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Yactb VII

PeweHuve OyneBbiX ypaBHEHWIA
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L Octoanbie nowsitus 6ynesoii anre6pbl (HanoMuHaHMne)

Paspensi

OcHoBHble noHsATUA Dynesoii anrebpbl (HanoMuHaHue)
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L Octoanbie nowsitus 6ynesoii anre6pbl (HanoMuHaHMne)

bynesa anrebpa: onpegeneHue
Onpeaenexne

Bynesoii anrebpoii I3 HasbiBaeTcs MHOXECTBO B, cogepxkaluee no
KpaiiHeli Mepe aBa anemenTa — o (Hynb) u ¢ (eguHuua), c
3afaHHbIMKM Ha HEM bBuHapHbiMn onepaumnsmu L (obbeantenus),
M (nepeceyeHuns) u yHapHoii onepauueli ' (gononHenus).

Mpu atom gns ntobeix z,y, 2 € B BbinonHATCS crepytoLne
3aKOHbl (akcnombl) bynesoii anrebpsoi:

ComlU: zUy = yUux, ComM: zNy = yMNx,
Dtrl: (zUy)Mz = (xMNz)U(yNz),
Dtr2: (zNy)Uz = (xUz2)MN(yUz2),

Ho: zxzUWo = =z, Me: Mt = x,
Cmp': zUz' =4, Isl’: Mz’ = o,
Inv’': (') = «z,

Vo = o, o': o =,
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L Octoanbie nowsitus 6ynesoii anre6pbl (HanoMuHaHMne)

Bbynesa anrebpa: onpegenexue...
Onpegenenne (npogosmxerue)
DeM1: (zxUy) = 2'My’, DeM2: (zMNy)’ = z'Uy’,
He: U = o, [MTo: xl1o = o,
AssU: zU(yUz) = (xUy) Uz,
AssM: xzM(yMz) = (xNy)Nz,
Idu: zUz = =z, Idr: Nz = =z,
Absl: zN(zUy) = =z, Abs2: zU(zMNy) = x.
MHoxecTBo B HasbiBaeTcss HocuTenem bynesoii anrebpel B, a o un
L — BbIJENIEHHBIMY 3IEMEHTAMU VN YHUBEPCAbHBIMU TPAHSIMN.

BeegéHHble onepauuy Ha3bIBalOT abCTPakTHLIMU, NOCKOJIbKY HU
OHWM CaMW, HN HOCUTENb, HA KOTOPOM OHW OMpeAeNeHbl, HNKAK He
KOHKPETU3NPYHOTCS.

B npunoxeHunsix anemeHTbl Bynesoii anrebpbl uHTEpNpeTUpYOTCS
KaK NOAMHOXECTBA HEKOTOPbIX MHOXECTB, CObbITusS,
BbICKa3blBaHUSA, CUTHAAbI U Ap.
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L Octoanbie nowsitus 6ynesoii anre6pbl (HanoMuHaHMne)

OcHoBHble cooTHoweHusA B bynesoii anrebpe

Jlemma. (ocHoBHbIE CBOWCTBA 3neMeHTOB byneBoii anrebpoi)
Lns nobbix anementTos x u y bynesoli anrebpbl CnpasBeaINBbl
CAERYIOLLNE YTBEPKAEHUS:

) zUly=0o o x=y=o0ouzxzlNy=1 =9y =1

2) cnepyroumne HETbIPE COOTHOLUEHUS] IKBUBANEHTHLI —
rxMy =z, xzUy =1y, x'Uy:L, xl‘ly':o;

3) s1leMMa 0 €AUHCTBEHHOCTY [OMONHEHUS —

My =
{azy Oﬁy:x'
zUy =1
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L Octoanbie nowsitus 6ynesoii anre6pbl (HanoMuHaHMne)

MpuHyuun gsBoiicTtBeHHOCTN pnast Oynesoi anrebpol
Mycte V' — Boipaxkenune unu paseHCTBO Bynesoli anrebpeoi.

Obo3HayeHunsi gna pesynbraTa OGHOBPEMEHHOR 3aMEHbI BCEX
cumBOnoOB B V!

Vi —MNeUn oo

VP — x4 2/, roe & — 31EMEHT HOCUTENS!, He
SABNAKOWMIACS YHUBEPCANBHON rPaHbio;

V* — korga npoussogatcst obe ykasaHHble 3aMeHbI.

MpuHunn ABOKCTBEHHOCTKU
Ecom V —

— byneBO paBEeHCTBO, NCTUHHOE AN NHODLIX BXOLSALUX B HEMO
3/1IEMEHTOB, TO PaBEHCTBA v V? u V* Takxke UCTUHHBI.

— BblpaxkeHue bynesoit anrebpel, To V* = V.
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L Octoanbie nowsitus 6ynesoii anre6pbl (HanoMuHaHMne)

Cucrtembl akcuom pgnsa dynesoii anrebpol
Mpueepénnas cuctembl ns 21-olfi akCMOMbI U3BLITOUHA.

1. Napsl akcuom Com, Dtr, emecte ¢ Lo, M, Cmp’ n Isl’
(nepBble 8 M3 NprBEAEHHbIX BbilLE 3aKOHOB).
[JanHas cnctema He sIBASIETCA HE3aBUCUMOIA:
Hanpumep, KaXXapllii U3 3aKOHOB LI o 1 M1 BbIBOGUM U3
OCTaNbHbIX CEMMU.

2. Mapbl 3akoHoB 3akoHos Dtr, Abs smecte ¢ Cmp’ n Isl’.
370 epMHCTBEHHast kpaTyaliwas (6 akCoM) M3BECTHasi Ha
CEeroaHsAWHNI aeHb 6e3bi30bITOYHas CaMOABOWCTBEHHAS
cucTema akcmom byneeoli anrebpei.

3. Coml, AssU n ypaeHeHune Pobbunca:
(xUy) LUy = a.
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L Octoanbie nowsitus 6ynesoii anre6pbl (HanoMuHaHMne)

Anrebpbl MHOXeECTB: onpegeneHune

» A # & — mHoxecTBo, P(A) — MHOXeCTBO BCeX
nogMmHoxects (bynean) A;

» S(A) — HekoTOpasi COBOKYMHOCTb MOAMHOXECTB A,
yCTOM4MBas OTHOCUTENbHO 0bbeanHeHus U, nepecedernsi N un
ponosnHeHnst go A (7), a Takxke cogepxawas & un A.

» [Monatho, uto { T, A} C S(A) CP(A).

AC (S(A), U, N, —, @, A) — anrebpa MHOXeCTB.
——————
curHaTypa

Anrebpa mHoxecTs ¢ Hocutenem P(A) — ToTtansHas (Hag A),
a C ABYX3NeMEHTHbIM HocuTenem {, A} — TpuemanbHas.

Yrsepxaene.
Bcsikasi anrebpa mHoxects S(A) ectb bynesa anrebpa ¢ Hyném &

n eguunyen A.
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L Octoanbie nowsitus 6ynesoii anre6pbl (HanoMuHaHMne)

0- v nosHble Dynesbl anredpobl

Mpumep (M3 aKCMOMaTUKN TEOPUM BEPOSITHOCTEIR )

o-anrebpa NOAMHOXXECTB NPOCTPAHCTBA 3JEMEHTapHbIX CObbITNI
ecTb anrebpa MHOXECTB U, ClefoBaTeNbHO, bynesa anrebpa.

Bynesa anrebpa, B KoTOpoii onepauun L u M onpefenersl ans
MPON3BOJIbHOW COBOKYMHOCTIW €€ 3/IeMEHTOB HAa3blBAETCS MOJIHONA.

Jiobas anrebpa MHOXECTB — NMoJsiHas

‘nongle bynesbl anre6pbl‘

o-anrebpsl

‘ 6ynesbl ;':mre6pb| ‘
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L Octoanbie nowsitus 6ynesoii anre6pbl (HanoMuHaHMne)

Bbynesa anrebpa otobpaxkeHwuii

Teopema

Mycts B ={(B,U,MN,/o0,.) — bynesa anrebpa u A — HenycToe
mHoxecTso. Torga mHoxectso B? Bcex otobpaxenuii us A 8 B
Takxe byget byneBoii anrebpoii OTHOCUTENbHO «MOTOYEYHBIXY

onepaynii U, 11 n \: (fH(2) = (f ()’
(fOg)(2) = fl@)Ugl@), (fNg)x) = f(z)Mg(x),

ansi nobeix f,g € BA. Hyném u equnnyeii B4 6yayt noctosinubie
otobpaxenusi fo(x) =0 n fi(x) = coorBercTBEHHO; T € A.

LokazaTenbctso.

Mposepka akcuom bynesoii anredpsi.

Mpu A = B" nonyuum bynesy anrebpy BP" Bcex dyHkunii us
B™ B B, necnn B = 2 — bynesy anrebpy 22" Bcex 6ynesbix
byHKLUME OT 1 NEPEMEHHbIX.
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L Octoanbie nowsitus 6ynesoii anre6pbl (HanoMuHaHMne)

N3omopcusm Byneebix anredbp: onpegeneHue
Onpeaenexne
Myctb paHbl age byneebl anrebpel B1 n By n buekuns
p: B — Bo Takasi, 4TO paBeHCTBa
p(zly) = p(@)Ue(y), ¢(ay) = p@)Ne(y), ¢(’) = o(z)
cnpaeegnuBbl onst BCex x,y € Bj.

