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Èíôîðìàöèÿ ïî Õàðòëè

Èíôîðìàöèÿ ïî Õàðòëè: ââåäåíèå

Îïðåäåëåíèå (èíôîðìàöèÿ ïî Õàðòëè)

Åñëè Ω � êîíå÷íîå ìíîæåñòâî, òî èíôîðìàöèÿ I(ω) åãî

ýëåìåíòà ω ∈ Ω åñòü âåëè÷èíà

I(ω) = log |Ω| .

Åñëè íà Ω çàäàíî îòíîøåíèå ýêâèâàëåíòíîñòè ∼, òî
èíôîðìàöèÿ I∼(ω) ýëåìåíòà ω ïî ýêâèâàëåíòíîñòè ω åñòü

I∼(ω) = log |[ω]∼|
(ò.å. I∼(ω) åñòü ëîãàðèôì ìîùíîñòè êëàññà ýêâèâàëåíòíîñòè,

â êîòîðûé ïîïàäàåò ýëåìåíò ω).

Çäåñü è äàëåå âñå ëîãàðèôìû � ïî îñíîâàíèþ 2 (èíôîðìàöèÿ

èçìåðÿåòñÿ â áèòàõ).
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Èíôîðìàöèÿ ïî Õàðòëè

Ð. Õàðòëè

Ðàëüô Õàðòëè

(Ralph Vinton Lyon Hartley, 1888�1970)

� àìåðèêàíñêèé èññëåäîâàòåëü â

îáëàñòè ýëåêòðîíèêè (åìó ïðèíàäëåæàò

áîëåå 70 ïàòåíòîâ); ââ¼ë â 1928 ã.

ëîãàðèôìè÷åñêóþ ìåðó èíôîðìàöèè,

êîòîðàÿ íàçûâàåòñÿ

õàðòëèåâñêèì êîëè÷åñòâîì èíôîðìàöèè.
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Èíôîðìàöèÿ ïî Õàðòëè

Ýêâèâàëåíòíîñòü íà ìíîæåñòâå è èíôîðìàöèÿ

:::::::::::::
Óòâåðæäåíèå

Åñëè N = |Ω/∼| � ÷èñëî êëàññîâ ýêâèâàëåíòíîñòè, òî∑
ω∈Ω

2−(I∼(ω)+logN) = 1.

Äîêàçàòåëüñòâî

Ïóñòü Wi � i-é êëàññ ýêâèâàëåíòíîñòè.

Òîãäà (ñóììèðîâàíèå ¾ïî ýëåìåíòàì¿ → ¾ïî êëàññàì

ýêâèâàëåíòíîñòè¿)

∑
ω∈Ω

2−(I∼(ω)+logN) =
1

N

N∑
i=1

|Wi| 2− log |Wi| =
1

N

N∑
i=1

1 = 1.
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Èíôîðìàöèÿ ïî Õàðòëè

Íåðàâíîìåðíûå êîäû

Ïóñòü
I |X| � êîíå÷íûé àëôàâèò;

I Xn � ìíîæåñòâî âñåõ ñëîâ äëèíû n â X;

I B = {0, 1} � äâîè÷íûé àëôàâèò;

I B+ � ìíîæåñòâî âñåõ ñëîâ äëèíû > 0 â B.

Îïðåäåëåíèå

Íåðàâíîìåðíûì êîäîì (ñæèìàþùèì îòîáðàæåíèåì) íàçûâàþò

îòîáðàæåíèå
ψ : Xn → B+,

îïðåäåë¼ííîå äëÿ êàæäîãî n = 1, 2, . . ..

Êîä íàçûâàåòñÿ ïðåôåêñíûì èëè äåøèôðèðóåìûì, åñëè ψ(x)
íå ÿâëÿåòñÿ íà÷àëîì íèêàêîãî ïðåôåêñíîãî ñëîâà ψ(x′), x′ 6= x.

Äëèíà êîäîâîãî ñëîâà ψ(x) îáîçíà÷àåòñÿ l(x).
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Èíôîðìàöèÿ ïî Õàðòëè

Íåðàâåíñòâî Êðàôòà-Ìàêìèëëàíà �

� êðèòåðèé ñóùåñòâîâàíèÿ ñóùåñòâîâàíèÿ ïðåôèêñíûõ êîäîâ,

îáëàäàþùèõ çàäàííûì íàáîðîì äëèí êîäîâûõ ñëîâ.

:::::::::::::
Óòâåðæäåíèå (íåðàâåíñòâî Êðàôòà)

Äëÿ ñóùåñòâîâàíèÿ ïðåôèêñíîãî êîäà C èç N ñëîâ ñ äëèíàìè

l1, . . . , lN íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû
N∑
i=1

2−li 6 1.

Ïðèìåð: C = {01, 10, 110, 001}, l1 = l2 = 2, l3 = l4 = 3,

1

22
+

1

22
+

1

23
+

1

23
=

6

8
=

3

4
< 1.
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Èíôîðìàöèÿ ïî Õàðòëè

Íåðàâåíñòâî Êðàôòà...

Äîêàçàòåëüñòâî

Ðàññìîòðèì êîä C èç I ñëîâ ñ äëèíàìè l1, l2, . . . , lI è

îòðåçîê [0; 1] íà ÷èñëîâîé ïðÿìîé.

1. Ðàçäåëèì åãî ïîïîëàì, ëåâóþ ïîëîâèíó îáîçíà÷èì M0, à

ïðàâóþ � M1.

2. Ïîäåëèì M0 ïîïîëàì è îáîçíà÷èì åãî ëåâóþ ïîëîâèíó

M00, à ïðàâóþ M01, è, ïðîäåëàâ òî æå ñàìîå ñ M1,

ïîëó÷èì M10, à ëåâóþ M11... è ò.ä., ïîêà äëèíà èíäåêñà

ïîëó÷åííîãî îòðåçêà Mj íå ñòàíåò = max {l1, l2, . . . , lI}.

Â íàøåì ïðèìåðå

C = { 01, 10, 110, 001 }
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Èíôîðìàöèÿ ïî Õàðòëè

Íåðàâåíñòâî Êðàôòà...

ßñíî, ÷òî:

I ëþáîìó êîäîâîìó ñëîâó Cj ñîïîñòàâëåí ñâîé îòðåçîê

MCj � íàïðèìåð, êîäîâîìó ñëîâó 110 ñîîòâåòñòâóåò

îòðåçîê M110;

I äëèíà îòðåçêà MCi ðàâíà 2−li ;

I åñëè êîä C � ïðåôèêñíûé, òî íèêàêèå äâà îòðåçêà íå

ïåðåñåêàþòñÿ;

I ñóììà äëèí îòðåçêîâ íå ïðåâçîéäåò 1, òî åñòü
N∑
i=1
|MCi | =

N∑
i=1

2−li 6 1.

Ñëåäñòâèå: ñóùåñòâóåò ïðåôèêñíûé äâîè÷íûé êîä ñ äëèíàìè

l(ω) = d I(ω) + logN e.
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Èíôîðìàöèÿ ïî Õàðòëè

Íåðàâåíñòâî Êðàôòà: ïðèìåð

Óêîðåí¼ííîå äâîè÷íîå äåðåâî ìîæíî ðàññìàòðèâàòü êàê

ãðàôè÷åñêîå îïèñàíèå ïðåôèêñíîãî êîäà íàä B.

1
4 + 4

(
1
8

)
= 3

4 6 1.

Íåðàâåíñòâî Êðàôòà äëÿ òàêèõ äåðåâüåâ:
∑

x∈L 2−depth(x) 6 1,
ãäå L � ìíîæåñòâî ëèñòüåâ äåðåâà, à depth(x) � ãëóáèíà

ëèñòà x (÷èñëî ð¼áåð íà ïóòè îò êîðíÿ λ äî x).
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Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Äåéñòâèå ãðóïïû íà ìíîæåñòâå: äâà îïðåäåëåíèÿ

I Ãðóïïà G = 〈G, ◦, e 〉, |G| = n.
I Ìíîæåñòâî Ω, |Ω| = N .

I Bij(Ω) � ìíîæåñòâî âñåõ áèåêöèé (ïåðåñòàíîâîê)
ýëåìåíòîâ Ω.

I Symm(Ω) � ñèììåòðè÷åñêàÿ ãðóïïà ìíîæåñòâà Ω:

Symm(Ω) = 〈Bij(Ω), ∗, 1Ω 〉 = SN

Îïðåäåëåíèå (I)

α ∈ Hom (G, Symm(Ω) ).

