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Ñîäåðæàíèå ïðåäûäóùèõ ëåêöèé

Ôîðìóëà Áàéåñà è �îðìóëà ïîëíîé âåðîÿòíîñòè;

Îïðåäåëåíèå àïðèîðíûõ âåðîÿòíîñòåé è sele
tion bias;

(Ìíîæåñòâåííîå) òåñòèðîâàíèå ãèïîòåç

Ýêñïîíåíöèàëüíîå ñåìåéñòâà. Äîñòàòî÷íûå ñòàòèñòèêè.

Íàèâíûé áàéåñîâñêèé êëàññè�èêàòîð. Ñâÿçü öåëåâîé �óíêöèè è

âåðîÿòíîñòíîé ìîäåëè.

Ëèíåéíàÿ ðåãðåññèÿ: ñâÿçü ÌÍÊ è wML, ðåãóëÿðèçàöèè è wMAP.

Ñâîéñòâî ñîïðÿæåííîñòè àïðèîðíîãî ðàñïðåäåëåíèÿ ïðàâäîïîäîáèþ.

Ïðîãíîç äëÿ îäèíî÷íîé ìîäåëè:

p(ytest|Xtest,Xtrain, ytrain) =

∫

p(ytest|w,Xtest)p(w|Xtrain, ytrain)dw.

Ñâÿçü àïîñòåðèîðíîé âåðîÿòíîñòè ìîäåëè è îáîñíîâàííîñòè

Îáîñíîâàííîñòü: ïîíèìàíèå è ñâÿçü ñî ñòàòèñòè÷åñêîé çíà÷èìîñòüþ.

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ: ïðîáëåìû ML-îöåíêè w è ñâÿçü

àïðèîðíîãî ðàñïðåäåëåíèÿ ñ îòáîðîì ïðèçíàêîâ.

EM-àëãîðèòì. Èñïîëüçîâàíèå EM-àëãîðèòìà äëÿ îòáîðà ïðèçíàêîâ â

áàéåñîâñêîé ëèíåéíîé ðåãðåññèè.
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EM-àëãîðèòì

Ïóñòü D = (X, y) � íàáëþäàåìûå ïåðåìåííûå, Z � ñêðûòûå ïåðåìåííûå.

p(D, Z|Θ) = p(D|Z, Θ)p(Z|Θ).

Âîïðîñ 1: êàê ðåøèòü çàäà÷ó p(D|Θ) =

∫

p(D, Z|Θ)dZ → max
Θ

?

EM-àëãîðèòì

Ââåäåì F (q, Θ) = −

∫

q(Z) log q(Z)dZ+

∫

q(Z) log p(D, Z|Θ)dZ =

−

∫

q(Z) log q(Z)dZ+

∫

q(Z) log p(Z|D, Θ)dZ+

∫

log p(D|Θ)q(Z)dZ =

log p(D|Θ)−

∫

q(Z) log q(Z)
p(Z|D,Θ)dZ = log p(D|Θ)−DKL(q‖p(Z|D, Θ)).

Èäåÿ 1: p(D|Θ) → max
Θ

çàìåíèì íà F (q, Θ) → max
q,Θ

.

Èäåÿ 2: Ïîøàãîâî îïòèìèçèðóåì ïî Θ è q, òî åñòü

1 E-øàã: qs = F (q, Θs−1) → max
q∈Q

;

2 M-øàã: Θs = F (qs, Θ) → max
Θ

.

Âîïðîñ: Çà÷åì q ∈ Q? Êàê E-øàã áûë âûïîëíåí íà ïðîøëîé ëåêöèè ïðè

ìàêñèìèçàöèè îáîñíîâàííîñòè äëÿ ìîäåëè ëèíåéíîé ðåãðåññèè?
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Âàðèàöèîííûé EM-àëãîðèòì. E-øàã

F (q, Θs−1) → max
q∈Q

⇐⇒ DKL(q‖p(Z|D, Θ)) → min
q∈Q

.