Toraa roeopaT, 4T0 (© — bynes usomopdcunsm mexay By u Bs, a
AaHHble anrebpbl byneso nsomopdHbl (cumsonuyeckn By 2, Bs).

3ameuaHue
N3 ykasaHHbIX paBeHCTB cnegyet

p(0) =0 m () = ¢:
JelicTBnTenbHO:

(o) = plzma’)

= p(z) (@) = o) Ne) =owu
aHanorudHo ans o(t).
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L Octoanbie nowsitus 6ynesoii anre6pbl (HanoMuHaHMne)

N3omopcdusm bynesbix anredbp: npumepsbi
Mpumep

1. TpuenanbHasa anrebpa MHOXECTB, O4EBMAHO, n3oMopdHa
anrebpe 2 = ({0,1},V,-, 7,0, 1), kotopyto bygem
Ha3blBaTb anrebpoii BbickasbiBaHWA unn anrebpoli Byns
(cumBon - B popmynax bysem, Kak npaBuo, onyckaTb, HO
MNHOrg4a NcnoJsib30BaTb BMECTO HEro CMMBON &)

2. Onpegenum ans bynesoii anrebpel B = (B, L, M, ', 0, ¢)
ABONCTBEHHYIO K Hell B* = (B*, U*, M* ™ o* *),
nonoxue B* =B, W =1, M =U, "=/, o=, 1*=o.
B cuny npuHuyuna agoiicteeHHocTn byaem umets B* =, B.

3. ToTtanbHas anrebpa Hafg N-371E€MEHTHBIM MHOXECTBEOM
A = {aq, ..., ay} n3omopdHa bynesoii anrebpe n-mepHbIX
ABONYHBIX BEKTOPOB 2.
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L Octoanbie nowsitus 6ynesoii anre6pbl (HanoMuHaHMne)

Bynesbl nogarebpol. Teopema CToyHa o npegcTaBieHun
Ecnu B — bynesa anrebpa n By Takoe NOgMHOXKECTBO €€
HOCUTENA, YTO BCE onepaunnm Ha Bl ABNAKTCA CYyXKEHNAMN
onepauwnii Ha B, 10 By — noganrebpa B (cumeonuyecku
B < B).

Teopema (Croyn)

Bcsikasi 6ynesa anrebpa nzomopchua noaxoasiyesi anrebpe
MHOXeCTB: g5 ntoboii bynesoii anrebpol B cylyecTsyeT Takoe
muoxectso M, 4to B — P(M).

Teopema CroyHa yTeepxgaert, 4uto B =, By < P(M).
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L Octoanbie nowsitus 6ynesoii anre6pbl (HanoMuHaHMne)

Anrebpaunyeckne Konbua
Konbuom Hasbisaetcs AC (R, +, -, 0), rae R — MHOXeCTBo,
cogepxatuee anemeHT Hynb (0), Ha KOTOPOM onpeneneHsl ABe
buHapHble onepauun cnoxeHne (+) n ymHoXeHue (-) Takue, 4To
ans nobbix z,y,z € R cnpaBesnvBbl COOTHOLIEHNS
Tty +z=2+Yy+2), v+y=y+uz,
r+0 =2, Vzdy:(z+y=0)

(ykasaHHOe o3HauvaeT, 4to pegykt (R, +, 0) konbua ectb abenesa
rpynna no CAOXKEHUID, U MOLY/b) ©

(x+y)-z=x-2+y-z, x-(y+z)=z-y+zx-z

(AMCTPUBYTUBHOCTL YMHOXEHUS NO OTHOLLEHNIO K COXKEHUIO).
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L Octoanbie nowsitus 6ynesoii anre6pbl (HanoMuHaHMne)

Anrebpanyeckue KosbuaA: HANOMUHAHUE

Hynb konbLa eAnHCTBEHEH.
dnemeHT y Takoii, 4yTo x + y = 0 Ha3wbiBatoT obpaTHBIM K X, €ro
obo3HaueHne (—x) B CUNY €AUHCTBEHHOCTM.

Ecau ymHoxeHune obnagaet CBONCTBOM accoLMaTUBHOCTU

(z-y) z=mz(y2)
VI/VIJ'IVI KOMMYTATUBHOCTN
r-y=a-Y,
TO N KOJIbLUO Ha3blBalOT COOTBETCTBYHOLLE.

Ecnu konbuo copepxuT eanHuny 1 — yHWKaNbHbIA SNE€MEHT, oAsi
KOTOPOro
r-1l=1-2 = z,

TO rOBOPSIT O KoJbuUe € eanHuueli (ynutansHom): (R, +, -, 0, 1).
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L Octoanbie nowsitus 6ynesoii anre6pbl (HanoMuHaHMne)

Bynesbl Konbua
Onpeaenexne

AccounatusHoe kobLO, obnagatowme CBOCTBOM x2 = = Ans

ntoboro CBOEro anemMeHTa HasbiBaeTCst byneBbIM KOLLOM.

Teopema
Byneso konbyo (R, +, -, 0) koMmyTaTuBHo n —xr = .

Teopema
Mycte B = (B, U, 1N, 0, 1) — bynesa anrebpa.
Lns nobeix x, y € B nonoxum
x4y = (xNyHYU(z'MNy), z-y==axNy.
Torga AC B* = (B, +, -, 0, t) — byn1€B0 KOABLO C EQUHNLEI L.

OcHoBHBIM NprMepom byneBa KosblLa 1 SABASIETCA KaK pa3 KoJbLO

(P(A), ®, N, @, A).
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L Octoanbie nowsitus 6ynesoii anre6pbl (HanoMuHaHMne)

Ot OyneBa konbua k bynesoii anredbpe

Teopema
Mycts R = (R, +, -, 0, 1) — 6yneso koabLo ¢ equHnLei.
Lns nobeix z, y € R nonoxum

zUy =z+y+z-y, zNy==xz-y, ' =x+1.
Torga AC R* = (R, U, N,’,0,1) — 6ynesa anrebpa.

Onpegenenne

AC (B, U, N,’ C,o0,t) Takas, uto (B, U, 1,7, 0, 1) — bynesa
anrebpa, a oTHoweHne T 3agatoTcs no npasuy

zCy def zMNy=x (wm zCy def xUy=1y)

Ha3blBaeTCs DyneBoii CTPYKTYpOi.

Bynesa anrebpa = guctpubytueHas peweéTka ¢ ONOJHEHNSIMI U B
Hell cnpaBeanne MOAYNSIPHbIA 3aKOH

Mod: xCy = zU(yMNz)=yN(zxUz)



METOAbl AHAJIN3A OAHHbIX. Yacts VI: Pewenne 6ynesbix ypasHeHui | 18 /83

L Octoanbie nowsitus 6ynesoii anre6pbl (HanoMuHaHMne)

KOHYCbI 1 rpaHu 4.y. MHOXECTBa
Onpegenexne

Mycte (P, C) — 4.y. mHoxecteo u A C P.
Muoxectea A% n AV onpegensiembie ycnosusiMu

AP = {xeP|Xa(aEx)} n AV = {xEP!Xa(mEa)}

Ha3bIBAOTCA BEPXHUM N HUXXKHUM KOHYCaMU MHOXXECTBa A,
a NX 3NEMEHTbl — BEPXHUMU N HUDKHUMU TPAHAMUN MHOXECTBA A
COOTBETCTBEHHO.

Ons ogHoanemenTHOro mHoxectea A = {a} ucnonb3ytorcs

A v

obosHaveHus a® n a’.

MousaTHo, Hanpumep, yto ecim a C b, T0o a® NbY = [a, b].
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L Octoanbie nowsitus 6ynesoii anre6pbl (HanoMuHaHMne)

TouHble rpaHu 4.y. MHOXECTBa: onpeaesieHne
Onpegenexne

Mycte (P, C) — 4.y. mHoxectBo n A C P.

Ecam 8 A® cywecTByeT HaMMeHbLIMI SNEMEHT, TO OH Ha3blBaeTCs
TOYHOU BEpxHEN rpaHbto MHoxecTBa A wn obosHavaetca sup A.
Ecam 8 AV cywecTeyeT Hambonblwimii 31eMeHT, TO OH Ha3bIBaETCS
TOYHOU HUXHEN rpaHbto MHoxecTBa A n obosnavaeTcs inf A.

Ecam sup A wan inf A% cywectsyet, To sup A = inf A% n
JBOWCTBEHHO,
ecnm inf A wan sup AV cywectsyert, To inf A =sup AV.
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L Byneebl MHOrou4neHb!

Paspensi

EyJ'IEBbI MHOro4s21€Hbl
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L Byneebl MHOrou4neHb!

ByneBbl MHOro4YJieHbl: onpegesneHue
Onpegenexne

Mycte X, = {x1, ..., Ty } — N -31EMEHTHOE MHOXECTBO
HEN3BECTHLIX WIN NEPEMEHHbIX.
Gynesbimn muoroynenamu Hag X, Ha3blBatOT CTPOKN CUMBOJIOB,
YLOBETBOPSIOLUNE CNEAYIOLMM YCAOBUSAM:

1) z1, ..., Tp, 0, 1 — Bynesbl MHOro4YNEHDI;

2) ecnn p n q —_— 6yJ'IeBbI MHOTrO4YneHbl, TO TAKOBbIMU ABASAKTCA
m(pUq), (pNq), (»').

