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Marepuaj HAXOJAUTCS B CTaJWH pa3pabOTKU, MOYKET COJEPXKaTh OMIMOKM W HETOYHOCTH. ABTOD
Oyzaer OjaromapeH 3a JIIOOble 3aMeUaHNs U IPEJIOKEHNsI, HAIPABJIEHHBIE [0 YKA3AHHOMY aJIpecy

Hesb marHOrO Kypca JIEKIINH 3aK/II09aeTCs B JOCTYITHOM W3JI0ZKEHUU OCHOBHBIX Pe-
3yJILTATOB TEOPHU CTATUCTHUECKOro obyuenus (Statistical learning theory — 'SLT’). Cu-
cTeMaTUYIeCKOe UCCIIeJI0OBAHNE TEOPETHIECKUX OCHOB BOIIPOCOB MAITMHHOI'O 00y YeHUsT ITPU-
BEJIO K CO3JIAHUIO TEOPUU CTATUCTUIECKOrO OOyUeHUs U HAYAJIOCh 0KOJI0 30 JieT Haza/l ¢
pabot Bamnuka u Yepsonenkuca. OIHUM U3 OCHOBHBIX IIPEUMYIIECTB Pa3pabOTaAHHON TMU
Teopuu ObLIa HE3ABUCHMOCTH OCHOBHBIX PE3YJIBTATOB OT TOTO, TI0 KAKOMY 3aKOHY paciipe-
JleJleHbl JaHHble. TakuM 00pasoM, OB OCYIIEeCTBIIEH TEePeXoJ OT IOIX0Ja, OPUEHTUPO-
BAHHOI'O Ha MOJIEJIb JAHHBIX (CTATHCTHYECKUH TI0JX0J), K MOJIXOLY, 3aK/II0YAONEMYCs B
aHaJju3e B IEPBYIO OU€PEIb METO/IOB 00yUeHus. BTOpbIM BayKHBIM II1aroM ObLIO MOJIyYeHue
HEOOXOIUMBIX U JIOCTATOYHBIX YCJIOBUM JIJIsi PABHOMEPHON 110 KJIACCY TUIIOTE3 CXOUMOCTHU
YaCTOT K BEPOSITHOCTSAM. Terepnb mporecc o0ydeHusT MOXKHO KOHTPOJIMPOBATH BHE 3aBH-
CUMOCTH OT pacCIIpeJieJIeHNsT JIAHHBIX U JlaKe CJIOKHON IPOIeyPhl BHIOOPA aJITOPUTMa 13
cemetictBa. OOIIHOCTD TOJX0/1A, KOHETHO, UME/Ia OYEBU/IHbIC HEJOCTATKNA, MHOTUE U3 KO-
TOPBIX OB JIMKBUIUPOBAHBI B IMOCJIE/IHEE JecaTuierre. Karajam3aTopoM ncce 0BaHui
ObLIN JIBa BEPOSTHOCTHBIX pa3jesia — TeOpUsl SMIUPUUECKUX IPOIECCOB U HEPABEHCTBA
KOHIIEHTPAIIUU MEPHI.

1 BeposiTHOCTHast nocTaHOBKa 3aja4 pacno3HaBaHUSA

[Tpe ook, 94To CyIecTBYeT MHOKECTBO 00beKTOB X (00bEKTHI IIPUHATO OTOXK-
JIECTBJISITH C WX TIPU3HAKOBBIMU OIMMCAHUAME) U MHOXkKecTBO oTBeToB ). Ilociennee, Ha-
[IpUMEDP, B CIydae 3a/a9u KJIacCupUKAIUA Ha JIBa KJIACCa MOXKET COCTOSThH BCETO U3 JIBYX
ss1eMeHTOB (Kyacchl 1 u —1) uim B ciiydae 3aJladi PEerpeccuil COBIAIATh CO MHOKECTBOM
JIeicTBUTENBHBIX duces. lajee mpejmosaraeTcs, 9To HaM JIaHa 00y4a10u,a.q BHIOOPKa 13
nnap (X,Y) m3 X x Y.