DKL(q‖p(Z|D, Θ)) = log p(D|Θ) +

∫

q(Z) log
q(Z)

p(D, Z|Θ)
dZ.

Ïóñòü Q =

{

q : q(Z) =

K∏

k=1

q(Zk)

}

, òîãäà

DKL(q‖p(Z|D, Θ)) ∝

∫ K∏

k=1

q(Zk) log

∏K
j=1 q(Zj)

p(D, Z1, . . . , ZK |Θ)
dZ1 . . . dZK =

∫

q(Zk) log q(Zk)




∏

j 6=k

∫

q(Zj) log q(Zj)dZj





︸ ︷︷ ︸

C

dZk−

∫

q(Zk)





∫
∏

j 6=k

q(Zj) log p(D, Z1, . . . , ZK |Θ)dZj 6=k





︸ ︷︷ ︸

Eq\k log p(D, Z|Θ)

dZk =

C

∫

q(Zk) log
Cq(Zk)

eEq\k log p(D, Z|Θ)
dZk → min

q(Zk)
.
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Âàðèàöèîííûé EM-àëãîðèòì

F (q, Θ) =

∫

q(Z) log
p(D, Z|Θ)

q(Z)
dZ = log p(D|Θ)−DKL(q‖p(Z|D, Θ)).

E-øàã. C

∫

q(Zk) log
Cq(Zk)

eEq\k log p(D, Z|Θ)
dZk → min

q(Zk)
.

Ïîëíûé àëãîðèòì

Ïîøàãîâî îïòèìèçèðóåì ïî Θ è q(Zk), k = 1, . . . , K, òî åñòü

1 E-øàã: log q(Zs
k) ∝ Eq\k log p(D, Z|Θs−1);

2 M-øàã: Eqs log p(D, Z|Θ) → max
Θ

.

Âîïðîñ 1: çà÷åì íóæíà �àêòîðèçàöèÿ? ×åì ïîëó÷åííûå èòåðàòèâíûå

�îðìóëû ëó÷øå �îðìóë ïîëíîãî EM-àëãîðèòìà?

Âîïðîñ 2: êàê ïîíÿòü, ÷òî â êîíêðåòíîé çàäà÷å �îðìóëû E è M-øàãîâ

âûïèñàíû âåðíî?
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Íàðóøåíèå ñâîéñòâà p(w|xi) = p(w)

Ïðåäïîëàãàåìûé ðåçóëüòàò
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Âîïðîñ: êàê ìîæíî ó÷åñòü óêàçàííóþ íåëèíåéíîñòü â ìîäåëè?
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Ñìåñü ìîäåëåé ëîãèñòè÷åñêîé ðåãðåññèè

Âåðîÿòíîñòíàÿ ìîäåëü ãåíåðàöèè äàííûõ

Âåñà ìîäåëåé â ñìåñè π ïîëó÷åíû èç àïðèîðíîãî ðàñïðåäåëåíèÿ

p(π|µ);
Âåêòîðû ïàðàìåòðîâ ìîäåëåé wk ïîëó÷åíû èç íîðìàëüíîãî

ðàñïðåäåëåíèÿ p(wk|Ak) = N (wk|0, A
−1
k ), k = 1, . . . ,K;

Äëÿ êàæäîãî îáúåêòà xi âûáðàíà ìîäåëü fki , êîòîðîé îí

îïèñûâàåòñÿ, ïðè÷åì p(ki = k) = πk;

Äëÿ êàæäîãî îáúåêòà xi êëàññ yi îïðåäåëåí â ñîîòâåòñòâèè ñ

ìîäåëüþ fki : yi ∼ Be
(
σ(w

T

ki
xi)).