Îáîçíà÷åíèå äåéñòâèÿ α ãðóïïû G íà ìíîæåñòâå Ω � G :
α

Ω.

Ïðèìåð: ∀g ∈ G : α(g) = 1Ω � òðèâèàëüíîå äåéñòâèå.
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Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Äåéñòâèå ãðóïïû íà ìíîæåñòâå: äâà îïðåäåëåíèÿ...

Îïðåäåëåíèå (II)
α = 〈G, Ω; ◦, ∗, e 〉 ,

ãäå
G×G ◦→ G � ãðóïïîâàÿ îïåðàöèÿ;

G× Ω
∗→ Ω � íîâàÿ îïåðàöèÿ.

Àêñèîìû äëÿ îïåðàöèé:

1). e ∗ ω = ω; 2. (g ◦ h) ∗ ω = h ∗ (g ∗ ω).

Çàïèñü îïåðàöèè ∗: g ∗ ω = g(ω) = ω ′.

Àêñèîìû: e(ω) = ω è (g ◦ h)(ω) = h(g(ω)).

Ò.å. ýëåìåíòû g ãðóïïû G ïîðîæäàþò ïåðåñòàíîâêè íà Ω,
îáëàäàþùèå âûøåóêàçàííûìè ñâîéñòâàìè.
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Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Äåéñòâèå ãðóïïû íà ìíîæåñòâå: ñõåìà



ÊÎÌÁ. È ËÎÃ. ÌÅÒÎÄÛ ÀÍÀËÈÇÀ ÄÀÍÍÛÕ. ×àñòü I: Èíôîðìàöèîííûé ïîäõîä â ÐÎ 15 / 75

Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Äëÿ äàííîé ïåðåñòàíîâêè g:

Ââåä¼ì îòíîøåíèå ýêâèâàëåíòíîñòè ∼g íà Ω �

ω ∼g ω ′ ⇔ ∃ k ∈ Z : gk(ω) = ω ′

Ñìåæíûå êëàññû ýêâèâàëåíòíîñòè ∼g � g-öèêëû.

Îáîçíà÷åíèÿ:

I C(g) � ÷èñëî g-öèêëû (ñìåæíûõ êëàññîâ ïî

ýêâèâàëåíòíîñòè ∼g).
I ν1, ν2, . . . , νN (èëè ν1(g), ν2(g), . . . , νN (g)) �
êîëè÷åñòâà öèêëîâ äëèíû 1, 2, . . . , N .

I 〈 ν1, ν2, . . . , νN 〉 = Type(g) � òèï ïåðåñòàíîâêè g
(óïîðÿäî÷åííàÿ ñîâîêóïíîñòü êîëè÷åñòâ öèêëîâ).

Ïîíÿòíî, ÷òî C(g) =
N∑
k=1

νk(g) è
N∑
k=1

k · νk(g) = N .
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Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Òèï ïåðåñòàíîâêè: ïðèìåð

Ïóñòü

Ω = { 1, . . . , 10 },

g =

(
1 2 3 4 5 6 7 8 9 10
9 6 1 8 5 2 7 10 3 4

)
=

= (1, 9, 3)(2, 6)(4, 8, 10)(5)(7) = (1, 9, 3)(2, 6)(4, 8, 10)

Òîãäà

Type(g) = 〈 2, 1, 2, 0, . . . , 0 〉,

C(g) = 2 + 1 + 2 = 5, |Ω| = 2 · 1 + 1 · 2 + 2 · 3 = 10.
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Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Ïî âñåé ãðóïïå G:
Îòíîøåíèå ýêâèâàëåíòíîñòè ∼G íà Ω �

ω ∼G ω ′
def
= ∃

G
g : g(ω) = ω′.

I Êëàññû ýòîé ýêâèâàëåíòíîñòè íàçûâàþò îðáèòàìè.

I Êëàññ ýêâèâàëåíòíîñòè, â êîòîðóþ ïîïàäàåò ýëåìåíò ω
îáîçíà÷àþò Orb (ω).

I ×èñëî îðáèò � C(G).

I Îðáèòû îáðàçóþò ðàçáèåíèå ìíîæåñòâà Ω.

Åñëè C(G) = 1 (ëþáîé ýëåìåíò Ω ìîæåò áûòü ïåðåâåä¼í â

ëþáîé), òî äåéñòâèå G :
α

Ω íàçûâàþò òðàíçèòèâíûì.

Ñîîòâåòñòâóþùóþ ýêâèâàëåíòíîñòü áóäåì îáîçíà÷àòü òàê æå,

êàê è ïîðîæäàþùåå å¼ äåéñòâèå ãðóïïû íà ìíîæåñòâå � α.

Î÷åâèäíî Iα(ω) = log |Orb (ω)|.
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Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Ôèêñàòîð è ñòàáèëèçàòîð. Ëåììà Á¼ðíñàéäà

Áóäåì ðåøàòü óðàâíåíèå g(ω) = ω.

Ïðè âûïîëíåíèè ýòîãî ðàâåíñòâà ìîæíî ôèêñèðîâàòü ω èëè g.

1. Ôèêñèðóåì g, ò.å. íàõîäèì âñå ýëåìåíòû ìíîæåñòâà Ω,
êîòîðûå ïåðåñòàíîâêà g îñòàâëÿåò íà ìåñòå � ôèêñàòîð

ïåðåñòàíîâêè g ∈ G:

{ω ∈ Ω | g(ω) = ω } def
= Fix (g) ⊆ Ω.

2. Ôèêñèðóåì ω, ò.å. íàõîäèì âñå ïåðåñòàíîâêè g, êîòîðûå
îñòàâëÿþò äàííûé ýëåìåíò íåïîäâèæíûì ñòàáèëèçàòîð

ýëåìåíòà ω ∈ Ω:

{ g ∈ G | g(ω) = ω } def
= Stab (ω) ⊆ G.
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Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Ñòàáèëèçàòîð åñòü ïîäãðóïïà ãðóïïû G

:::::::::::::
Óòâåðæäåíèå

Stab (ω) 6 G.

Äîêàçàòåëüñòâî

Çàôèêñèðóåì ω ∈ Ω è ðàññìîòðèì g, h ∈ Stab (ω). Òîãäà
g(ω) = h(ω) = ω è h−1(ω) = ω. Ñëåäîâàòåëüíî,

(g ◦ h−1) ∗ ω = ω ⇒ g ◦ h−1 ∈ Stab (ω) .

∣∣Stab (ω)
∣∣ > 1, ïîñêîëüêó âñåãäà e ∈ Stab (ω).

Ñòàáèëèçàòîð åù¼ íàçûâàþò ñòàöèîíàðíîé ïîäãðóïïîé

ýëåìåíòà ω è îáîçíà÷àþò Gω (Gω íå îáÿçàòåëüíî íîðìàëüíàÿ

ïîäãðóïïà G).
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Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Ýëåìåíò ìíîæåñòâà: äëèíà îðáèòû è ñòàáèëèçàòîð

::::::
Ëåììà

Äëèíà îðáèòû Orb (ω) ðàâíà èíäåêñó ïîäãðóïïû Stab (ω) â

ãðóïïå G:

|Orb (ω)| =
|G|

|Stab (ω)|
= [G : Stab (ω)] = [G : Gω] .

Äîêàçàòåëüñòâî

Òåîðåìà Ëàãðàíæà: H 6 G ⇒ |G| = |H| · [G : H],
ãäå [G : H] � èíäåêñ ïîäãðóïïû H ãðóïïû G = êîëè÷åñòâî

êëàññîâ ñìåæíîñòè, è ëåâûõ, è ïðàâûõ.

Íàïîìèíàíèå: gH = {gh | h ∈ H}, Hg = {hg | h ∈ H}.
Ëþáîé ïðåäñòàâèòåëü äàííîãî ñìåæíîãî êëàññà R ïåðåâîäèò

ω → ω′ = ω′(R):

(g ◦ h) ∗ ω = h ∗ (g ∗ ω) = g ∗ ω = g(ω).
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Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Äëèíà îðáèòû è ñòàáèëèçàòîð: èëëþñòðàöèÿ
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Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Ëåììà íå-Á¼ðíñàéäà

::::::
Ëåììà

C(G) =
1

|G|
∑
g∈G

∣∣∣Fix (g)
∣∣∣ =

1

|G|
∑
ω∈Ω

∣∣∣Stab (ω)
∣∣∣;

ïåðâîå ðàâåíñòâî íàçûâàåòñÿ ëåììîé Á¼ðíñàéäà.