Takum obpazom, byneesl MHOrouneHbl — OpMynbl N3 NEPEMEHHbIX
n koHcTaHT 0 n 1 Hag mHoxecTBoM cumeosios { LI, M, }.

MHoxecTBO BCEX DyneBbIXx MHOro4neHoB Hag X, obosHauaem M.
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L Byneebl MHOrou4neHb!

ByneBbl MHOrO4YJ1€HbI: CUHTAKCUYECKOEe TOXAeCTBO
3anuck p = ¢ (YMTaeTCA: JAHHBIE MHOTOY/IEHbI PAaBHbLI) O3HAYaeT
CMHTaKCM4YeCcKoe TOXKIECTBO MHOFOYJIEHOB P W ¢, T.€. OHU
COBMafatoT KaK CTPOKN CHMBOJIOB.
[anee nonb3yemcsi N3BECTHLIMU NPaBUIAMU SKOHOMUM CKODOK
(onyckaem BHewwHMEe CKODKM, yHNTBIBAEM NPUOPUTET Onepauuii) n
CHNTAEM, HYTO MHOFOYJIEHbl PaBHbl, €CAN OHU COBNAAANT Npu
BOCCTaHOBJEHUU BCEX CKODOK.
Bynes mMHorounen Hag n (ganee n > 1) nepeMEHHbIMU MOXHO
pacCMaTpuBaTh Kak MHOFo4YleH Hag N + 1 nepemeHHoii, noaTomy

MiCcMyC...CM,CMpy1C....

M,, He ecTb bynesa anrebpa, T.k., Hanpumep, x1 U xzo # a9 Ll 7.

Ons oToxpecTenenns nogobHbIX BblpaXkeHnii BBEAEM NOHSATNE
NOJMHOMUNANBHOI PyHKLNK.
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L Byneebl MHOrou4neHb!

MonuHomunanvHasa dyHkuns bynesa mHorovneHa
Onpegenenne

Mycte B = (B, U, N, 0,.) — bynesa anrebpa u p — bynes
MHorousien ns M,.

Ob6oznauum uepes pg(by,...,b,) anemenT u3 B, KOTOPbIiA
nosyyaercsa w3 p 3ameHamu x; —b; € B, i=1,...,n, 0 — o,
1+ 1. Torga oTobpaxkeHnune

pg:B" —> B

Ha3bIBAETCA NONNHOMMNANLHON pyHKumer (n.d.), MHAYLUPOBaHHOI
byneBbiM MHOro4neHoM p Ha B.

Mpumep. Mycts p =21 Uzy u B =23 ¢ HocuTenem
{0,a,b,c,ab,ac,be,1}.

Torpa

pp(a,b) = aVvb = ab; pg(a,1) = aVl = 1; pp(a,ab) = aVab = ab.
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L Byneebl MHOrou4neHb!

MonuHomunaneHasa cyHkuua Oynesa MHOrouneHa: npumep

PasHble DyneBbl MHOrOYNEHBI MOTYT UHAYLMPOBATL OGHY W TY XKe
NOJIMHOMUANBHYIO PYHKLMIO.

Mpumep (Besge n = 2)

1. Nycte p = 1 Uxe, g = zoUx; n B=2. Torga
p#4q ps=aVbd qg=0bVa,abec{0,1}, Te ps =gz,
MOCKOJIbKY npu toboii 3ameHe B 3Tnx BbiparkeHusix byks a n
b anemertamu {0,1} =2 noay4nm OAMH 1 TOT XKE SNEMEHT.

2. Mycts p = (z1Umg), ¢ = 2\ Mab n B=P(A), A+ 2.
Torpa onaTb
p#q¢m psp=XUY, gs=XNY,
rae X, Y C A, n cHoBa pg = ¢3B.
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L Byneebl MHOrou4neHb!

BysnieBbl MHOrO4YJIeHbI: 3KBMBAJIGHTHOCTb
Onpegenexne

[ea byneBbix MHOrouneHa p,q € M, HasbiBarOTCS
9KBUBAJIEHTHLIMU, CUMBOJINYECKUN P ~ ¢, €CIA PaBHbl UX
NOSMHOMMNANbHBIE PYHKUUM HA 21 p~ q & P2 = (3.

~ — OTHOLUEHNE 3KBUBANEHTHOCTN Ha M, (nerko nposepsieTcsi).
Mpumep (npegbigywmii, n = 2; a,b € {0,1} = 2)

1. Ecm p = 21 Ux9, ¢ = xzo LUz, TO
p2 =aVb=bVa=gqgxnp~aq.

2. Ecm p = (11 Uxs), ¢ = 2y N, 10
p2 = aVb=a-b = ga ncHoBa p~ q.
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L Byneebl MHOrou4neHb!

MHo>xecTBO nosanHomMmuanbHbIX GyHKL Wi
Ob6ozHaunm vepes P,(B) = {ps|p € M, } mHoxecTBO
NOJANHOMUNANBHBIX (DYHKUMUNA, NHAYLMPOBAHHBIX BCEMN
MHorodneHamm us M, Ha B.

Hanpuwmep, nycte B = 23 = <{O,1}3,V, . 7,0, 1>.
Toraa P,(2%) — Bce dyHkumm, BbIpakatolinecs dhopmyanamu ot
apryMeHTOB X1, ..., T, Haj MHOXECTBOM CBs30K {V, -, ~ },

NPNYEM KaXKAblii apryMeHT MOXKeT npuHuMaTh atoboe us 8
sHauennii {0, 1}3.

Ob6osHauum gns byneeoii anrebpsl B ¢ HocuTenem B uepes
F,(B) mHoxecTtBo BCex doyHkumii us B™ B B : F,(B) et B,

SlcHo, uTo 3TO ecTb Dynesa anrebpa n |P,(B)| C F,(B).

Toraa, Hanpumep, |F1(23)‘ =85 =16777216, a
P(2%) = {[0]~, [U]~, [#]~, [Z]~ ) e [P1(2%)] = 4.
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L Byneebl MHOrou4neHb!

daktopmHoxectso n.cp. — bBysnesa anrebpa

Teopema
Ecam B= (B, U, N,’ o, 1) — bynesa anrebpa, To

1. Pu(B) < Fu(B); 2. Po(B)/~ =% Po(2).

JlokazaTenscTso.

1. Ybegumcs B ycTON4MBOCTM MHOXeCTBA PyHKumii Py, (B)
OTHOCWUTENbHO onepaumii LI, M, /, a Takxke B NPUHAANEXKHOCTN eMy
NocTosiHHbIX hyHKUMA fo =0 n f1 = .
Ons U n b= (by,...,b,) € B" nmeem

(P8 Ugs)(b) = ps(b) Ugs(b) = (pUq)s(b) € Pr(B)
ANa npoussoabHoro b € B™ w ananoruyHo ans M un /.
Kpowme Toro, pip(0) = o, pp(l) = ..
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L Byneebl MHOrou4neHb!

®daktopmHoxectso n.p. — Oynesa anrebdpa...

Lokazatensbctso (npogonxerne)

2. Onpegennm oTobpaxkenune ¢: P, (2) — P,(2)/~,
nepeeogsiiee n.cp. pz B KAACC SKBUBANEHTHOCTU [p].. € P, (2)/~.

JaxHoe onpegneneHne KOPPEKTHO, T.K.

p2 = g2 = p~q = [pl.=[q]~.
Jlerko npoBepuTb, 4TO © U €CTb UCKOMBbIA Bynes nzomopdunsm.

C nomowbto TeopeMbl CTOyHa NOKa3bIBaeTCsA, YTO
NOJINHOMWAaNbHbIE (byHKLI,VIVI, COOTBETCTBYHOLLUNE SKBUBANEHTHDBIM
MHOFOYNEHaM, COBNaZatoT Ha oboii Bynesoii anrebpe, a He
TOJIBKO Ha 2, TO €CTb CnpaBenjnea

Teopema
lycte p,q € My, u p ~ q. Torga ans npoussonbHoli bynesosi
anrebpbi B cnpaBegnnso pg = qp.
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L Byneebl MHOrou4neHb!

MonuHomunanbHasa nonHorta anredbpol byna 2

Crepcraus
1. Fo(2) = P, u|P,(2)/~ ] = 2%".
370 03Hayaert, yto nobasi bynesa pyHkuymns (n3 2" B 2)

SABNSIETCS NOJINHOMAJIbHON DYHKUMEN.
lMoaTomy roBopsT, 4To anrebpa 2 NOAUNHOMUANBHO MOJIHA.

2. Ecin B 2, 2 u mowHocTb Hocutens B ectb m (B
koHuyeHom cayyae m = 2F), 1o
|Pa(B)| = |Pu(B)/~| = 2% <m™" = |F,(B)
re. P,(B) C F,(B).

10 O3Ha4yaeT, 4T1o 2 — €4NHCTBEHHAs MOJIMHOMWUAJIbEHO

’

nonHas anrebpa.

TpaguunoHHoe ANnsi AUCKPETHOI MaTemMaTukn obosHaueHue
F,(2) = P, nan PY.
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L Byneebl MHOrou4neHb!

