuctuka sepmnHbl i Beb-rpaca
(V, E), yTounsiowas nousitne 1-ii crenenm, 2-if ctenenu u T.4.

PR(i):dZL(j)+i > PR(j)+1_d

J—1 outdeg j |V| j € {veV]outdeg v=0} |V|

rae d € (0,1) — gemncpupyrowyuii hakTop (KOHCTaHTa).
Meiigxpank (PageRank) ctpannuybr —
> YUUTBIBAET HE TONLKO KOJUYECTBO CCHIIOK Ha HEE, HO U UX
Ka4yecTBso;
> = CYMME Ka4YecTB CTpaHUL, CCbIIAKOLMXCA HA AAHHYHO,
HOPMMWPaBaHHAs YNCAOM NCXOAALLMX U3 HUX CChINOK.

(1 — d) — BeposTHOCTL TenenopTaymm: CHNTAEM, HTO
nofib30BaTE/b NpU BAYXZaHMM MO CETU C BEPOSTHOCTLIO d
NepPeXoaAuT MO CChIJIKE, a C BEPOSATHOCTLIO 1 — d — Ha caydaliHyto
CTpaHuLy => BO3MOXEH Nepexos Ha obyio cTpaHuuy.
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Meip>xpauk: npumep 1

<,
PR(B) = & PR(B)+ - °

PR(A) = =

PR(B) = ;%Z. de (0,1) = PR(A) > PR(B).

Hanpumep, npu d =0,85: PR(A) =0,87, PR(B) = 0,13.
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Meip>xpaHk: npumep 2

PR(4) , PR(C) , 1-d
=d - ,
2 3
<P R(A) PR(B)> 1—d
3 2 3
PR(4) , PR(B)", PR(C)\ , 1-d
3 2 2 ) 3

Mpu d e (0,1): PR(C) > PR(A) > PR(B),
d=085 = PR(C) 0,45, PR( ) ~ 0,29, PR(B) ~ 0,26.



METOAbl AHAJZIN3A OAHHbIX. Yacte VI: CnyualiHblie rpadbi 84 /88

LMogenM NuTepHera. MeligxpaHk

Meripgxpavk npugymanu J1. Meiigx n C. Bpux
— ocHoBaTenn nouckoBoi cuctemsl Google (1998).
Jloypenc «/Jlappun» [llengx

(Lawrence «Larry» Page, 1973)
— noayuun crenexn bakanaspa B Muuunranckom

n maructpa — B Ctandopackom yHusepcuTeTe.
C 2011 r. — rnaBHbIA NCNONHNTENBHBIN AUPEKTOP
Google.

Cepreii Muxaiinosuy4 bpux

(arn. Sergey Brin, 1973)

— [OCPOYHO noayyun guniom bakanaepa
B8 Mapunenackom yHneepcuTeTe.
Pogutenn Cepress Bpuna — BbinyckHnkn
Mexmata MI'V (1970 n 1971 rogos).

1. Neitgxx n C. Bpux BXoAAT B 4Mcao cambix boraTbix Awoaei
nnavetbl (17-e n 20-e mecta B Forbes-2014).
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LMop\enm NuTepHera. MeligxpaHk

Mepg>XpaHk: Bol4UCIEHUE
Ewé oaHa konkpeTusauus mogenn bonnobawn-Ansbept:

» HauuHaeM C BeplwuHbl 0 6e3 neTenb, HO nonaraem eé sec m;

» nobaensiem BepwuHy 1 1 n3 Heé ctaBum m ccbinok Ha 0,
nofiaraem BecC BepwuHbl 0 paeHbIM 2m, a BeCc 1 — m;

> [ajibHeliline BEpLUUHbI, MOSIBASISICH HAa CBET, BbICTABASIOT CBOM
M CCbIJIOK HE3ABUCUMO, KaXKAYH0 C BEPOSATHOCTbIO,
NpONOpLUMNOHaNbHOI BECAM CYLLECTBYIOLLMX BEPLUNH, KOTOpbIe
PaBHbI CYMMe€ UX BXOASILLUNX CTEMEHER U m:

Pln+1— 1] = indeg ¢+ m _ indeg z'—i—m.

n
> (indeg k+m)
k=0

2mn +m

lNokasaHo, 4TO B AaHHOW MOAENN MIOTHOCTb NEAfKpaHKa
_ 34d y
pn(z) = © (x 1+d) — CTEerneHHON 3aKoH.