Äîêàçàòåëüñòâî

1. Ïîäñ÷èòàåì äâóìÿ ðàçëè÷íûìè ñïîñîáàìè ìîùíîñòü

ìíîæåñòâà M = { (g, ω) ∈ G× Ω | g(ω) = ω }:∑
g∈G

∣∣∣Fix (g)
∣∣∣ = |M | =

∑
ω∈Ω

∣∣∣ Stab (ω)
∣∣∣

2. ßñíî, ÷òî åñëè Orb (x) = Orb (y) (ýëåìåíòû x, y ∈ Ω
ïðèíàäëåæàò îäíîìó êëàññó ýêâèâàëåíòíîñòè ïî ∼G), òî
|Stab (x)| = |G|/|Orb (x)| = |G|/|Orb (y)| = |Stab (y)| .
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Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Ëåììà Á¼ðíñàéäà...

3. Âûáåðåì ïî ïðåäñòàâèòåëþ ω1, . . . , ωC(G) èç âñåõ C(G)
îðáèò.

Òîãäà

|M | =
∑
g∈G

∣∣∣Fix (g)
∣∣∣ =

C(G)∑
i=1

|Orb (ωi)| · |Stab (ωi)| =

=

C(G)∑
i=1

|G|
|Stab (ωi)|

· |Stab (ωi)| = |G| · C(G).
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Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Ó. Á¼ðíñàéä

Óèëüÿì Á¼ðíñàéä

(William Burnside, 1852�1927)

� àíãëèéñêèé ìàòåìàòèê-àëãåáðàèñò.

¾Íàïèñàë ïåðâûé òðàêòàò î ãðóïïàõ

íà àíãëèéñêîì ÿçûêå è áûë ïåðâûì,

êòî ðàçðàáîòàë òåîðèþ ãðóïï ñ

ñîâðåìåííîé àáñòðàêòíîé òî÷êè çðåíèÿ¿.

Òàêæå çíàìåíèò ôîðìóëèðîâàíèåì

ïðîáëåìû Á¼ðíñàéäà (1902):

Áóäåò ëè êîíå÷íîïîðîæä¼ííàÿ ãðóïïà, â êîòîðîé êàæäûé

ýëåìåíò èìååò êîíå÷íûé ïîðÿäîê, îáÿçàòåëüíî êîíå÷íîé?

Îòâåò îòðèöàòåëüíûé (1992).
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Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Äåéñòâèå ãðóïïû íà ìíîæåñòâå: ïðèìåð

Äåéñòâèå α ãðóïïû V4 íà ìíîæåñòâå Ω = {ω1, . . . , ω6 }
◦ e a b ab

e e a b ab

a a e ab b

b b ab e a

ab ab b a e

g ∗ t ω1 ω2 ω3 ω4 ω5 ω6

e ω1 ω2 ω3 ω4 ω5 ω6

a ω2 ω1 ω4 ω3 ω6 ω5

b ω3 ω4 ω1 ω2 ω5 ω6

ab ω4 ω3 ω2 ω1 ω6 ω5

Iα(ω1) = log 4 = 2
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Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Äåéñòâèå ãðóïïû íà ìíîæåñòâå: ïðèìåð...

Type(e) = 〈 6, 0, 0, 0, 0, 0 〉 , T ype(a) = 〈 0, 3, 0, 0, 0, 0 〉 ,
T ype(b) = 〈 2, 2, 0, 0, 0, 0 〉 , T ype(ab) = 〈 0, 3, 0, 0, 0, 0 〉 .

C(e) = 6 , C(a) = C(ab) = 3 , C(b) = 4 .

Stab (ω1) = Stab (ω2) = Stab (ω3) = Stab (ω4) = e 6 V4 ,

Stab (ω5) = Stab (ω6) = 〈 e, b 〉 6 V4 .

Fix (a) = Fix (ab) = ∅ , Fix (b) = {ω5, ω6 } , Fix (e) = Ω .∣∣Orb (ω1)
∣∣ =

4

1
= 4 ,

∣∣Orb (ω5)
∣∣ =

4

2
= 2 .

1

4

∑
g∈G

∣∣Fix (g)
∣∣ =

6 + 2

4
= 2 ,

1

4

∑
t∈Ω

∣∣ Stab (t)
∣∣ =

4 · 1 + 2 · 2
4

= 2 .
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Èíôîðìàöèÿ ñëîâà

Ðàçäåëû

Èíôîðìàöèÿ ïî Õàðòëè

Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Èíôîðìàöèÿ ñëîâà

Ãðóïïèðîâêà çíà÷åíèé (êâàíòîâàíèå)

Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

×òî åù¼ ïî÷èòàòü
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Èíôîðìàöèÿ ñëîâà

Êîìïîçèöèÿ ñëîâà

Ïóñòü
I X = { a1, . . . , aq } � êîíå÷íûé àëôàâèò,
I Ω = Xn � ìíîæåñòâî âñåõ ñëîâ äëèíû n â àëôàâèòå X,
I íà Ω äåéñòâóåò ñèììåòðè÷åñêàÿ ãðóïïà Sn,
ïåðåñòàâëÿþùàÿ áóêâû â ñëîâàõ.

Îïðåäåëåíèå

Êîìïîçèöèåé ñëîâà ω ∈ Xn íàçûâàåòñÿ êîðòåæ

(m1, . . . , mq),

ãäå mi � ÷èñëî âõîæäåíèé áóêâû ai â ñëîâî ω, i = 1, q.

Ïåðåñòàíîâêà áóêâ â ñëîâå íå ìåíÿåò êîëè÷åñòâ èõ âõîæäåíèé

⇔ è ïîýòîìó âñå ñëîâà îäíîé îðáèòû èìåþò îäíó è òó æå

êîìïîçèöèþ.
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Èíôîðìàöèÿ ñëîâà

Îðáèòà ñëîâà: ïðèìåð

Ïðèìåð
X = {a, b}, n = 5, Ω = {aaaaa, aaaab, . . . , bbbbb} = X5,

|Ω| = 25 = 32 = N

Äåéñòâèå S5 :
α

Ω ñèììåòðè÷åñêîé ãðóïïû S5 âñåõ 5! = 120

ïåðåñòàíîâîê íà ñëîâà èç Ω.

Ïóñòü ω = ababb, Orb (ababb) = ?

|Orb (ababb)| = [S5 : Stab (ababb) ] =
|S5|

| Stab (ababb)|
,

Stab (ababb) = { e, (13), (245), (254), (54), . . . , (13)(245), · · · } .
Stab (ababb) ∼= Z2 × S3 ⇒ |Stab (ababb)| = 2 · 6 = 12 ⇒

⇒ |Orb (ababb)| =
120

12
= 10
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Èíôîðìàöèÿ ñëîâà

Îðáèòà ñëîâà: ïðèìåð...

Orb (ababb):

aabbb ababb abbab abbba baabb

babab babba bbaab bbaba bbbaa

Ïîñêîëüêó âñå ñëîâà îäíîé îðáèòû èìåþò îäíó è òó æå

êîìïîçèöèþ, òî

|Orb (ababb)| =
5!

2! · 3!
= 10
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Èíôîðìàöèÿ ñëîâà

0-èíôîðìàöèÿ ñëîâà

Îïðåäåëåíèå

0-èíôîðìàöèåé I0(x) ñëîâà x ∈ Xn íàçûâàåòñÿ âåëè÷èíà

I0(x) = Iα(x) = log |Orb (x)| = log
n!

m1! · . . . ·mq!
,

ãäå Orb (x) � îðáèòà ñëîâà x, ïðè äåéñòâèè Sn :
α
Xn.

Ïðèìåð

I0(abaa) = log
4!

3! 1!
= 2, I0(abab) = log

4!