DKBNBAJIEHTHbIE MHOIO4YJIE€HbI CTAaHAAPTHOrO BMUAa
YacTo BO3HMKAET NOTPEOHOCTL 3aMEHUTL AaHHbIA MHOroYeH
5KBUBANEHTHLIM €My 60J/1ee NPOCTLIM MHOFOYAEHOM.

[ns 3TOoro BBOAST T.H. HOpMasbHble bopMbl MHOro4YneHos: JAHD,
KH® n, avanoruyano, AH® (nonuHombl XKerankuna) ans bynesa
KOJbLIA COOTBETCTBYIOLLENA DyneBoii anredpsi.

CoBOKYNHOCTb HOPMabHbIX popM obecneynBaeT Haau4me
CMCTEMbI MPEACTABUTENEA ANA KAXKIOTO Kjacca SKBUBAJEHTHOCTH
MHOXecTBa M,,.

Pasnoxenue LLlenHoHa Bynesoii pynkuun f(z) € P,

f(x) = ax vV bx = f()x vV f(0)x
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LI'Ip 6p BaHuUA 6y X yp . MpocTeiilune ypaBHeHus B 2

Paspensi

MpeobpazoBaHus Oynesbix ypaBHeHuii. MpocTteiiwne
ypaBHEHUA B 2
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aneoﬁpasoeamnﬁ 6ynesbix ypaBHeHunii. [pocTeiiwme ypasHeHns s 2

Bynesbl ypaBHeHusi: onpegesieHne
Bygem pewaTb «byseBbl ypaBHEHUST» 3a[aBaeMblE NOANHOMAMU.
PaBeHCTBO p = ¢ FOBOPUT, YTO MHOFOYAEHBl P U ¢ WAEHTUYHbI.
Onpegenexne
Mapy (p, q), rae p,q € My, Hazosém (bynesbiM) ypaBHeHUEM.
Mycte B — byneea anrebpa ¢ Hocutenem B.

dnemenT (b1, ..., by) € B™ Ha3blBaeTCs pELUEHMEM YPaBHEHMS
(p, q) B bynesoii anrebpe B, ecnu

p5(b1, -y bn) = qB(b1, ..., by).
MHoxecTBO { (piy i) |i=1, m} obpasyeT cucTeMy ypaeHeHwuii.
Pewernem cncrtemsl HasbigatoT obliee pelleHne Bcex €€ ypaBHEHMIA.
VpasHeune (p, q) gonycTumo 3anucbiBaTb B BUFE D = (.

Hanpumep, Tixo V 23 = z1(x2 V 3) — ypaBHeHne B 2, a
(101) — ero pewenne, nockonbky B (1-0)vV1=1-(0V1).
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aneoﬁpasoaaHmﬁ 6ynesbix ypaBHeHunii. [pocTeiiwme ypasHeHns s 2

MpeobpasoBanue ypaBHeHus p =q kK Bugy r =0

Teopema (o npeobpasosarum byneBbix ypasHeHWi)
Vpasrenus p = q n (pNqg’)U (p'Mq) = 0 umeror ogxu n e xe
pewuenus, rae p u q — 6YNeBbl MHOrOYEHbI.

LokazatenbcTso.

Mycts p,q € M, B = (B, U, N, 0,.) — bynesa anrebpa un
(bl, RN bn) € B™.

Monoxum a = pg(by, ..., by) n b = qp(b1, ..., by). Torga

a=b= (anbdb)U(a'Mb)=(aNa’)U(a’'Ma)=0Uo=o,

! __ [
(amb')U(a'mb) = 0 (:>{ allb =0 L%‘f:Mﬂ{“”b =0

a'Mb=o allb' =1
< a=b" o a=h.
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aneoﬁpasoaamnﬁ 6ynesbix ypaBHeHunii. [pocTeiiwme ypasHeHns s 2

MpeobpasoBanue ypaBHeHus p =q kK Bugy r =0

Crepcrens

1. Vpasuenns p=q n (pMq)U (p'Mq’) = 0 umeror ogHu n
Te Xxe pelweHus B noboii bynesori anrebpe.
VpasHenne bypem, kak npasuno, cpasy 3anucbiBaTb B
CUrHaType yKa3aHHOM byneBoi anrebpsi u cUnTaTh
nepeMeHHbIE X1, ... €€ a/71IeMeHTaMu.

2. JTroboe byneso ypasHenue (unum cuctemy), 3aaHHyto B
anrebpe normku 2 MOXHO NPUBECTU K SKBUBAAEHTHBIM BUZAM
p=0wuq=1,rgep q—AHDP n/unn KHP.
CnpasegnnBoCTb yTBEPKAEHUS CAEQYET U3 NOJNHOMUAIBHON
MoNHOTLI anrebpol 2.

3. Cucrema { (pi, @) |i=1,m} skeusanentna ogHomy
ypaBHeHuto
Ly V PIa Y pagy V Phaa V-V Pl V Prdm = 0.



METOAbl AHAJIN3A OAHHbIX. Yacts VI: Pewenne 6ynesbix ypasHeHui | 35/83

aneoﬁpasoaamnﬁ 6ynesbix ypaBHeHunii. [pocTeiiwme ypasHeHns s 2

PeweHune OyneBbix ypaBHeHuii: npumepsl
® Pewwum byneso ypasHeHne x1 = o B 2.

Mpeobpazyem ypaBHeHue
T = T2 & (wlfg) V (flxg) =0 <
= (1‘1 \/fl) . (1‘1 V 1‘2) . (fl \/TQ) . (1‘2 \/fg) =
=2 (331 \Y 1'2) . (fl \/fg) =0.

B 2 370 3kBMBaNeHTHO ycnoBusm

1 Vae =0, o 3 1 =z =0,
TKYA

/ /

3 Vay =0, T =x2 = 1.

T.o. pewweHnsimmn ncxopHoro ypasHenus bygyt Haboper (00) n (11)
ns 22,
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aneoﬁpasoaamnﬁ 6ynesbix ypaBHeHunii. [pocTeiiwme ypasHeHns s 2

PeweHne 6yneBbix ypaBHeHMii: npumepbl
@ Pewum byneBo ypaBHeHue xp -T2 = 3 B 2.

Mpeobpazyem ypaBHeHue

X1 +-Tog = T3 = (51V1‘2\/x3)($1\/52\/x3)(51 V T2 \/53) =0

Otctopa nonyyaem uckombie pewenns: (000), (010), (100), (111).

3ameyaHune: nosydYeHne oas LaHHOW POPMYJSibl SKBNBANEHTHOI
KH®, BoobLue rosopsi, CONpsKEHO CO CTOJb 3HAYNTENBbHbIMU
BbIYUC/NTENBHBIMN TPYLHOCTSIMI, YTO MOXET OKa3aTbCs
NPaKTUHECKU HEBOBMOXHbIM.



METOAbl AHAJIN3A OAHHbIX. Yacts VI: Pewenne 6ynesbix ypasHeHui | 37/83

aneoﬁpasoaamnﬁ 6ynesbix ypaBHeHunii. [pocTeiiwme ypasHeHns s 2

PeweHue 6ynesbix ypaBHeHUi: Npumepsl...
® PewwuTb 3aganHyto B 2 cuctemy BY

{ (l’lxg, xr123 V 1'2), (.Il V T2, 1'3) }

Nepenuwem cnctemy B NpuBLIYHOM BUAE

T1%2 = 2173 V X2,
x1VIy = 3.

Mo Teopeme o npeobpasosaHnun byneebix ypaBHEHWI 3Ta CUCTEMa
9KBMBAJIEHTHA €AUHCTBEHHOMY YPaBHEHUIO

xla:g(;clxg V xg) V (33'1%2)(.%’1.%3\/.%2) V (.’L‘l\/fg)fg V (1'1 V Tg)xg = 0.

Mpeobpazys nesyto yacts 8 CKH®, nonyynm skeusaneHTHOE
3aJaHHOI CMCTEME ypaBHEHMNE

(131 V X2 \/53)(51 V T2 \/Tg) = 0,
T.e. pelleHnsMmM cuctembl byayT Habopel (001) u (111) uz 23
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aneoﬁpasoaaHmﬁ 6ynesbix ypaBHeHunii. [pocTeiiwme ypasHeHns s 2

BaxxHoe 3amevaHue
Korga pelueHne nwetcs He B npocTelileli anrebpe 2, a B
nponseonbHoli bynesoii anrebpe, cnegosatue

D1 = 0,
Din..NMDj=o0 =
Dl =0
He UMeeT MecCTa.

MosTomy, Hanpumep, B Npou3BoaLHOl bynesoii anrebpe
B = (B,U,M/ o, ) peweHnem ypasHeHns
x1lMxg = 0
bynet (b, (b')V) € B? v ana B = 23 noaxoauT napa HeHynesbix
3/1EMEHTOB
((100), (010)) € (23)2.
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I—ypaEHeHMﬂ C OAHUM HeN3BEeCTHbIM

Paspensi

VpaBHeHUst ¢ OAHUM HEU3BECTHbLIM
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LypaEHeHMﬂ C OAHUM HeN3BEeCTHbIM

MapameTtpbl BY
Hanee Hac ByaeT nHTepecoBaTt 3aBUCUMOCTL 3HAYEHUI OZHUX
HEN3BECTHbIX pewenus bY ot gpyrux.