Ñîâìåñòíîå ïðàâäîïîäîáèå ìîäåëè

p(y, w1, . . . , wK , π|X, A1, . . . , AK , µ) =

p(π|µ)
K∏

k=1

N(wk|0, A
−1
k )

m∏

i=1

(
K∑

l=1

πlσ(yiw
T

l xi)

)

.

Ââåäåì ìàòðèöó ñêðûòûõ ïåðåìåííûõ Z = ‖zik‖, ãäå zik = 1 ⇐⇒ ki = k.

p(y, w1, . . . , wK , π, Z|X, A1, . . . , AK , µ) =

p(π|µ)
K∏

k=1

N(wk|0, A
−1
k )

m∏

i=1

K∏

l=1

(

πlσ(yiw
T

l xi)
)zil

.
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Ïîëó÷åíèå MAP-îöåíêè

Ïóñòü p(π|µ) = Dir(µ) =
Γ(
∑

k µk)
∏

l Γ(µl)

∏

k

π
µk−1
k .

p(y, w1, . . . , wK , π, Z|X, A1, . . . , AK , µ) ∝
K∏

k=1

π
µk−1
k

K∏

k=1

√

detAk exp(−
1
2w

T

kAkw)

m∏

i=1

K∏

l=1

(

πlσ(yiw
T

l xi)
)zil

.

(π∗,w∗
1, . . . ,w

∗
K) = arg max

π,w1, ...,wK

p(y,w1, . . . ,wK , π|X,A1, . . . ,AK ,µ).

E-øàã. log q(Z) ∝
m∏

i=1

K∏

l=1

zil(log πk + log σ(yiw
T

l xi)), îòêóäà

γik = p(zik = 1) ∝ πkσ(yiw
T

kxi).

M-øàã. Eq log p(y, w1, . . . , wK , π, Z|X, A1, . . . , AK , µ) → max
π,w1, ...,wK

.

w∗
k = argmax

wk

[

−1
2w

T

kAkwk +

m∑

i=1

γik log σ(yiw
T

kxi)

]

.

π
∗ = argmax

π

K∑

k=1

log πk
(

m∑

i=1

γik

︸ ︷︷ ︸

γk

+µk − 1
)
=⇒ πk ∝ max(0, γk + µk − 1).

8 / 12



Ïîëó÷åíèå àïîñòåðèîðíîãî ðàñïðåäåëåíèÿ

Âîïðîñ: êàê ïîëó÷èòü p(w1, . . . , wk, π|X, y, A1, . . . , AK , µ)?

p(y, w1, . . . , wK , π|X, A1, . . . , AK , µ) ∝
K∏

k=1

π
µk−1
k

K∏

k=1

√

detAk exp(−
1
2w

T

kAkw)

m∏

i=1

(
K∑

l=1

πlσ(yiw
T

l xi)

)

.

Èäåÿ: íàéäåì q(Z, w1, . . . , wK , π) = q(Z)q(w1, . . . , wK)q(π),
íàèáîëåå áëèçêîå ê p(w1, . . . , wk, π, Z|X, y).

log q(Z) ∝ Eq\Zp(y, w1, . . . , wK , π, Z|X, A1, . . . , AK , µ) ∝
m∑

i=1

K∑

k=1

zik

(

E log πk + E log σ(yiw
T

kxi)
)

=⇒ p(zik = 1) ∝ exp
(

E log πk + E log σ(yiw
T

kxi)
)

.

log q(π) ∝ Eq\πp(y, w1, . . . , wK , π, Z|X, A1, . . . , AK , µ) ∝
K∑

k=1

log πk

(

µk − 1 +
m∑

i=1

Ezik

)

=⇒ π ∼ Dir(π, µ+ γ).
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Ïîëó÷åíèå àïîñòåðèîðíîãî ðàñïðåäåëåíèÿ (ïðîäîëæåíèå)

log q(w1, . . . , wK) ∝ Eq\wp(y, w1, . . . , wK , π, Z|X, A1, . . . , AK , µ) ∝
K∑

k=1

(

−1
2w

T

kAkwk +

m∑

i=1

Ezik log σ(yiw
T

kxi)

)

=

K∑

k=1

fk(wk).