[oBopst HEpOPMAIBHO, TIE/Ib CTATUCTUIECKOTO 00y IeHUsT 3aK/TI0YAETCS B TOM UTOOBI
Ha, OCHOBaHUU UMeloIeiica oby4aronieil BBIOOPKU MOCTPOUTH HEKOTOPOE TIPABUIIO, KOTOPOE
OBI CMOIJIO TIpe/ICKa3aTh OTBET Y Ha OCHOBAHUK HOBOIO oObekTa X . TeMm He MeHee KaKoe-TO
[IPEJITIOJIOXKEHNE O MIPUPOJIE JAHHBIX JIOJZKHO CYIIECTBOBATD.

B mannoit Teopun mpenoaaraeTcs:

e Ha X x ) 3amana HenspecTHas BEpOATHOCTHasA mepa P.



e Bcee napet (X,Y) u3 obyuarommeii BHIGOPKU MOJIyI€HBI HE3ABUCUMO COIJIACHO ITOM
Mepe (BEpOSITHOCTHOMY PaCIPeJIe/IEHHIO ).

o Jliobast HoBast mapa (X,Y) mosygaercs coryiacCHO TOMY K€ CaMOMY PaCIIPeJIeIEHIIO
U HE3aBUCUMO OT OCTAJIbHBIX.

[Ipenmonoykum, 4T0 HA OCHOBAHWHU OOydYaloIieil BHIOOPKU HAM YIAJOCh ITOCTPOUTH
dbyukuuo f 1 X — Y. B 910M cilyduae, ToOBOPAT, UTO GbLI HCIOIB30BAH HEKOTOPBIH .-
2opumm wim memod OOyUeHUsI, a MPOIECC ero MPUMEHEHUs Mbl B JlajibHeiem OyjieM
HA3bIBATH 0OyueHueM. 3aMETUM, 9TO HAJUINEe B3aMMOCBA3N MexK Ty X 1 Y Kak-TO Xapak-
TEPU3YeTCs CaMOi BEPOITHOCTHON Mepoit P. {1 Toro 9To0bl geaTh KaKue-To MpeJicKa3a-
HUsl JIOTHYHO IPEJIOJIOXKUTE, 9To P He sBiiserca npoussejiennem Mep mo X u Y, TO ecTh
O0BEKTHI M, HAIIPUMED, UX KJIACCHI BOBCE HE HE3aBUCUMBbIE CIydailublie BeaunduHbl. OJ1HO-
BPEMEHHO CJIMITKOM CHJIBHOE IIPEJIIIOJIOZKEHNE 3aKII09aeTCd U B CyIECTBOBAHUN CTPOTOit
dyHKIIMOHaILHOM 3aBucUMOCTH MexK Ty X u Y. [losromy P TtakoBa, uTo mpe/onaraercs
CYIIECTBOBAHME JIOCTATOYHO XOPOIeil (B HEKOTOPOM CMBICJIE) CBSA3H MEXKy O0beKTaMu
n orBeramu. [[y1st TOro 9ToOBI (GOPMATINZOBATE ITY UJIEI0 HY?KHO BBECTU (PYHKUUN OULU-
box. Qyukiust omuboK (byHKIUsI TTOTEPh) — 3TO HEKOTOpast HeoTpulaTe/bHas GyHKIUs
¢:Y xY — R,, xoropas xapakTepu3yeT IIOTE€PU IIPU OTHOCEHUN 00beKTa X K OTBETY
f B CPaBHEHUU C €ro peasibHbIM O0TBeTOM Y . 3aduKCupoBaB f , VZIOOHO TIepeonpeIe/uTh
dbyuxmo ¢ Ha napax (X,Y) caeayronmm o6pasom:

Uf,XY) = U(f(X),Y)

He BBO/Ig TpeboBanuii, KOTOpbIE OOBITHO MPEIbABIAIOTCA K (PYHKIUAM [TOTEPh, MIepeiijieM
cpady K TUIWYHBIM ITPUMEpPaM:

e B ciayuae 3agaun kiaccudukanun 6uHapable morepu £( f, X, Y)=I f (X) #Y}.
e B sanauax perpeccnn ((f, X,Y) = (f(X) —Y)2.
nm (f, X,Y) = [f(X) =Y

hinge loss ¢(f, X,Y) = max{0,1 — Y f(X)}.