» Myctb (p,q) — ypasHenue B bynesoii anrebpe B u
P4 € Mypim, n,m =0, n+m > 1.

» MHOXECTBO HEM3BECTHLIX C UHAeKCaMU m,m+ 1,...,n+m
Ha30BEM napamMmeTpamu.

> JneMeHTbl HocuTenst BB, cooTeBeTCTBYHOLWME
apryMeHTam-napamMeTpam nojIMHOMUNAbHbIX PYHKLMA PR 1
qp bymem obosHauaTh cumBeonamu a, b, . . ..

» Dopmyny Buga pp(xi,...,Tn,a,...) =qa(T1,...,Tn,q,...)
Byaem HasbiBaTb OyneBbIM ypaBHEHMEM C MapaMeTpaMu u 7
HeusBecTHbIMU (B anrebpe ).
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LypaEHeHMﬂ C OAHUM HeN3BEeCTHbIM

Anropntm peweHus BY ¢ ogHUM Hen3BeCTHbIM
Myctb gavo BY p = ¢ ¢ ogHum HeuseecTHbIM x B Dynesoli
ctpyktype B=(B, U, M, C, 0, ¢).

Anroputm 1

LLlar @ [llpuBognm ypaBHEHWE P = ¢ K PaBHOCWJILHOMY C O B
npasoil yactu: r = 0.

LLlar @ [llpusogum ypasHeHne r = (0 K paBHOCWIbHOMY
YPaBHEHUIO BUAA

(anz)U(bna’) = o,

rae snemeHTol B a u b — napametpsbl.
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LypaEHeHMﬂ C OAHUM HeN3BEeCTHbIM

Anroputm pewenusa BY c ogHUM Hen3BeCTHbLIM...

Lar ® 3amMeHsieM NoAyYeHHOE ypaBHEHUE HA SKBUBANEHTHYHO

cnucTemy .
allz = o,
{ bz’ = o.

LLlar @ Ecan b Z a’, To ncxogHoe ypaBHEHNE PELLEHNS HE NMEET.

NHaue ‘ bCa' & alb= 0‘ — YC/I0BUE Pa3peLunmMoCTi
YPaBHEHMsI N ero pewermne — noboil anemeHT x n3 B Takol, 4To

bC 2 Ca’ — pewenne 8 nntepsansroii popme (< z € b N (a’))
nan
r = (bUu)MNa’ = (a’Mu)Ub, u — nponssonsHbiii anement B

— pelueHune B hyHKUMOHANLHON ¢popme (=

= (a'Mu) U (bMNu") — cummerpndnas yrkymonansHoii c/Jop/vla).
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LypaEHeHMﬂ C OAHUM HeN3BEeCTHbIM

OcHoBHasa Teopema 0 peweHnun OyneBbIX ypaBHeHWiA

Teopema (ocHOBHas o pelueHunn bynesbix ypaBHEHMIA)
Pesynbtatom Bbinonnenus Anroputma 1 sasnsercs pewenne bynesa
YPaBHEHNS OTHOCUTEILHO €4UHCTBEHHOIO HEUZBECTHOTO.

LokazatenbcTso.

Mpoeeném obocHoBaHME WAroB anropuTMa.

Llar @ OcHoBaHuem ansi paBHOCMALHOM 3aMeHbl p=q = 1 = 0
CYXKMUT TeopeMa 0 npeobpa3osaHnm ByneBbIX ypaBHEHWIA.

LLlar @ Mpusegerne ypasHenus Buga r = 0 K paBHOCUILHOMY
(aMz)U (bMa’) = o ocHosaHo Ha paznoxenun LLleHHona no
NMepemMeHHOol .

BbipaxeHue nocneaHero Buga Ha3oBEM KaHOHWYECKONR dopmoii
byneea ypaBHeHUS.
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LypaEHeHMﬂ C OAHUM HeN3BEeCTHbIM

OcHoBHas Teopema o peweHun OyneBbIX ypaBHEHWIA. ..

Lokazatensbctso (npogonxerne)

Lllar ® 3ameHa ypaBHeHne B KaHOHU4YecKol ¢opme Ha
3KBUBaNEHTHYIO cuctemy allxz = o, bMax’ = o ocHoBbIiBaeTCA
Ha nemMme ob OCHOBHbIX CBOMCTBaxX 3n1eMeHTOoB byneBoii anrebpbl.

LLar @ ObocHosaHue:
1. Umeem bC 2z C a’,

afNz=o0 & (aNz)Ua’'=a’" & (aUa )T (zUa")=0a" &
Szla’ =a’ < zCa’ wananormuno bz’ =0 < bLC z.

2.bCa’ & bMa’'=b & alb=0— ycioBue CyLeCcTBOBaHNS
peLLens.
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LypaEHeHMﬂ C OAHUM HeN3BEeCTHbIM

OcHoBHas Teopema o peweHun OyneBbIX ypaBHEHWIA. ..

Lokazatensbctso (npogonxerne)

3. CnpaBeanneocTt POpMYysibl pelleHnsi B PyHKUNOHANbHOW hopme
cnepyert u3

bCx r = bUu pans Hekotoporo u € B
/ <~ /
rzCa rzMNa' = x

s o= (bUu)Na’.

Pasencteo = = (bUwu)Ma’ = (a’'Mu)Ub npu bC a’
BbIPAXKAET MOLYNSAPHBbIV 3aKOH.

CummeTprynas dpyHKUMOHaNLHOR hopma:
r=(a'Mu)ub=(a'Mu) UGN (uUu’)=(a’"NMu)u(bNu’),

nockonbky bMu’ C b C a’ C z.
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I—ypaEHeHMﬂ C OAHUM HeN3BEeCTHbIM

Pewenne BY (AN X)U (BN X): gnarpamma Benna

BcXcAd

A

"',--—-h_..

P )

P
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LypaEHeHMﬁ C OAHUM HeN3BEeCTHbIM

Pewenne BY (AN X)U (BN X): gnarpamma Benna

X=(BuUYnA =(Und)UB

(o=
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LypaEHeHMﬂ C OAHUM HeN3BEeCTHbIM

Pewenne BY ax Vibzr B 2
B yacTHOM cnyyae B = 2 no uHTepBanbHOii dhopmyne nonydum

peLleHuns:
alb| =
00| {0,1}
01 1
110 0
111 %]

DTW peLueHns, eCTECTBEHHO, COBMAAAIOT C PELLEHUSIMU MO
hyHkunoHansHoli hopmyne, ecnun nonoxuts v = 0 u u = 1:

r =a,

a
b<a = b<z<a & r—b
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LypaEHeHMﬂ C OAHUM HeN3BEeCTHbIM

Pewenne bBY &-5\/5‘5 B 2"
Echu B = 2", T0O uMeeM MHOTFOMEpHbIA BapuaHT NpeablayLuero
cay4asi:

> uHTepBasbHas copma npm~,§< a 3apa€T bynes nogkyb 27,
HaTSIHYTbIA Ha BepwuHbl S 1 & (npu [ = & pelueHunii HeT);

> B pyHKUNOHaNLHOI hopme T = (S V U) - & nonaraem
v = (—...—), onepayun V 1 - NPUMEHSIEM K BEKTOPAM 13
2" NOKOMMOHEHTHO MO NpaBMaam

a\/gzmax{&,g}, &-5:min{&,§}, 0<—<1,

N B NOJlyHEHHOM BEKTOpe T cumBOsbl (—) 3ameHsiem Ha 0 u
1 BCEBO3MOXKHbIMU crocobamu.

Hanpuwmep, ecnv &8 2% umeem a = (0001) n B = (1000), To
Z=(1——0) 1 peeHnAMIU NCXOZHOTO ypaBHeHus Byaet nwoboli
ns sektopos (1000), (1010), (1100), (1110).
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LypaEHeHMﬂ C OAHUM HeN3BEeCTHbIM
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PeweHnne BY c ogHnM HeusBeCTHbLIM: Npumep

Pewnm byneso ypasHenue z Llc = d B npousBonbHOli bynesoii
ctpyktype B = (B, U, 1, C, o, ¢).

War® zUUc=d & ((zUc)Nd) U ((xUc)nd’) =

War @ ((zUe)Nd)U ((xUe)1d’) =
= (@'nendyu(xznd)u(cnd’) =

= (z'ne'ndYu(znd)u(znend)u(z'Nend’) =
= (zn(d u(end)))u(z'n((c'nd)u(cnd’))) = o.
—_—

d/
LLlar ® Vimeem

d'Mzr=o
{((c’l—ld)u(crld’))l—lx’:o '
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LypaEHeHMﬂ C OAHUM HeN3BEeCTHbIM

PeweHnne BY c ogHnM HeusBeCTHbIM: npumep...
Llar @ WUcxogHoe ypaBHEHNE UMEET peLUeHUe, ECIN U TOJBKO Cn

(¢'Md)u(ecnd’) E d.

Mokaxkem, 4TO JaHHOE YyC/IOBME SKBMBAJEHTHO ¢ T d:
(c'Md)u(end)) Ed & (¢'Nd)U(cnd ud =d &
& dU(cnd’) =d & (dU(ecnd’))MNe =dlMe &
& (enNd) U (cMNd')y =dNec & ¢c=cNd & cCd.