Âîïðîñ 1: Êàêóþ ñòðóêòóðó èìååò q(w1, . . . , wK) ?
Âîïðîñ 2: Êàêîé âèä èìååò ðàñïðåäåëåíèå q(wk)?

Âàðèàíòû àïïðîêñèìàöèè q(wk):

Àïïðîêñèìàöèÿ Ëàïëàñà: q(wk) ≈ N(wk|w
∗
k, Σ

−1
k );

Èùåì q(wk) = N(wk|mk, Σ
−1
k ) òàêîå, ÷òî DKL(q‖Ckfk(wk)) → min

q

×èñëåííî (åñëè ÷èñëî ïðèçíàêîâ n íåâåëèêî);

Ñ ïîìîùüþ VLB äëÿ ñèãìîèäû è ñîîòâåòñòâóþùåé âåðõíåé îöåíêè

äëÿ DKL(q‖Ckfk(wk)).

Âîïðîñ 3: Êàê îïðåäåëèòü A1, . . . , AK , µ?
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Îïðåäåëåíèå ãèïåðïàðàìåòðîâ ñìåñè ìîäåëåé

Ìàêñèìèçàöèÿ îáîñíîâàííîñòè

p(y|X, A1, . . . , AK , µ) → max
A1, ...,AK , {µ}

Èäåÿ: âîñïîëüçóåìñÿ âàðèàöèîííûì EM-àëãîðèòìîì.

E-øàã: íàéäåì q(Z, w1, . . . , wK , π) = q(Z)q(w1, . . . , wK)q(π),
íàèáîëåå áëèçêîå ê p(w1, . . . , wk, π, Z|X, y).
M-øàã: Eq log p(y, w1, . . . , wK, π, Z|X, A1, . . . , AK , µ) → max

A1, ...,AK

.

Çàìå÷àíèå: ìîæíî ñðàçó ñäåëàòü èñïîëüçîâàòü VLB äëÿ ñèãìîèäíîé

�óíêöèè, ÷òîáû ïîëó÷èòü íèæíþþ ãðàíèöó îáîñíîâàííîñòè

p(y|X, A1, . . . , AK , µ) ≥ p̃(y|X, A1, . . . , AK , µ)
è òîãäà íà E-øàãå àâòîìàòè÷åñêè q(wk) áóäåò íîðìàëüíûì.

11 / 12



Ëèòåðàòóðà

1 Bishop, Christopher M. "Pattern re
ognition and ma
hine learning".

Springer, New York (2006). Pp. 113-120, 161-171, 498-505.

2 Ma
Kay, David JC. Bayesian methods for adaptive models. Diss.

California Institute of Te
hnology, 1992.

3 Ma
Kay, David JC. "The eviden
e framework applied to 
lassi�
ation

networks."Neural 
omputation 4.5 (1992): 720-736.

4 Gelman, Andrew, et al. Bayesian data analysis, 3rd edition. Chapman

and Hall/CRC, 2013.

5 Äðåéïåð, Íîðìàí �. Ïðèêëàäíîé ðåãðåññèîííûé àíàëèç. �èïîë

Êëàññèê, 2007.

6 Chen, Ming-Hui, and Joseph G. Ibrahim. "Conjugate priors for

generalized linear models."Statisti
a Sini
a (2003): 461-476.

7 Fahrmeir, Ludwig, and Heinz Kaufmann. "Consisten
y and asymptoti


normality of the maximum likelihood estimator in generalized linear

models."The Annals of Statisti
s (1985): 342-368.

8 Baghishani, Hossein, and Mohsen Mohammadzadeh. "Asymptoti


normality of posterior distributions for generalized linear mixed

models."Journal of Multivariate Analysis 111 (2012): 66-77.

12 / 12