PazymHoit xapakTepuCTUKOI penaroIiero mpasuia Oblia Obl ero oyKuaeMast OImmoKa
10 OTHOIIEHUIO K 00ydYaroInieil BHIOOpKE, Ha OCHOBAHUKM KOTOPOT'O OHO ITOCTPOEHO:

L(f) =E [0/, X, V) | (X", 7™

BasKHO MOHMMATh, YTO MaTeMaTuIeckoe oxujaaHue 6epercs o HoBoii mape (X,Y),
B TO BpeMs KaK pelraloliee MpaBuIo f caMo CTPOUTCS II0 CJIydaifHoi o0ydaroreil BLIOOpKe

(X", Y™). Ecomt cunrars f ne cayuaiinni obbexron, 1o L(f) = E [5 (f. X, Y)] Ha3bIBAIOT

puckom mpapuiaa f. Jjas Toro 9Tobbl M30AaBUTHCA OT 3aBHCHMOCTH OT CJIydaifHON pea-
JINBAIAN OIIPEJIESIUM Y2Ke HEeC/IyIallHy0 BEeJNYINHY, HA3bIBAEMYIO B JTaJTbHENIIEM cpedHuM
PUCKOM:

EL(f) :=E [E [ﬁ(f, X,Y) | (X”,Y”)”



Cpenianii pUCK 3aBUCUT TeEPh TOJBKO OT Mepbl P u criocoba BeIOOpa f . Cpennnii
PHCK JIaeT pa3yMHBINl KpUTEpPUil BHIOOpaA CIIoco0a MOCTPOEHUs f : BIOMpaeTCcs Ta OlEHKa,
KOTOpasl JI0CTAB/IeT MIHUMAJIBHBI cpeaauil puck. HamoMunm, 1to B 0bmem ciiydae f —
9TO cilyvaiiHasg KOHCTPYKIHS, KOTOpas CTPOUTCS HAa OCHOBAHWM OOyJaloIeil BHIOOPKH.

Ecmu 661 P ObL1a m3BecTHa, TO 3ajiava IMOUCKA OINTUMAJIbHOIO f Obla Obl JIUIIH
3aJiaveil ONTUMU3AIINN.

IIpumep 1.1. Ilycrs MbI umeem geno ¢ 3ajadeit kiaaccuduramum )Y = {1,0} ¢ 6unap-
HOIl (pyHKIMel morepb. B 9ToM ciryuae puck pasen P( f (X) #Y). Cpeaut BCeBO3MOXKHBIX
BBIGOPOB f €ro MIHEMU3HPYET TAK HA3BIBAEMOE OaliECOGCKOE PEWIOULEE NPAGUAD g(x) =
=I{n(z) > 3}, rae n(z) = E(Y|X = z). Ormernm, 410 GaliecCOBCKOE PEITAIONIEe TPaBHIIO
3aBUCUT He OT 00ydJalolneil BhIOOPKHU, & OT HEU3BECTHOI Mepbl P, 1109TOMY OJTHUM U3 CIIO-
co0OB TPUOJINZKEHHOI'O TTIOCTPOEHMs OaileCOBCKOI'O PEIAIONIEro MpaBmia SBJISIOTCH TaK
Ha3bIBaeMble plug-in npaBm/a, OCHOBAHHBIE HA IOCTPOCHUH 110 HaOJIIO/IaeMOil BHIOOPKE

SMITIPUIECKOTO aHAIora g().