ObLee pelueHne NCxoLHOTO ypaBHEHUS —
r = ((c'Nd)u(cndYUu)Nd = (¢'Nd)U(und) = dn(c’' Uu),

rae u — MpPOW3BOJIbHbINW dnemeHT B.
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LypaEHeHMﬂ C OAHUM HeN3BEeCTHbIM

ByneBbl «HepaBeHCTBa»
MeToabl pewenus ypaBHeHuii B bynesoii anrebpe nossonsoTt
peLaTbh U «HEpPaBEHCTBAY

Teopema

Cnegosanne p T q u ypasHenne pl1q’ = o umeroT ogHu n Te
JKe peLueHns.

Lloka3atenscrso.

=o0

——
pCq e phg=p & (pngnp)u(lpng)np)=o &
=4 (p’l_lq')l_lp:o = pl‘lq’zo.
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Paspensi

BecnapameTpuyeckme ypaBHeHMsl CO MHOTMMUW HEU3BECTHBLIM
B aarebpe norukn
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METOA UCKJH4YEeHNA HEN3BECTHDbIX

Noes meTona — MHOrokpaTtHoe npumeHeHne Anroputma 1 npw
NOC/ef0BaTENBHOM UCKIOYEHUN DyNeBbiX HEU3BECTHbIX.

Onuwem meTon Ansi ypaBHeHMii B OyneBoii CTpykType

2 = <{071}7 V) Yy _7 <7 07 1>

Mycts BY 3agaHo B Buge flze, ...,zy) =0 (%),
rae f — noauHom.

Onpegenum chopmysbl

fplz, ..., xp) = & f@1, ooy Tp, Qpg1s ooy @), (¥%)
(ap+1, s an)

a16{071}7zzp+15n7p:m7

rae KOHBIOHKLMS BepéTca no BCcem ABOM4YHBLIM Habopam

(ap+1, ey an).
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NTepumnoHHbIi anroputM UCK/IKOYEHUSA NepPeMEeHHbIX
Anroputm 2

Llar 1. 3anuceiBaem ucxogHoe ypasHeHue B dhopme f, = 0, K
KOTOPOI npumeHsiem pasnoxxeHune LLleHHoHa no nepemMeHHOR T,:

folxy, ooy epo1, 1)~ xn V folzr, o0y p—1,0) - T, = 0.
N3 obocHosanns Anroputma 1 cnefyer, 4TO 3TO paBeHCTEO
9KBWUBAJIEHTHO
falxy, ooy 2p—1,0) < @y < folz1, ..oy Tp-1, 1)

npn yCnoemn BbINOJIHEHUA COOTHOLUEHUNSA

falz1, ooy @p—1, 1) - fol(z1, ..., p—1,0) = 0.

~~

fa—1(z1, ., Tn—1)

Ha cnegytowem ware pewaem ypasHenue f,—1(x1,...,25-1) = 0.



METOAbl AHAJIN3A OAHHbIX. Yacts VI: Pewenne 6ynesbix ypasHeHui | 56 /83

LBecnapaMeTpW‘lecKMe ypaBHEHUS CO MHOFMMU HEN3BECTHbIM B anrebpe noruku

VITepunoHHbI anropuTMm NCKIHOYEHNSA NMEPEMEHHDbIX...
Lar n — p+ 1. PaccmaTpuBaeTcsl ypaBHEHUE

fplz1, ..., 2p) =0, pe{nn—-1,...,1},
KOTOPOE MOXHO 3anucath B hopme (pasfioxeHune no )
oz, ooy xp1, 1) - 2p V fp(zr, ..., 2p—1, 0) - Tp = 0.

B cBoto ouepesb, faHHOE ypaBHEHNE SKBUBAJIEHTHO COOTHOLLIEHUIO

fp(wh <oy Tp—1, O) < Tp < fp(xla ceey Tp—1, 1)7

MpW ycla0BUM CNpaBenMBoCTH

fp(:vl, ceey Tp—1, 1) . fp(l’l, ceey Tp—1, 0) =0.

~~

fo—1(z1, ..., xp_1)

Ha cnepytowem wware pewaem ypasrenne f,_i(z1,...,2p—1) =0.
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NTepumnoHHbIfi anropuTtmM NCK/IKOYEHUSA NEPEMEHHbIX...
LLlar n. Pewaetcs ypaBHeHune

fi(z1) =0,

OTKyAa nosiy4yaem

f1(0) < z1 < fi(1)
N yClIOBME €ro paspeLunmMocTn
Jo = f1(0)- f1(1) = 0.
V|3 O6OCHOBaHVI5| OMNCAHHOIO aNropnTMa BbITEKAET
Teopema

Ecan fo # 0, To ypaBHeHune (x) He nmeeT peLueHnii.
VHave, ero pewieHne onucelBaeTcsi peKyppeHTHLIM COOTHOLLIEHNEM

(p=n,n—-1,...,1)

fp(xla ceey Tp—1, O) < Tp < fp(azl, cey Tp—1, 1)
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Anroputm 2: obcyxpaeHue...
Mpumensis Anroputm 2 K ypasHeHuto (x): ans

onpegesieHNs Pa3pewmmocTn — HeobxoanMo BbIYUCAUTL fo;

HaxXoXAeHNs XoTa Obl OQHOro peweHns — U3 NocaenHero
Hepasenctea f1(0) < x1 < fi(1) Heobxogumo
HaliTU OAHO 3HaYeHue by = T, NO KOTOPOMY U3
NpeanoCAeAHEr0 HEPABEHCTBA HAWTN OLHO 3HAYEHME
by n T.4.
B pesynbraTe byget nonyyen Habop (b1, ..., by) —
PELLEHNE UCXOAHOrO YPaBHEHNS.

HaxoXeHnUs BCex peweHnii — 13 NoCNefHEero HepaBeHCTBA
HaxXOAsT BCE AONYCTUMble 3HadyeHus by = x, 3aTeMm
ONA KaXX[0ro n3 HaigeHHbix by 13 npegnocnegHero
HEpPaBEHCTBA HAaXOAAT BCE AONYCTUMbIE 3HadeHus by
nT.Aa.
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Anroputm 2: obcyxpgeHue
Paspgenenne 3agay HaxoxaeHns xoTst bbl ogHoro pewenus BY n
BCEX €ro CBA3aHO C TeM, 4To BY moxeT nmeTtb ouyeHb bonbLioe
yncno kopHeii. Hanpumep, pns cuctem BY Buga

OH®, =1, i=1,m,
Y KOTOpPbIX YACNO NEPEMEHHBLIX PABHO 71, YNCJIO 2NIEMEHTAPHbBIX
KOHBbIOHKLMIA BO BCex [IH®P oanHakoBO n paBHO t, 4ncno byks BO
BCEX 3JIEMEHTApPHBIX KOHBIOHKLUAX OAWHAKOBO 1 PAaBHO T CpeaHee
qncno pewennii pagHo 27(1 — (1 —277)H)™,
DTn 3aja4n B KOHEYHbIX byneBbix anrebpax MoryT bbiTh peLueHsbl
TPUBMANbLHON NPOBEPKON BCEX KOMBUHAUNTT 3HaYEHNT NEPEMEHHbIX,
04Hako 310 TpebyeT upesBbivaliHo bonbloro nepebopa.

Bce cywecTBytoline yHuBepcanbHble MeToabl pewenns cuctem bY
HE MNO3BOAAIOT SANMMHUPOBATL 3TOT nepebop. Mpuyém octaéres
OTKPbITbIM BONPOC O MPUHLMNNNANBHOW BO3MOXXHOCTU TaKOM
3NMMUHALNN,



60 /83

METOAbl AHAJIN3A OAHHbIX. Yacts VI: Pewenne 6ynesbix ypasHeHui |
LEecnapame'rpvweu(me YPaBHEHMS CO MHOFMMM HEW3BECTHbIM B anrebpe noruku

Anroputm 2: npumep 1

HaiiT BCe pelueHus ypaBHeHUs 1 D x3 = 1 B CTPyKType 2.
Llar @ 3anuceiBaem ncxopHoe ypasHeHue B chopme

fQ(:Ul, .%'2) =x1-729 = 0.

MpumeHsiem pasnoxxeHue LLleHHOHa no nepemeHHOl To UMeeM
fa(z1, 1) - w2 V fa(21, 0) - T2 = 0,

xr1-To =
otkyga fa(z1, 1) = 0 n fa(z1, 0) = z.
MonyyeHHoe ypaBHEHWE SKBUBANEHTHO «ABOMHOMY HEPABEHCTBY »

fo(z1,0) < 22 < fo(wy, 1)
(1)

8
)

<

I < 1.
2

(x1, 1) = 0, koTopoe

nan
npu ycnosun  f1(x1) = fa(xy, 0) -
=0

TPUBNANbHO BbINOJIHAETCA.
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Anroputm 2: npumep 1 -2 = 0...
Lllar @ VYpagsHeHue
fi(z1) = folz1, 0) - fa(21, 1) = 0,
3anuceiBaeTcs B popme
fi(l) -z Vv f1(0) -7 = 0,

rae f1(1) = f1(0) = 0, a ero peweHne B nHTepBanbHOA hopme
3aNMCbIBAETCS Kak

f1(0) < 1 < fi(1)

0 <2 <

nnn

[y

(2)

npn Tpmsmaanoﬁ BbINOJIHUMOCTW YC/10BUA

fo= A1) £1(0) = 0.
—_—

=0
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Anroputm 2: npumep 1 -T2 =0, 1 < 29 < 1 (%)...
Haiigém pewerHuns ncxogHoro ypasHeHus.