Mpn d=0,85\A= 2,1, 4TO 61N3KO K IMMUPNYECKUM AaHHBIM.
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LMOF\E!‘IM NuTepHera. MeligxpaHk

Mpumep: PageRank gns npocroii cetn B npoueHTax

3,3% PR(C) > PR(E),
¢ . xoTs
38,4% indeg C' < indeg F,
HO ccbinka Ha C

NCXOANT U3 OYEHb
3,9% BaxkHOIli cTpaHuubl B
=> OHa uMmeeT
6onbLuoii Bec.
@ bes TenenopTauun

BCE NOJIb30BaTENN

B KOHEYHOM UTOre monagatot Ha ctpanuuybl A, B nan C.

Mpn Hanuyuu TenenopTaunu U3 A MOXHO nonacTb Ha by
cTpaHuuy B s1oii CeTtu, gaxe npu indeg A = 0.



METOAbl AHAJZIN3A OAHHbIX. Yacte VI: CnyualiHblie rpadbi 87 /88

LMop\enm NuTepHera. MeligxpaHk

Mopaenb noucka B NHTEpPHET

» Crpanuupl VIHTepHeTa HeaKBUBANEHTHBI 1 3Ta
HE3KBMBANEHTHOCTb onuceiBaeTcst Benudntoin PR(v), v € V.

» BeposTHocTn nepexosa mexgy CTpaHMLamu cogepxaT ABse
KOMMOHEHTbI: OBYCNOBAEHHYIO PEanNbHBIMN CBA3SIMU MEXAY
HAMW 1 BO3MOXXHOCTbIO MOMaAaHusi Ha Ntobyto CTpaHuLy
(tenenoprauns).

» Ecin no 3anpocy nonb3oBaTens HalijeHO MHOXECTBO CTpaHuL
W C V,, To peneBaHTHYO NH(OPMAaLNIO HY>KHO UCKaTb Ha
CTpaHnuax, umerowmx Hanbonsliee 3HaveHne PR(v), v € W.

» B HacTosilee BpemMs KNacCnYecKkne neigyKpaHkn yxe He
ynotpebasitoTcs.
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LMop\enm NuTepHera. MeligxpaHk

Hapcrtpoiika gnsa 6paysepa Google Toolbar

» PageRank kaxgoii seb-cTpaHnusl — uenoe ducno ot 0 go 10
(Ba>kHOCTb 3TOW CTpaHuubl ¢ To4kn 3peHnsi Google).

» MexaHuam pacyéra PageRank n 4to B TouHOCTN 0bO3HaAUaEeT
3TO 3HaYeHNe, He PaCKpbIBAETCSA.

> [lo HEKOTOPbLIM AaHHBIM, 3TN 3HAYEHMSI ODHOBAAIOTCA NNLLIb
HECKOJIbKO pa3 B rOA M MokasbiBatoT 3HadeHuss PageRank
CTPaHML, Ha NOrapudMNYecKoii LiKane.
3ameueHa ocobeHHocTb: Page Rank Bbiwe 5 moryT noayunts
CaiiTbl TONBKO AOBOJIBHO CTapble WM O4EHb DOJIbLUNE MPOEKTHI
(caiiTbl) ¢ 6oNbLINM KONNYECTBOM MOCELLEHNIA.

» [Mouckosas cuctema Google ucnonsayer 6onee 200
PAHXUNPYHOLWNX CATHANAO0B, JUWb OOHNM N3 KOTOPbLIX ABAAETCA
PageRank, Ho oH g0 cux nop mrpaet cywecTBEHHYO posib.
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