B Teopun crarucruyueckoro odydeHus He NPUHATO 3a/1aBaTh MOJIC/Ib JAHHBIX B sB-
HOM BHJIe WJIW TIpe/IojaraTh 3aBUCHMOCTL Mexkjy X u Y. Hamre anpumopHoe 3nanme o
3aja4e JI0JXKHO OBITH IIPEJICTAaBICHO B OCHOBHOM He OrpaHMYeHHeM Ha Mepy P, a ampu-
OPHO 3aJIaHHBIM ceMeiicTBOM oToOpazkeHmit JF, Karkji0e U3 KOTOphIX oToOpazkaeT X B Y.
AJtropuTMBbI B pe3ysibTare 00ydeHusT BEIONPAIOT peIatoliee PaBuIo, MpuHaexKaee J.
Takue ajaropuTMbl OOBITHO HA3BIBAIOT proper learning ajiropuTMaMu, B OTJIMYHE OT, Ha-
[IpUMEP, MTOCTPOEHUN KOMIIO3HUIUI aJrOPUTMOB, KOTOpPbIE MBI OyaeM 00CY:K/IaTh B JIa/Ib-
HeitimeM. B siuTeparype, 0JJHAKO, YaCTO U CEMENCTBO PEIIaloNuX MpaBul JF Ha3bIBAETCs
MOJIE/IBIO, & BBIOOP ONTUMAJILHOTO JIJId 3aJa49u J — Ha3bIBaeTCsd 3ajiavdeil BhIDOpa MOJIEJIN.
B kauecTBe cemeiicTBa pelaimnx MpaBujI MOT'YT BBICTYIIATh, HAIIPUMED, TUIIEPILIOCKOCTHI
(adpuHHBIE TIOIIPOCTPAHCTBA) B CJIyYae JUHEHHBIX KJIaCCH(MDUKATOPOB.

PaccmoTpum HeKOTOpPBIE IPUMEPHI:

ITpumep 1.2. 1. Becrrymnbiit coiydaii (B JimrepaType 9acTo HasblBaeTcs function
learning): cymecrByer Hekotopas dyukuus 1 : X — ), takas, uro Y = T(X).
[Ipu sTOoM He nmentaercs npemnookenuit o rom, aro 1T’ € F. OueBuiHO, 9TO, HAIIPU-
Mep, I KBaJIpaTHIHOM (DYHKIIUU OIMMOKUA B 9TOM cjiydae (yHkius 1 gBjisgercs
ere 1 0aifeCOBCKIM DeTaroNIiM ITPaBUJIOM.

2. Henapamempuueckasn peepeccus: 3apucumocts Y = f*(X) + €, rae € — nenrpupo-
BaHHas CIydaiiHas BeJIMYMHA ¢ KOHEYHON Jucrepcueii, ne 3apucdias ot X . Jlerko
MIOHSATH, YTO B 9TOM CJIydae obo3HadeHue f* He ciaydaiino. elicTBuTebHO, JaHHAA
dyukius aBisgercsa 6aileCKOBCKIM PEIAIONIUM TPABUJIOM OTHOCUTEJHLHOIO KBaJpa-
TUIHON (DYyHKIMK 1T0Tepb. JaHHbIil Tl 3aBUCUMOCTEll OOBIMHO U3YYaeTCs B MaTe-
MaTUYIeCKON CTATUCTHUKE, TJie TPAKTUIECKN BCerja Ipejmnoaraercs, 9o f* € F.

3. B bGoJiee ob1rieit 3a/1a9e CTaTUCTUIECKOTO 00y UeHns HUKAKUX (DYHKITMOHABHBIX CBS-
3eit mexky X u Y He mpernojiaraeTcs, a pacCMaTPUBAIOTCS JIUITb PEAJTM3YEeMbIil CJTy-
qaii (realizable case), korja GaitecoBckoe pernaroriee npaBmwio f* € F, U arHOCTH-
Jeckuii ciaydaii (agnostic case), Korja He JeJaeTcs MPeJIIOJOKEeHI O TPUHAITIeK-
HOCTH 0aifeCOBCKOI'O PENIAIoNero mpaBuia ceMeiicTBy J. B oboux ciaydasx anaans
[IPOBO/INTCS Ha OCHOBAHUU CBOMCTB cemeiicTBa F.