2! 2!
= log 6 ≈ 3,32

I0(aaaa) = 0, I0(abcd) = log 24 ≈ 4,58 � ìèíèìàëüíîå è

ìàêñèìàëüíîå çíà÷åíèå I0(·)äëÿ ñëîâ èç 4 ýëåìåíòîâ

Ìåíüøå ñèììåòðèé â ñëîâå ⇒ áîëüøå åãî 0-èíôîðìàöèÿ.
Íàëè÷èå ñèììåòðèé ïîçâîëÿåò ýôôåêòèâíî êîäèðîâàòü

(ñæèìàòü) ñëîâî.
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Èíôîðìàöèÿ ñëîâà

Óñëîâíàÿ 0-èíôîðìàöèÿ ñëîâà

Âìåñòå ñ àëôàâèòîì X áóäåì ðàññìàòðèâàòü àëôàâèò Y
(íå èñêëþ÷åíî X = Y ) è ìíîæåñòâî ñëîâ Y n.

x = (x1, . . . , xn )

m l l
y = ( y1, . . . , yn )

Ãðóïïà ñèììåòðè÷åñêàÿ ãðóïïà Sn äåéñòâóåò íà X è Y .

Ðàññìîòðèì ñòàöèîíàðíàÿ ïîäãðóïïó Stab (y) 6 Sn ñëîâà

y ∈ Y n.

Ïîä äåéñòâèåì Stab (y) ñëîâà èç Xn ðàçáèâàþòñÿ íà îðáèòû,

êîòîðûå íàçîâ¼ì óñëîâíûìè.
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Èíôîðìàöèÿ ñëîâà

Óñëîâíàÿ 0-èíôîðìàöèÿ ñëîâà...

|Gy| = |Gx ∩Gy| · [Gy : (Gx ∩Gy)]

Îïðåäåëåíèå

Óñëîâíîé 0-èíôîðìàöèåé I0(x/y) ñëîâà x ∈ Xn îòíîñèòåëüíî

ñëîâà y ∈ Y n íàçûâàþò âåëè÷èíó

I0(x/y) = log [Gy : (Gx ∩Gy) ] = log
|Stab (y)|

|Stab (x) ∩ Stab (y)|
.
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Èíôîðìàöèÿ ñëîâà

Óñëîâíàÿ 0-èíôîðìàöèÿ: ïðèìåð

I0(x/y) = log [Gy : (Gx ∩Gy) ] = log
|Stab (y)|

|Stab (x) ∩ Stab (y)|
.

Ïóñòü X = { a, b }, Y = { 0, 1 }.

1. n = 3, x = aab, y = 111:

I0(x) = log 3!
2!1! = log 3, I0(y) = log 3!

3! = log 1 = 0,

Stab (x) = { e, (12) }, Stab (y) = S3, |S3| = 6,
Stab (x) ∩ Stab (y) = Stab (x) è

I0(x/y) = log 6
2 = log 3, I0(y/x) = log 2

2 = 0.
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Èíôîðìàöèÿ ñëîâà

Óñëîâíàÿ 0-èíôîðìàöèÿ: ïðèìåð

I0(x/y) = log [Gy : (Gx ∩Gy) ] = log
|Stab (y)|

|Stab (x) ∩ Stab (y)|
.

2. n = 5, x = aabab, y = 11000:

I0(x) = I0(y) = log
5!

2! · 3!
= log 10

Stab (x) = { e, (124), (142), (12), (24), (14), (35), . . . } ∼=
∼= Z2 × S3 ⇒ |Stab (x)| = 12

Stab (y) = { e, (12), (345), (354), (34), (45), (35) } ∼=
∼= Z2 × S3 ⇒ |Stab (y)| = 12

Stab (x) ∩ Stab (y) = { e, (12), (35), (12)(35) } ⇒
⇒ |Stab (x) ∩ Stab (y)| = 4

I0(x/y) = I0(y/x) = log
12

4
= log 3
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Èíôîðìàöèÿ ñëîâà

Çàäàíèå ñëîâ òàáëèöàìè: ïðèìåð

Ñëîâî x = (abaacbca) ∈ { a, b }8 ìîæíî çàäàòü â âèäå òàáëèöû

íîìåðîâ âõîæäåíèé åãî ñèìâîëîâ

x =

∣∣∣∣∣∣
1 3 4 8
2 6
5 7

∣∣∣∣∣∣
(a)
(b)
(c)

ïî êîòîðîé îíî îäíîçíà÷íî âîññòàíàâëèâàåòñÿ ñ òî÷íîñòüþ äî

ïåðåèìåíîâàíèé áóêâ.

1. Íà ïîçèöèè 1, 3, 4 è 8 óñòàíàâëèâàåì íåêîòîðóþ áóêâó,

íàïðèìåð d:

1 2 3 4 5 6 7 8

d d d d
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Èíôîðìàöèÿ ñëîâà

Çàäàíèå ñëîâ òàáëèöàìè: ïðèìåð

2. Äàëåå, íà ïîçèöèÿõ 2 è 6 óñòàíàâëèâàåì íåêîòîðóþ äðóãóþ

áóêâó, íàïðèìåð a:

1 2 3 4 5 6 7 8

d a d d a d

3. Íàêîíåö, îñòàâøèåñÿ ïîçèöèè çàíèìàåì òðåòüåé áóêâîé,

íàïðèìåð b:

1 2 3 4 5 6 7 8

d a d d b a b d

Â ðåçóëüòàòå ïîëó÷àåì ñëîâî y, ïîëó÷åííîå èç èñõîäíîãî ñëîâà

x ïåðåèìåíîâàíèåì áóêâ

a 7→ d, b 7→ a, c 7→ b

(â êðèïòîãðàôèè òàêîé ïðè¼ì íàçûâàåòñÿ øèôðîì Öåçàðÿ).
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Èíôîðìàöèÿ ñëîâà

Ïðîèçâåäåíèå ñëîâ

:::::::::::::
Óòâåðæäåíèå

I0(x/y) = 0 ⇔ Gy ⊆ Gx

Äîêàçàòåëüñòâî

I0(x/y) = log
|Gy|

|Gx ∩Gy|
= 0 ⇔ Gy = Gx ∩Gy ⇔ Gy ⊆ Gx.

Åñëè I0(y/x) = I0(x/y) = 0, òî ñëîâà íàçîâ¼ì

ýêâèâàëåíòíûìè.
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Èíôîðìàöèÿ ñëîâà

Ïðîèçâåäåíèå ñëîâ

Ïóñòü x = (a1, . . . , an) ∈ Xn, à y = (b1, . . . , bn) ∈ Y n, òîãäà

z = x× y = ( (a1, b1), . . . , (an, bn) )

� ïðîèçâåäåíèå ñëîâ x è y, ñëîâî â àëôàâèòå Z = Xn × Y n.

:::::::::::::
Óòâåðæäåíèå

I0(x× y) = I0(x) + I0(y/x) = I0(y) + I0(x/y) = I0(y × x)

Äîêàçàòåëüñòâî

Î÷åâèäíî Stab (x× y) = Stab (x) ∩ Stab (y), èëè, óïðîùàÿ
îáîçíà÷åíèÿ Gx×y = Gx ∩Gy. Äàëåå ïî òåîðåìå Ëàãðàíæà:

[G : (Gx ∩Gy) ] = [G : Gx ] · [Gx : (Gx ∩Gy) ] =

= [G : Gy ] · [Gy : (Gx ∩Gy) ]

è ïåðåõîäÿ ê ëîãàðèôìàì, ïîëó÷àåì òðåáóåìîå.



ÊÎÌÁ. È ËÎÃ. ÌÅÒÎÄÛ ÀÍÀËÈÇÀ ÄÀÍÍÛÕ. ×àñòü I: Èíôîðìàöèîííûé ïîäõîä â ÐÎ 40 / 75

Èíôîðìàöèÿ ñëîâà

Ïîÿñíåíèå ê äîêàçàòåëüñòâó

Ïóñòü F 6 H 6 G.
Òîãäà ïî òåîðåìå Ëàãðàíæà

|G| = |H| · [G : H],

|H| = |F | · [H : F ],

|G| = |F | · [G : F ]

è

[G : F ] =
|G|
|F |

=
|G| · [H : F ]

|H|
= [G : H] · [H : F ].
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Èíôîðìàöèÿ ñëîâà

Âçàèìíàÿ èíôîðìàöèÿ ñëîâà

Îïðåäåëåíèå

Âçàèìíîé 0-èíôîðìàöèåé ñëîâ x è y, èëè èíôîðìàöèåé,

ñîäåðæàùèéñÿ â ñëîâå x îòíîñèòåëüíî ñëîâà y íàçîâ¼ì

âåëè÷èíó

I0(x : y) = I0(x) + I0(y)− I0(x× y) =

= I0(x)− I0(x/y) = I0(y)− I0(y/x).