N3 cootHowenus (2) nony4yaem 3HaveHus gns i :
0 1
azg) =0, wnm xg) = 1.

Nx neobxogumo noactaents B (1) Ans onpeaenerns o .

0
I_IOJJ,CTaBﬂﬂﬂ SEE ), nosy4a€mM COOTHOLUEHNE

0 < -T2< ]-7
(1)

OTKyAa xgoo) =0mu 33501) = 1, a noactaenas ;' —
1 < Z2 < 17

OTKyAa xél) = 1.

T.o0. peweHnsamu ncxogHoro ypaexenus byayT sektopsl (00), (01),
(11) u3 22, 4To COOTBETCTBYET CTPOKAM C €AUHMYHbLIM 3HAYEHUEM
dyHKLuMKM B Tabanue onepaunn MMNANKaLum.
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Anropntm 2: npumep 2
HaiiTu Bce peleHns ypaBHenus x1 - x9 = x3 B anrebpe noruku.

Llar @ MMpeobpazoBbiBaeM MCXOLHOE YPABHEHUE:

f3(w1, T2, 3) = 112273 V (T172)73 =
= X12973 V (fl \/fg)l‘:g =x120T3 V T123 V Toxrg = 0
n npumMeHsiem pasnoxerune LLleHHoHa no nepemenHoll x3:
fg(l‘l, X9, 1‘3) = (fl \/EQ) -x3 Vo x1x9 Ty = 0.
S—— ~—~
f3(z1,22,1) f3(z1,22,0)
PeLlJeHMe noﬂyquHorO ypaBHeHVIﬂ B UHTEPBaJIbHOM BuAE:

T1To < T3 < T1VTy = T1Z2. (1)



METOAbl AHAJIN3A OAHHbIX. Yacts VI: Pewenne 6ynesbix ypasHeHui | 64 /83

LBecnapaMeTpW‘lecKMe ypaBHEHUS CO MHOFMMU HEN3BECTHbIM B anrebpe noruku

Anroputm 2: npumep 2...
Vcnosue Takoro npeacTaBiaeHns —
fo(z1, w2) = f3(x1, 22, 1) - f3(21, 22, 0) = (T1 VT2)x102 = 0
BbINOJIHAETCS.
LLlar @ Mogcrasnsis B fa(x1, x2) BMECTO o 3HauveHus 0 n 1,
nonydaem
f2($1, 1) = fg(xl, 0) =0.
0< 2 <1 (2)

IT0 BAEYET

npn TPUBUAJIBHO BbINOJIHAEMOM YC/IOBUN

fi(z1) = fa(z1, 1) - fo(x1,0) = 0

TaKOro npeacTtaBJ€HNA.
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Anroputm 2: npumep 2...
Llar ® [Ona x1 nonyd4aem MHTEPBasbHOE peLueHne

0<z <1 (3)
npu fo = fi(1)- f1(0) =0
T.0. ucxogHoe ypasHeHue nmeet pewenue u n3 (3) n (2) nonyyaem

x1, v2 € {0,1}, am3 (2.1) — z1 - 22 < z3 < 1 - X9

Otcroga pewennsi: (000), (010), (100), (111), cosnagatoume ¢
paHee HaWAEeHHbIMN.
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Anroputm 2’

Anroputm 2 mMoxeT ObiTb MoguduLMpoBaH: Ha (n — p + 1)-m ware
NpoBOANTL pasnoxeHune LllenHona Bo3moxHO no ntoboii
nepeMeHHoll ¢ uHaekcom 1, 2, ..., p 1 He 0bsi3aTeNbHO NO Xy,

[Ons storo onpegenum yHKumn
BE = &fEE, p=Tn ()
o
rae T = (2, ..., 2j,), @ = (i, ..,q,)€E2" P n

For@, 1) = fo(@), oy fow@0) = L@,

Anroputm, nonyHaroLyiics n3 anroputma AnropuTtm 2 3ameHol
onpenenenunsi pyHkUnii f, ¢ (xx) Ha ('), BIGOPOM Tem nm
NHbIM CNOCOBOM Ha KaXk4OM, KpPOMe MOC/EAHErO, LIare NHAEKCA
ke{ji,...,Jp} nsamenamu fp(x1, ..., xp_1, 1) — frr(@, 1)
fo(z1, .y 2p—1, 0) — fpi(@’, 0), HasoBéM Anroputmom 2.
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Anroputm 2’: npumep
Haiitn no Anroputmy 3’ Bce peluenus (y»ke pewéHHoro)
YPaBHEHUS T1-Tg = T3 B 2.

Lar @ [Onsa ypaeHeHus xi1x9x3 V Tixs V Toxs = 0 npuMeHum
pasnoxenue LLlenHoHa no nepemenHoii x; (k = 1):
fg(fl}l, T2, 273) = (:L’g\/:L’g,)(fg\/fg)-wl V ($2\/:L‘3)(52\/:E3)~fl =0,
OTKyAa

f3’1(x2, xs3, 1) = x2T3 V Toxs, f371(£L‘2, x3, 0) = 3.
3anncbiBaeM pelueHmne faHHOrO ypaBHEHUS B MHTEPBAJIbHOM BUAE:

3 < 1 < ToT3 V Towz = Toxz V ToTs3.

Vcnoeue Takoro npeacraBiaeHns —

fa(x1, x2) = f3(w1, x2, 1) - f3(x1, 22, 0) = ZTaxz = 0.
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Anroputm 2': npumep...

LLlar @ Mogcraensis B fa(z2, x3) BMecTOo xo (kK = 2) 3HadeHus
0 v 1, nonyyaem

foo(x3, 1) = 0,  faa(x3, 0) = 3.

970 BneYéT
3 < w2 <1

npl/l TleBMaﬂbHO BbINOJIHAEMOM yCﬂOBVlM
fi(xz) = fao(xs, 1) faa(xs, 0) = 0.

TaKOro NpeLCcTaB/IeHUS.

Lar ® [ns x3 nony4aem WHTEPBafibHOE peLUEHUE

0<x3<1
npu fo = 0
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Anroputm 2': npumep...

Paccmatpusas 3navenus x3, xo n x1 (B AaHHOM nopsigke) ¢
y4€TOM ycnoBmMs (), NOAy4aem nx BOSMOXKHbIE 3HAYEHMS

z3 =1 = 20 =1 = x1 =1,
z3 =0 = 20 =0 = :1716{0,1},
3 =0 = 29 =1 = 21 = 0.

T.€. PELUEHUS| NCXOQHOrO ypaBHeHnsi CyTb Te e BekTopbl (000),
(010), (100) m (111).

Hanbonee Tpynoémkoli npoueaypoii 4aHHOro MeTofa SBASETCA
noctpoeHue copmyn fp,. B npouecce ux noctpoerunsi Heobxoanmo
NPON3BOANTL NOACTAHOBKM HAOOPOB 3HAYEHWNIE NEPEMEHHBIX B fp.
B wactHocTM npu nocTpoeHun fy Hago nogctauth 2™ Habopos un
obuiee uncno onepaynii byger nopsgka w - 2™,

rAe w — CNOXKHOCTb MOACTaHOBKMN ofHOro Habopa.
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Paspensi

PeweHune ypasHeHuii 8 AH®
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Anrebpanyeckme NoaAnMHOMBbI: onpegeneHune

Onpegenexne

KoHcTanTy 1 1 Bblpaxkenus Buga Zj, - ... - Z;., A

@ # {i1, ..., i} C{1,...n} Ha3bIBAIOT 31EMEHTAPHBIMY
MOHOTOHHbIMYU KOHBroHKUusaMu Hag X, = {0, 1, x1, ..., z,}.

Anrebpandeckuii nonunom Hag X, ectb ambo 1 (nonuHoMm anuHbl
0), nubo BbIpakeHue Buaa

Ki+...+ K,
rae K; — nonapHo pa3sinyHble 3N1EMEHTAPHbIE MOHOTOHHbIE
KOHBIOHKUUN Hag X,; ¢ =1, ..., S, S — 4/IMHA NOJNHOMA.

I_IO,IJ| 3aNNCbly P = ¢ NOHWMAKOT CUHTAKCUHECKOE TOXAECTBO
NONNHOMOB p 1N q.

Pl,, — mHOoXecTBO BCex anrebpanyecknx noNMHoMos Hag X,,.
Acho, uto Ply C Ply C...C Pl, C Pl C ...
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NonuHomunansHaa dyHkuna anrebpanyecknx NOTMHOMOB
3ametum, uto Pl, He sBASETCA KONbLOM, NOCKOJLKY, Hanpumep,
x1-1 F T, T1-T2 F x2-71 m K+ Ky # Ko+ K.

[ns oToxaecTeaeHns NogobHbIX BbIpaXKEHNIi BOCNONbL3yeMCA
NOHATNEM NOJIMHOMUNANLHONR DyHKLNN.

Onpegenetne

Mycte R = (R, +, -, 0, 1) — byneso konbLO U p — MOJMHOM U3
Pl,.