Ïðè I0(x : y) = 0 ñëîâà x è y íàçûâàþò íåçàâèñèìûìè.

ßñíî, ÷òî I0(x : y) = I0(y : x) è åñëè ñëîâà íåçàâèñèìû, òî

I0(x) = I0(x/y) è I0(y) = I0(y/x).
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Èíôîðìàöèÿ ñëîâà

Âçàèìíàÿ èíôîðìàöèÿ ñëîâà â íàøåì ïðèìåðå

1. n = 3, x = aab, y = 111:

I0(x) = log 3, I0(y) = 0, I0(x/y) = log 3, I0(y/x) = 0,

I0(x : y) = I0(x)− I0(x/y) = log 3− log 3 = 0,

I0(y : x) = I0(y)− I0(y/x) = 0− 0 = 0.

2. n = 5, x = aabab, y = 11000:

I0(x) = I0(y) = log 10, I0(x/y) = I0(y/x) = log 3.

I0(x : y) = I0(y : x) =

= I0(x)− I0(x/y) = log 10− log 3 = log
10

3
.
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Èíôîðìàöèÿ ñëîâà

Óñëîâíàÿ èíôîðìàöèÿ ñëîâà: âû÷èñëåíèå

Ïóñòü èìåþòñÿ

I àëôàâèòû X è Y èç q è k áóêâ ñîîòâåòñòâåííî;

I ñëîâà x ∈ Xn è y ∈ Y n (äëèíû n) íàä íèìè;

I êîìïîçèöèè ñëîâ � (m1, . . . , mq) è (n1, . . . , nk)
ñîîòâåòñòâåííî.

Ñîñòàâèì q × k òàáëèöó M = ‖mij ‖, ãäå mij � ÷èñëî çàìåí

i-ãî ñèìâîëà ñëîâà x íà j-é ñèìâîë ñëîâà y, i = 1, q, j = 1, k.

Â òàáëèöå M ñóììû ýëåìåíòîâ ñòðîêàì áóäóò ðàâíÿòüñÿ

m1, . . . , mq, à ïî ñòîëáöàì � n1, . . . , nk.

Òîãäà, êàê ìîæíî ïîêàçàòü, I0(y/x) =

= log
m1!

m11! . . .m1k!
+ log

m2!

m21! . . .m2k!
+ . . .+ log

mq!

mq1! . . .mqk!
.
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Èíôîðìàöèÿ ñëîâà

Óñëîâíàÿ 0-èíôîðìàöèÿ ñëîâà: ïðèìåð

Ïóñòü x = ( a b a a c b c a) ∈ {a, b, c}8,
y = (1 2 2 1 3 2 1 3) ∈ {1, 2, 3}8.

Êîìïîçèöèè ñëîâ: x � (4, 2, 2), y � (3, 3, 2).

Òàáëèöà 3× 3 çàìåí áóêâ � åñòü

M =

1 2 3

a 2 1 1 4
b 2 2
c 1 1 2

3 3 2 8

Òîãäà

I0(y/x) = log
4!

2! 1! 1!
+ log

2!

2!
+ log

2!

1! 1!
=

= log 12 + 0 + log 2 = log 24.
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Èíôîðìàöèÿ ñëîâà

Óñëîâíàÿ 0-èíôîðìàöèÿ ñëîâà: ïðèìåð...

Ïðîèçâîäÿ òå æå âû÷èñëåíèÿ ïî ñòîëáöàì, ïîëó÷èì

I0(x/y) = log
3!

2! 1!
+ log

3!

2! 1!
+ log

2!

1! 1!
=

= 2 log 3 + log 2 = log 18 ≈ 4,170.

Äëÿ áåçóñëîâíîé èíôîðìàöèè I0 ïîëó÷èì çíà÷åíèÿ

I0(x) = log
8!

4! 2! 2!
= log 420, I0(y) = log

8!

3! 3! 2!
= log 560.

Âçàèìíàÿ èíôîðìàöèÿ:

I0(x : y) = I0(x)− I0(x/y) = log
420

18
= log

70

3
=

= I0(y)− I0(y/x) = log
560

24
= log

70

3
≈ log 23, 33 ≈ 4,54.
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Èíôîðìàöèÿ ñëîâà

Íåðàâåíñòâà äëÿ êîëè÷åñòâà 0-èíôîðìàöèè

:::::::::::::
Óòâåðæäåíèå

1) I0(y/x) 6 I0(y), 2) I0(x× y) 6 I0(x) + I0(y).

Íàïîìèíàíèå. Äëÿ ñëîâà x ∈ Xn, |X| = q ñ êîìïîçèöèåé

(m1, . . . ,mq) è äåéñòâèÿ Sn íà Xn, ïîðîæäàþùåãî êëàññû

ýêâèâàëåíòíîñòè ∼Sn : Gx = Stab (x) 6 Sn,
|Orb (x)| = |G|/|Gx| = [G : Gx],
I0(x) = log |Orb (x)| = log n!

m1!·...·mq ! .

Äîêàçàòåëüñòâî

Ïåðâîå íåðàâåíñòâî î÷åâèäíî: OrbGx(y) ýëåìåíòà y ïîä

äåéñòâèåì ïîäãðóïïû Gx = Stab (x) 6 Sn åñòü ïîäîðáèòà

Orb (y) áåçóñëîâíîé ïîä äåéñòâèåì ãðóïïû Sn.

Âòîðîå íåðàâåíñòâî ñëåäñòâèå ïåðâîãî è ðàâåíñòâà äëÿ

I0(x× y).
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Ãðóïïèðîâêà çíà÷åíèé (êâàíòîâàíèå)

Ðàçäåëû

Èíôîðìàöèÿ ïî Õàðòëè

Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Èíôîðìàöèÿ ñëîâà

Ãðóïïèðîâêà çíà÷åíèé (êâàíòîâàíèå)

Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

×òî åù¼ ïî÷èòàòü
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Ãðóïïèðîâêà çíà÷åíèé (êâàíòîâàíèå)

Îòîæäåñòâëåíèå áóêâ ñëîâà

Åñëè íà àëôàâèòå X çàäàíà ýêâèâàëåíòíîñòü ∼, òî áóêâû èç

îäíîãî ñìåæíîãî êëàññà îòîæäåñòâëÿþòñÿ.

:::::::::::::
Óòâåðæäåíèå

Â ðåçóëüòàòå îòîæäåñòâëåíèÿ íåêîòîðûõ áóêâ àëôàâèòà

èíôîðìàöèÿ ñëîâà óìåíüøàåòñÿ: åñëè x è x′ � èñõîäíîå è

íîâîå ñëîâà, òî I0(x′) = I0(x)− I0(x/x′).

Ïðèìåð. Ïóñòü â ñëîâå x = ( a b a a c b c a) áóêâû b è c
îòîæäåñòâëÿþòñÿ, òîãäà x′ = ( a b a a b b b a), à ïðè âû÷èñëåíèè

I0(x/x′) ìîæíî îãðàíè÷èòüñÿ òàáëèöåé çàìåíû

M =
b c

b 2 2 4I0(x/x′) = log 4!
2! 2! = log 6 ≈ 2,58,

I0(x′) = I0(x)−I0(x/x′) = log 420
6 = log 70 (I0(x) = log 420).

Ïðÿìîé ïîäñ÷¼ò: I0(x′) = log 8!
4!4! = log 5·6·7·8

2·3·4 = log 70.
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Ãðóïïèðîâêà çíà÷åíèé (êâàíòîâàíèå)

Îïòèìàëüíîå êâàíòîâàíèå äàííûõ

Ïóñòü â ðåçóëüòàòå íàáëþäåíèé ïîëó÷åíà ïîñëåäîâàòåëüíîñòü

äàííûõ � âåêòîð x, êîòîðûé òðåáóåòñÿ çàêîäèðîâàòü áèíàðíûì

ñëîâîì.

Åñòåñòâåííî òðåáîâàòü, ÷òîáû íîâîå ñëîâî x′ ∈ { 0, 1 }
ñîäåðæàëî êàê ìîæíî áîëüøå èíôîðìàöèè îá èñõîäíîì ñëîâå,

ò.å. ÷òîáû çíà÷åíèå I0(x′) áûëî ìàêñèìàëüíûì.

Ýòî äîñòèãàåòñÿ ïðè ðàâåíñòâå êîëè÷åñòâ 0 è 1 â x′.

Òàêèì îáðàçîì, ïðèõîäèì ê êâàíòîâàíèþ ïî ïðèíöèïó

âàðèàöèîííîãî ðÿäà: óïîðÿäî÷èâàåì çíà÷åíèÿ x ïî

âîçðàñòàíèþ è êîäèðóåì 0 ïåðâóþ ïîëîâèíó îòñîðòèðîâàííûõ

äàííûõ, à 1 � âòîðóþ.
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Ãðóïïèðîâêà çíà÷åíèé (êâàíòîâàíèå)

Îïòèìàëüíîå êâàíòîâàíèå äàííûõ: ïðèìåð...

Ïóñòü â ðåçóëüòàòå íàáëþäåíèé ïîëó÷åíà ïîñëåäîâàòåëüíîñòü

äàííûõ x = ( 0,16, 0,1, 0,7, 0,18, 1,15 )

è òðåáóåòñÿ çàêîäèðîâàòü èõ áèíàðíûì ñëîâîì.

Ñîñòàâëÿåì âàðèàöèîííûé ðÿä, è êîäèðóåì â í¼ì ïåðâûå ïî

ïîðÿäêó òðè çíà÷åíèÿ íóë¼ì, à ïîñëåäíèå � åäèíèöåé:

x 0,16 0,1 0,7 0,1 0,18 1,5

ïîðÿäîê 3 1 5 2 4 6

x′ 0 0 1 0 1 1

Íàçâàíèå ïîäõîäà â îáùåì ñëó÷àå � êâàíòèëüíîå êîäèðîâàíèå.

Íàïðèìåð, ðàçáèâàÿ âàðèàöèîííûé ðÿä íà 4 ïðèáëèçèòåëüíî

ðàâíûõ èíòåðâàëà, êîäèðóåì äàííûå äâóõáèòíûìè ñëîâàìè

00, 01, 10, 11.
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Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

Ðàçäåëû

Èíôîðìàöèÿ ïî Õàðòëè

Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Èíôîðìàöèÿ ñëîâà

Ãðóïïèðîâêà çíà÷åíèé (êâàíòîâàíèå)

Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

×òî åù¼ ïî÷èòàòü
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Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

Âû÷èñëåíèå èíôîðìàòèâíîñòè ïðèçíàêà

Ïðåöåäåíòíàÿ èíôîðìàöèÿ çàäà÷ ðàñïîçíàâàíèÿ îáðàçîâ

ìîæåò áûòü îïèñàíà ìàòðèöåé èíôîðìàöèé, ñòðîêè êîòîðîé

ñîîòâåòñòâóþò îáúåêòàì, ñòîëáöû � ïðèçíàêàì, à

äîïîëíèòåëüíûé ñòîëáåö ñîäåðæèò ñèìâîëû êëàññîâ, êîòîðûì

ïðèíàäëåæàò îáúåêòû.

Áóäåì ðàññìàòðèâàòü çàäà÷ó ðàñïîçíàâàíèÿ ñ êà÷åñòâåííûìè

ïðèçíàêàìè, êîãäà êàæäûé ïðèçíàê ïðèíèìàåò çíà÷åíèÿ èç

ìíîæåñòâà X = { 1, 2, . . . , m }, ìíîæåñòâîì ñèìâîëîâ êëàññîâ

Y = { 1, 2, . . . , k } è n ïðåöåäåíòàìè.

Èíôîðìàòèâíîñòü I0(x : y) ïðèçíàêà x ∈ Xn ïî îòíîøåíèþ ê

èíôîðìàöèîííîìó âåêòîðó ñèìâîëîâ êëàññîâ y ∈ Y n îáúåêòîâ

ðàâíà êîëè÷åñòâó èíôîðìàöèè, ñîäåðæàùèìñÿ â x
îòíîñèòåëüíî y:

I0(x : y) = I0(x)− I0(x/y) = I0(y)− I0(y/x).
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Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

Âû÷èñëåíèå èíôîðìàòèâíîñòè ïðèçíàêà: ïðèìåð 1

Ïóñòü x = (2, 2, 2, 2, 2, 1, 2, 2, 2) � çíà÷åíèå ïðèçíàêà è

y = (1, 1, 1, 2, 2, 2, 3, 3, 3) � êëàññèôèêàöèÿ ó n = 9
ïðåöåäåíòîâ. Òîãäà

I0(x) = log
9!

8! 1!
= log 9 è I0(y) = log

9!

3! 3! 3!
= log 1680,

è òàáëèöà çàìåí ñèìâîëîâ �

M =

1 2 3

1 1 1
2 3 2 3 8

3 3 3 9

I0(y/x) = log
1!

1!
+ log

8!

3! 2! 3!
= log 560,

I0(x/y) = 2 log
3!

3!
+ log

3!

1! 2!
= log 3,

I0(x : y) = I0(x)− I0(x/y) = log 9− log 3 = log 3 ≈ 1,585,

I0(y : x) = I0(y)− I0(y/x) = log 1680− log 560 = log
1680

560
= log 3.
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Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

×èñòûå êëàññèôèêàòîðû è ÷èñòûå øóìû

Îïðåäåëåíèå

Ïðèçíàê x îòíîñèòåëüíî èíôîðìàöèîííîãî âåêòîðà ñèìâîëîâ

êëàññîâ y íàçîâ¼ì

I ÷èñòûì êëàññèôèêàòîðîì, åñëè I0(x : y) = I0(y)
(ò.å. I0(y/x) = 0);

I ÷èñòûì øóìîì, åñëè I0(x : y) = 0.

ßñíî, ÷òî

I ïî çíà÷åíèÿì ÷èñòîãî êëàññèôèêàòîðà èíôîðìàöèîííûé

âåêòîð âîññòàíàâëèâàåòñÿ ïîëíîñòüþ: â ýòîì ñëó÷àå

ñóùåñòâóåò áèåêöèÿ x↔ y;

I ÷èñòûé øóì íå äà¼ò íèêàêîé èíôîðìàöèè îá

èíôîðìàöèîííîì âåêòîðå (x è y íåçàâèñèìû).
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Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

Íèæíèé ïîðîã èíôîðìàòèâíîñòè ïðèçíàêà

Äëÿ òîãî, ÷òîáû èñêëþ÷èòü ¾øóìÿùèå¿ ïðèçíàêè èç

äàëüíåéøåãî ðàññìîòðåíèÿ, ââåä¼ì íèæíèé ïîðîã α
èíôîðìàòèâíîñòè ïðèçíàêà è îòáðîñèì âñå ïðèçíàêè îáúåêòîâ

ñ èíôîðìàòèâíîñòüþ, ìåíüøåé α.

Íèæíèé ïîðîã α óäîáíî âûáèðàòü â ïðîöåíòàõ îò ìàêñèìàëüíî

âîçìîæíîé èíôîðìàòèâíîñòè I(y).

Ïðèìåð ¬. Äëÿ èíôîðìàöèîííîãî âåêòîðà

y = (1, 1, 1, 2, 2, 2, 3, 3, 3) ñèìâîëîâ êëàññîâ èìååì:

y ∈ Y 9, Y = { 1, 2, 3 } è

I(y) = log |Y n| = log 39 = log 19683 ≈ 14,26.

Íàïðèìåð, åñëè âûáðàòü α = 24%, òî âñå ïðèçíàêè x ñ

èíôîðìàòèâíîñòüþ I0(x : y) < 3,42 = 14,26 · 0,24 èñêëþ÷àþòñÿ

èç äàëüíåéøåãî ðàññìîòðåíèÿ.
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Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

Êëàñòåðû ïðèçíàêîâ: èíôîðìàöèîííûé ïîäõîä

:::::::::::::
Óòâåðæäåíèå

Ôóíêöèÿ

ρ(xi, xj) =
1

2

(
I0(xi/xj) + I0(xj/xi)

)
ÿâëÿåòñÿ ìåòðèêîé íà ìíîæåñòâå ïðèçíàêîâ (= ñëîâ èç Xn).

ßñíî, ÷òî çíà÷åíèå ρ ìåæäó çàâèñèìûìè (ïîâòîðÿþùèìè äðóã

äðóãà ïðèçíàêàìè) áëèçêî ê 0.