ObozHaunm vepes pr(ri, ..., Ty) dneMeHT U3 R, koTopbiii
nosy4aeTcs us p sameHamun z; —r, € R, i=1,...,n, 0— o,
1+ . Torpa oTobpaxeHrue

PR - R"— R

Ha30BEM MOJIMHOMUANLHON DYHKUMENR, NHAYLMPOBAHHOM
anrebpanyeckum nonuHOM p Ha R.
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Anrebpanyeckne noJMHOMbI: 3KBUBAJIEHTHOCTb
Onpegenexne

JBea mHorouneHa p,q € Pl, Ha3biBatOTCA SKBNBANEHTHLIMY
(cuMBOAMYECKN P ~ @), €CN PAaBHBI UX NOJIMHOMUASIbHbIE
dbyHkunn Ha {0,1} =2, e. p~q < p2 = qa.
Obosvaunm P,(R) = {pr | p € Pl,} — MHOXecTBO BCEX

NOSMHOMUNANbHBIX (PYHKUNEA, NHAYLUPOBAHHBLIX NMOJNHOMAMU N3

Pl,, na R.

Teopema
Pl,,/ ~ ectb byneso konvbyo, u Pl,/~ = P,(2).

Jdnementbl Ply,/~ HaseisatoT noannomamu Meranknna (MXK).



METOAbl AHAJIN3A OAHHbIX. Yacts VI: Pewenne 6ynesbix ypasHeHui | 74 /83
LPeLueHme ypaBHeHuii 8 AH®

Teopema >KerankuHa u pasnoxeHue Pupa

Teopema (.. XKerankun)
Bcsikas bynesa byHkums eanHcTBeHHbIM 06pa3omM npeacTaBuma B
Buge noanHoma XKerankuna.

Pa3znoxenue Puga b6ynesoii byHkuun f € P

fx) = a-z+b=(f(0)+ f(1)) =+ f(0)
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VpagHeHus B bDyneBom Kosibue
PaccmoTpum B bynesom konbLe ypaBHeHME Buaa

a1 Qi(z1, ooy ) + oo + arQp(z1, ..., Tpy) = b, (%)

roe ai, ..., ap, b € {0,1} — n3sectHblie ko3pdULNEHTSI,

Qi(x1, .oy Tn), ..o, Qr(x1, ..., T,) — NONAPHO pazNUYHbIE
MOHOTOHHbBIE KOHBIOHKLINMA Hag

[ns ynpouweruns 3anucn bygem nonb30BaThCS COKPALLEHNEM

a=a-+1.
Teopema (0 CyLLECTBOBAHUMN pELLEHNSI ypaBHeHUs B Dynesom
KONbLE

VpasHenne (%) nmeet xots bbl 04HO pelueHne, ecan

b-ay-...-a, = 0. ()
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VpaBHeHus B bynesom konbue... b-a;-...-a, = 0

JlokazaTenscTso.

Heobxogumocts. MNycTb ypaBHeHne () nMeeT KOpHM, a yCnoBune
(%) He BbINOJHSIETCS.
MoactaBue KOpHM B (%), NONYYNM TOXKAECTBO

a1Q1 ... a;Qr = b,
YMHOXWB KOTOPO€ HA @] - ... Gy, NOAYHNUM (k%), 4TO
MPOTUBOPEUUT AONYLUEHUHO.
HoctatoqHocTs. PaccMoTpuM ypaBHEHUE C OOHUM HEU3BECTHLIM
a-z+b=0. (1)
MNycTtb ycnosne a-b = 0 BbinoaHseTCA.

Torpa = = b ecTb kopeHb ypaBHenus (1): pelicTBUTENbHO, MMEEM
a-b+b = ab.
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VpaBHeHus B bynesom konbue... b-a;-...-a, = 0

Lokazatenscteo (npogomkenue)

MNycTb ycnoeue a-b = 0 BbINONHSETCS.
Torga x = b ecTb kopeHb ypasHenus (1): gelicTBuTENnbHO, MMEEM

a-b+b = ab.
MycTb ycnosme Teopembl CNPaBesMBO ANsi ypaBHeHUs Buga (x) ¢ n

Hen3BecTHbIMU. [okaXxkem, 4TO B 3TOM C/y4ae OHO CMpaBeaNBO U ANs
ypasHeHus Buga () ¢ n+ 1 HenssecTHbIMU.

MNpepcTaBum ypaBHeHUEe ¢ .+ 1 HEM3BECTHbIMU B BUJE!

(a0 +a1Q1(w1, ..., o) + ... + @ Qr(21, ..., Tn)) Tpy1 + bo+
+ b1P1(x1, ey .Z‘n) + ...+ kak(l‘l, ceey :Cn) =0.

3anuwem ycnosue (*%) OTHOCUMTENBHO HEM3BECTHBIX X1, ..., Lp!

agTp+1 " -+ QrTp41 * bogl .. Ek = 0. (2)
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VpaBHeHus B bynesom konbue... b-a;-...-a, = 0

Lokazatensbctso (npogonxerne)

ScHo, uto bynesy dyHkumto f(x) OT NepeMeHHOR T MOXKHO
NPeACTaBUTL B BUAE

f(z) = 2(£(0) + f(1)) + f(0). (3)
N3 (2) n (3) noay4um
Tpy1 (Dbt ... by + ag@y ... Gy - boby ... by) + boby ... by = 0.
Vcnonbsys ycnosue, nonyyenroe gnsi (1), nonyyaem

Goa1...ap - boby...by, = 0.
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PeweHue ypaBHeHnsa ax + b =0 B bynesom Kosbue

Teopema (o pelueHun ypasHeHus B OyneBoM KonbLe)
Ecnu ypaBhenmne (1) umeer peluenne, To BCe OHN OMUCbIBAKOTCA

COOTHOLLEHNEM r=b+a-\Nz), (4)

rge \(x) — npousBosibHas PyHKLUMS OT NEPEMEHHON .

JlokazaTtenscTao.

Mokaxem cHayana, 4to (4) sBnsiercs kopHem (1).

Mepenuwem (1) B BUAE ax = b.

Mo (%) aTo ypaBHeHume nmeet pewenne, ecnu ba = 0. MNogcrasus
(4) B (1), nonyunm ab+b = 0 nam ab = b, 470, No nemme 06
OCHOBHbIX CBOCTBaxX 3/1eMeHTOB byneBoii anrebpbl 3KBMBaNEHTHO
0 = ba.

T.o0. BbINOAHEHNE HEODXOANMOrO YCA0BNE CYLLECTBOBAHUS PELLEHWI
BJIEYET CnpaBefMBOCTb TOro, 4To (4) ectb kopeHb (1).
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PeweHue ypaBHenunsa ax +b =0 B Oynesom Kosbue...

Lokazatensbctso (npogonxerne)

[Hokaxem Tenepb, 4To (4) onuceiaet Bce kophm (1).
MycTb cyuiecTByeT Takoii KOpeHb (3, 4TO

B#b+a M) (5)

HI PN Kaknx 3Ha4eHusx dyHkumnm A(z).
70 o3HauvaeT, 4yTo BhINOAHseTcs ycnosue (B + b)a # 0.

B aTom cnyyae moxHo Halitu Takoe € Z 0, uto (B +b)-a = ¢,

oTKYAd B-a="0b-a+e. (6)
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PeweHue ypaBHenunsa ax +b =0 B Oynesom Kosbue...

Lokazatensbctso (npogonxerne)

Moactasnsisi S B (1) Mbl BOMKHBI NONYYUTb TOXAECTBO
(B+D)-a = e,

nnm, ncnonbsys (6) — b-a+e+b =0, b-a+e = 0.

Ho, cornacHo Teopeme 0 CyLIECTBOBaHUN PELLEHNS YPABHEHUS B

bynesom konbue, ba = 0 un Torga € = 0, uyto npoTnsopeunt (5).
3HauuT, [ He sBAsieTCst KOpPHEM ypaBHeHust (1).

WtepauunorHo npumensis bopmyny A1 peLLeHnst ypaBHEHNs C
OfHUM HEN3BECTHBIM, MOXXHO MOJYHUTbL AAFOPUTM PELLEHNS
ypaBHeHuii Buga (*) CO MHOrMMW HEN3BECTHbIMU.
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PeweHune ypaBHeHusa B 6yneBom Kosibue: npumep
Mpumep. Pelwunm ypaBHEHNE C TpeMsl HEU3BECTHLIMU

ag + arxri1rors + asrs = 0. (7)

MycTb ycnosue (k) BbinonHsieTcs, T.e. apaiae = 0.
3anuwem ycnosue paspeiMMOCTii OTHOCUTENbHO I3 —

ao(a1$1$2 —f-ag) =0 (8)
N paspeinMoCT NONYHEHHOrO yCNoBUA OTHOCUTENBHO X9 —
aoag(ao(llébl + 1) =0.
OTcropa Haxogum T1:

r1 = agaz + agaiaz - )\1, (9)

rae A€ {0,1}.
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PeweHne ypasHeHus B GynesBom Kosibue: npumep...
N3 (8) n (9) nonyyaem xo:

To = apG2 + apa1Gz + apai1aA1 - A2, (10)

awus (9), (10) n (7) — z3:

T3 = ag + agaias + agAiAa - As.
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