Íàçîâ¼ì

I ρ � èíôîðìàöèîííîé ìåòðèêîé íà ïðîñòðàíñòâå

ïðèçíàêîâ;

I êëàñòåðîì ïðèçíàêîâ � ïîäìíîæåñòâî áëèçêèõ äðóã ê

äðóãó ïðèçíàêîâ (îòíîñèòåëüíî ìåòðèêè ρ).



ÊÎÌÁ. È ËÎÃ. ÌÅÒÎÄÛ ÀÍÀËÈÇÀ ÄÀÍÍÛÕ. ×àñòü I: Èíôîðìàöèîííûé ïîäõîä â ÐÎ 57 / 75

Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

Êëàñòåðû ïðèçíàêîâ: ïðèìåð 1

Ïðîäîëæåíèå Ïðèìåðà ¬.

Ïóñòü èíôîðìàöèÿ î ïðåöåäåíòàõ â çàäà÷å ðàñïîçíàâàíèÿ

çàäàíà ìàòðèöåé ñ êà÷åñòâåííûìè ïðèçíàêàìè

x1 x2 x3 x4 x5 x6 x7 x8 y

1 2 2 2 1 2 2 1 1 1
2 2 2 2 2 2 2 1 1 1
3 2 2 2 1 1 2 1 1 1

4 2 1 1 2 1 1 1 2 2
5 2 1 1 2 1 1 2 1 2
6 1 1 1 2 1 1 1 2 2

7 2 1 1 1 2 2 1 2 3
8 2 1 1 1 2 2 2 2 3
9 2 2 1 1 2 2 1 2 3

(çíà÷åíèå I(y) ≈ 14,26 âû÷èñëåíî ðàíåå).
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Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

Êëàñòåðû ïðèçíàêîâ: ïðèìåð 1 ...

1. Ïîäñ÷èòàåì èíôîðìàòèâíîñòü I0(xi : y), i = 1, 8 ïðèçíàêîâ

ïî îòíîøåíèþ ê èíôîðìàöèîííîìó âåêòîðó y:

x1 x2 x3 x4 x5 x6 x7 x8

1.77 6.16 8.26 6.16 6.16 8.26 1.37 6.16

Ïðèíÿâ ïîðîã α = 24%, îòáðàñûâàåì ïðèçíàêè x1 è x7 êàê

ìàëîèíôîðìàòèâíûå (ñ I0(x : y) < 3.24).

2. Ñîñòàâèì òàáëèöó ðàññòîÿíèé îñòàâøèõñÿ ïðèçíàêîâ:

ρ x2 x3 x4 x5 x6 x8

x2 0 3.5 8.4 8.4 5.2 6.8
x3 0 8.4 8.4 6.0 3.5
x4 0 6.8 3.5 8.8
x5 0 3.5 8.8
x6 0 8.4
x8 0
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Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

Êëàñòåðû ïðèçíàêîâ: ïðèìåð 1...

Àíàëèç òàáëèöû ðàññòîÿíèé ïîçâîëÿåò ñäåëàòü âûâîä, ÷òî

èññëåäóåìûå ïðèçíàêè ìîæíî ïðåäñòàâèòü ðàçáèâàþùèìèñÿ íà

äâà êëàñòåðà:
{
x2, x3, x8

}
è
{
x4, x5, x6

}
.
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Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

Êëàñòåðû ïðèçíàêîâ: ïðèìåð 2

Ïðèìåð ­. Ïðîãíîçèðîâàíèå çàïàñà ðóäû äëÿ ìåñòîðîæäåíèÿ.

Çíà÷åíèÿ ïðèçíàêîâ áèíàðíûõ ïðèçíàêîâ:

y � çàïàñ ðóäû (1 � áîëüøå 1 ìëí òîíí, 0 � ìåíüøå),

x1 � ïðèóðî÷åííîñòü ê ãîðèçîíòàì ñëþäèñòûõ ñëàíöåâ,

x2 � ïðèóðî÷åííîñòü ê ãîðèçîíòàì àìôèáîëèòîâ,

x3 � áëèçîñòü ê êîíòàêòó ñî ñëþäèñòûìè ñëàíöàìè,

x4 � áëèçîñòü ê êîíòàêòó ñ àìôèáîëèòàìè,

x5 � ïðèñóòñòâèå òåë àìôèáîëèòîâ,

x6 � îáèëèå äàåê,

x7 � ïèðèòèçàöèÿ,

x8 � ïðîïèëèòèçàöèÿ,

x9 � îæåëåçíåíèå,

x10 � àðãèëëèòèçàöèÿ,

x11 � íàëè÷èå âòîðè÷íûõ îðåîëîâ ñâèíöà è öèíêà,

x12 � ðàçâèòèå ñêëàäîê.
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Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

Êëàñòåðû ïðèçíàêîâ: ïðèìåð 2 ...

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 y

1 0 1 0 0 0 1 1 1 0 0 1 1 1
2 0 1 1 1 0 0 1 0 1 0 1 1 1
3 0 1 0 1 1 1 0 1 0 0 0 0 1
4 0 0 1 0 1 0 1 0 1 1 1 1 1
5 1 1 0 1 0 1 1 0 1 0 1 0 1

6 1 0 1 0 1 1 0 1 0 1 0 1 0
7 1 0 1 0 1 1 1 0 0 1 0 0 0
8 1 0 0 1 1 1 0 1 0 0 0 0 0
9 1 0 1 1 0 0 0 0 1 0 0 1 0
10 0 1 1 0 1 1 0 1 0 1 0 1 0

11 0 0 1 1 1 1 0 0 0 0 0 1 ?

12 0 0 0 1 0 1 0 0 1 0 1 1 ?
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Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

Êëàñòåðû ïðèçíàêîâ: ïðèìåð 2 ...

1. Âû÷èñëèì èíôîðìàòèâíîñòü ïðèçíàêîâ (I(y) = log 210 = 10):

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12

2,8 2,8 1,24 0,3 1,24 0,3 2,8 0,3 1,24 1,24 6,1 0

Åñëè âûáðàòü α = 25% , òî îñòàíóòñÿ ïðèçíàêè x1, x2, x7 è

x11 (ñ èíôîðìàòèâíîñòÿìè > 2,5 îòíîñèòåëüíî y).

2. Ñîñòàâèì òàáëèöó ðàññòîÿíèé ýòèõ ïðèçíàêîâ:

ρ x1 x2 x7 x11

x1 0 7,2 9,7 8,6
x2 0 9,7 8,6
x7 0 3,75
x11 0
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Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

Êëàñòåðû ïðèçíàêîâ: ïðèìåð 2 ...

Àíàëèç òàáëèöû ïîçâîëÿåò ïðîâåñòè ñëåäóþùóþ

êëàñòåðèçàöèþ ïðèçíàêîâ: {x7, x11 }, {x1 }, {x2 }.
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Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

Ñëîæíûå ïðèçíàêè

Åñëè xi è xj � ïðèçíàêè, òî ïðèçíàê xi,j = xi × xj íàçîâ¼ì

ñëîæíûì.

:::::::::::::
Óòâåðæäåíèå

Èíôîðìàòèâíîñòü ñëîæíîãî ïðèçíàêà xi × xj ïî îòíîøåíèþ ê

èíôîðìàöèîííîìó âåêòîðó ñèìâîëîâ êëàññîâ y íå ìåíüøå

ñóììû èõ èíôîðìàòèâíîñòåé, òî÷íåå

I0(y : (xi × xj)) > I0(y : xi) + I0(y : xj)− I0(xi : xj).

Ïîñêîëüêó çíà÷åíèå I0(xi : xj) ìîíîòîííî âîçðàñòàåò (îò 0)
ïðè óâåëè÷åíèè çàâèñèìîñòè ïðèçíàêîâ xi è xj (ñóììàðíîé

äëèíû ôðàãìåíòîâ, ïîëó÷àþùèõñÿ ïåðåêîäèðîâêîé),

ñïðàâåäëèâî ñëåäóþùåå ïðàâèëî:

ïðè îáðàçîâàíèè ñëîæíîãî ïðèçíàêà ñëåäóåò îáúåäèíÿòü

ïðèçíàêè, ëåæàùèå â ðàçíûõ êëàñòåðàõ
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Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

Ôîðìèðîâàíèå ñëîæíûõ ïðèçíàêîâ

Ââåä¼ì âòîðîé ïàðàìåòð íàñòðîéêè β, ðàâíûé ìèíèìàëüíî

äîïóñòèìîé èíôîðìàòèâíîñòè ñëîæíîãî ïðèçíàêà.

Âåëè÷èíó β âûáèðàþò íå ìåíåå 60% îò I0(y).

Â Ïðèìåðå ¬ áûëî âûäåëåíî äâà êëàñòåðà ïðèçíàêîâ:{
x2, x3, x8

}
è
{
x4, x5, x6

}
, ïðè β = 80% ïîëó÷àåì ïîðîã

0,8 · 14,26 = 11,4.
Âû÷èñëÿÿ çíà÷åíèå I0(y : (xi × xj)) äëÿ ïðèçíàêîâ èç ðàçíûõ

êëàññîâ, íàéä¼ì, ÷òî èíôîðìàòèâíîñòü ñëîæíûõ ïðèçíàêîâ

x3,6 � äîñòàòî÷íà,

x2,4 � íåäîñòàòî÷íà,

x2,4,8 � äîñòàòî÷íà.
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Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

Ôîðìèðîâàíèå ñëîæíûõ ïðèçíàêîâ: ïðèìåð 2

Â Ïðèìåðå ­ ïîëîæèì β = 60%, ÷òî óñòàíîâèò ïîðîã

èíôîðìàòèâíîñòè 0,6 · 10 = 6 äëÿ ôîðìèðóåìûõ ñëîæíûõ

ïðèçíàêîâ.

Îáðàçóåì ñëîæíûé ïðèçíàê x1,11 = x1 × x11 = x.
Åãî âçàèìíóþ îòíîñèòåëüíî èíôîðìàöèîííîãî âåêòîðà y
èíôîðìàòèâíîñòü I0(x : y) îïðåäåëèì ïî òàáëèöå ïåðåõîäîâ

çíà÷åíèé x â çíà÷åíèÿ y, êîòîðàÿ, â ñâîþ î÷åðåäü,

çàïîëíÿåòñÿ ñòðîèòñÿ ïî ñîîòâåòñòâóþùèì ñòîëáöàì ìàòðèöû

èíôîðìàöèé.
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Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

Ôîðìèðîâàíèå ñëîæíûõ ïðèçíàêîâ: ïðèìåð 2...

x1 x11 y

0 1 1
0 1 1
0 0 1
0 1 1
1 1 1
1 0 0
1 0 0
1 0 0
1 0 0
0 0 0

0 1

01 3 3
00 1 1 2
11 1 1
10 4 4

5 5 10

I0(x : y) = I0(x)− I0(x/y),

I0(x) = log
10!

3! 2!1! 4!
= log 12600,

I0(x/y) = log
5!

1! 4!
+ log

5!

3! 1! 1!
= log 100,

I0(x : y) = log
12600

100
= log 126 ≈ 6,98 > 6,

ò.å. ñëîæíûé ïðèçíàê x = x1 × x11 óäîâëåòâîðÿåò óñëîâèþ

èíôîðìàòèâíîñòè.
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Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

Ôîðìèðîâàíèå ñëîæíûõ ïðèçíàêîâ: ïðèìåð 2...

Àíàëîãè÷íî íàõîäèì, ÷òî èíôîðìàòèâíîñòü, áîëüøå 6 èìåþò

ñëîæíûå ïðèçíàêè x2,11, x1,2,7 è x7,11 è îñóùåñòâëÿåì

ïåðåõîä â íîâîå ïðèçíàêîâîå ïðîñòðàíñòâî ïîëó÷åííûõ

ñëîæíûõ ïðèçíàêîâ.

Çíà÷åíèÿ f(x) ñëîæíîãî ïðèçíàêà x äàííîãî îáúåêòà

îïðåäåëÿþò â çàâèñèìîñòè îò òðåòüåãî ïàðàìåòðà íàñòðîéêè γ,
ïðèíèìàþùåãî öåëî÷èñëåííûå çíà÷åíèÿ è âûðàæàþùåãî

¾ñòåïåíü çíà÷èìîñòè¿ ïðèçíàêà.

Îáîçíà÷èì ÷åðåç n1 è n0 ÷èñëî åäèíè÷íûõ è, ñîîòâåòñòâåííî,

íóëåâûõ çíà÷åíèé èíôîðìàöèîííîãî âåêòîðà, ñîîòâåòñòâóþùèõ

äàííîìó çíà÷åíèþ ïîëó÷åííîãî ñëîæíîãî ïðèçíàêà x.
Ïîëàãàåì

f(x) =


1, åñëè n1 − n0 6 γ,
0, åñëè n0 − n1 6 γ,
−, èíà÷å (îòêàç îò ðàñïîçíàâàíèÿ).
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Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

Ôîðìèðîâàíèå ñëîæíûõ ïðèçíàêîâ: ïðèìåð 2...

Â ðàññìàòðèâàåìîì ïðèìåðå ïðèìåì γ = 2.
Äëÿ ïðèçíàêà x = x1,11 èìååì (äóáëèðóåì òàáëèöó):

x 0 1 f(x)

01 3 3 1
00 1 1 2 −
11 1 1 −
10 4 4 0

Òîãäà, íàïðèìåð, äëÿ 1, 11 è 12-ãî
îáúåêòîâ ïîëó÷èì

f1(x) = 1 (ñïðàâî÷íî),

f11(x) = −, f12(x) = 1.
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Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

Ôîðìèðîâàíèå ñëîæíûõ ïðèçíàêîâ: ïðèìåð 2...

Äëÿ ïðèçíàêà x = x11,2 :

x11 x2 y

1 1 1
1 1 1
0 1 1
1 0 1
1 1 1
0 0 0
0 0 0
0 0 0
0 0 0
0 1 0

x 0 1 f(x)

11 3 3 1
01 1 1 2 −
10 1 1 −
00 4 4 0

5 5 10

I0(y : (x11 × x2)) = 8 áèò
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Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

Ôîðìèðîâàíèå ñëîæíûõ ïðèçíàêîâ: ïðèìåð 2...

Äëÿ ïðèçíàêà x = x1,2,7 :

x1 x2 x7 y

0 1 1 1
0 1 1 1
0 1 0 1
0 0 1 1
1 1 1 1
1 0 0 0
1 0 1 0
1 0 0 0
1 0 0 0
0 1 0 0

x 0 1 f(x)

011 2 2 1
010 1 1 2 −
001 0 1 1 −
111 0 1 1 −
100 3 0 3 0
101 1 0 1 −

5 5 10

I0(y : (x11 × x2)) = 8 áèò
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Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

Ôîðìèðîâàíèå ñëîæíûõ ïðèçíàêîâ: ïðèìåð 2...

Äëÿ ïðèçíàêà x = x11,7 :

x11 x7 y

1 1 1
1 1 1
0 0 1
1 1 1
1 1 1
0 0 0
0 1 0
0 0 0
0 0 0
0 0 0

x 0 1 f(x)

11 0 4 4 1
00 4 1 5 0
01 1 0 1 −

5 5 10

I0(y : (x11 × x2)) = 6,4 áèò
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Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

Ôîðìèðîâàíèå ñëîæíûõ ïðèçíàêîâ: ïðèìåð 2...

Êëàññèôèêàöèþ áóäåì îñóùåñòâëÿòü ïî áëèçîñòè (â ìåòðèêå

Õýììèíãà) ê âåêòîðàì êëàññîâ è â íîâîì ïðèçíàêîâîì

ïðîñòðàíñòâå èìååì:

Íîìåð îáúåêòà x1,11 x2,11 x1,2,7 x7,11 y

11 − 0 − 0 0
12 1 1 − − 1
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×òî åù¼ ïî÷èòàòü

Ðàçäåëû

Èíôîðìàöèÿ ïî Õàðòëè

Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Èíôîðìàöèÿ ñëîâà

Ãðóïïèðîâêà çíà÷åíèé (êâàíòîâàíèå)

Ìåòîäû òåîðèè èíôîðìàöèè â çàäà÷àõ ðàñïîçíàâàíèÿ

×òî åù¼ ïî÷èòàòü
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×òî åù¼ ïî÷èòàòü

Ëèòåðàòóðà I

ÃîïïàÂ. Ââåäåíèå â àëãåáðàè÷åñêóþ òåîðèþ

èíôîðìàöèè. � Ì.: Íàóêà, 1995.

ÂåðåùàãèíÍ.Ê.,ÙåïèíÅ. Â. Èíôîðìàöèÿ, êîäèðîâàíèå è

ïðåäñêàçàíèå. � Ì.: ÔÌÎÏ, ÌÖÍÌÎ, 2012.
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