B nasibHeiieM MbI IpoaHaIN3UPyeM TPAKTHIECKN BCe pacCcMaTpuBaeMble 3a1a49n. B qact-
HOCTHU, IPUBEJIEM B HEKOTOPOM CMBICJIE OIITUMAJIbHBIA aJrOPUTM, KOTOPBII I IIUPOKOTO
KJ1acca cemeiicts F OyAeT ¢ TOYHOCTBIO JI0 KOHCTaAHThI MMETh MIUHUMAJIbHBIN BO3MOXKHBIM
PUCK.

Approximation—Estimation tradeoff

flcHo, uTo OaiiecoBckoe perraroIee IpaBujio, TO €CTh, IIPABUJIO, MUHUMU3UPYIOIIEe
PUCK, SBJISETCA B HEKOTOPOM CMBICJIC 3TAJOHOM JIId JIIOOOTO MeToja oOydeHus. Takmm
00pa30M, BOBHUKAET pa3yMHBIIl BOIIPOC O IMMOCTPOEHUN TAKUX aJTOPUTMOB, 00y4asiCh C MO-
MOIIIBIO KOTOPBIX MBI IMOJIYYH/IN Obl PUCK, CKOJIb YIOJHO OM3KMl K OaitecoBckomy. O6o0-
3HAUas BCe M3MepUMble oTobpazkeHns n3 X B Y Kak V¥, paccMOTpPHM PasHHUILy PUCKA
OTICHKM f u 0aiteCOBCKOIO PEIaroIiero npaBmia, TO eCTh:

A~

EL(f) — inf, L),

rae inf L(f) = L(f*). Oanako, B obmux 3ajadax craTHCTHIECKOro obydenus f* ¢ F,
fey

IIOTOMY IIepenuIneM IPpeAblAYIINYI0 Pa3HOCTb B CJEAYIOIIEM BUJIE:

EL(f) — inf L(f) ) + | inf L(f) nf, L(f)
JleBoe ciiaraemoe Has3bIBAIOT 0wubkol ouenusarus (estimation error), a mpaBoe Ha3bl-
BaeTcs owubkol annpoxcumayuy (approzimation error). OdeBuHO, 9TO UeM GoJibIne JF,
TeM MEHbIIIe ONIMOKA AIIPOKCUMAIINN, HO OJIHOBPEMEHHO OOJIbINE OIIMOKA OTCHUBAHUA.
JleficTBUTEIFHO, TAK KAK aJrOPUTM BBIOMpAET MPAaBUIO W3 JF, TO B JIYUIIEM CJIydae ero
npubIMKAET UMEHHO }Ieljft L(f). HeitcrBurenbHo, eciim F COCTOUT BCErO M3 OIHON (DYHK-

K, TO OIMINOKA OIEHMBAHUs paBHA HYJ/IIO. 3aMETHM TaKyKe, 9TO B PeaJIu3yeMOM CIIydae
omMbKa alpoKCUMAIMN paBHa HyJr0. KommoneHTa

L(f) = inf L(f)

Ha3bIBACTC U3ObIMONHDIM PUCKOM U, TAKUM 0612)84301\47 omubKa OlcHMBaHMA B HallIX 0060-
SHaYCHUAX ABJIAETCA MaTeMaTHIYC€CKUM OXKHNJaHMEM N30BITOYHOLO PHUCKa.

OOy4aeMoCTb N COCTOATENIbHOCTb

Beenem wmaccuueckoe monsgrtue Probably Approximately Correct — obydaemocTn.
Orpanmuanmes 3amaqeit kiaccudurkanun ) = {0, 1}, 6unapuoit dyHkimeit morepb u mpu-
MeM OeCIyMHYIO MOJIETh, TO €CTh it Hekoropoil dyukimm T : X — {0, 1} nmeer mecto
Y = T(X). Takxke npejmonaraercs peajnsyemslii ciaydaii, To ectb, uto T € F.

Onp. 1.1 (PAC-learnability). CewmeiicrBo F nassipaercss PAC-o6ydaembimM, ecin cy-
mecteyer ¢pynxuusa ny : (0,1)2 — N u mekoTopblit oby4daronii ajropuT™, Takge 4TO
Jutst Beex €,0 € (0,1) mpu i060M BEPOSITHOCTHOM pacipejesieHnn Ha X 1 JIo0oii 1eie-
Boit pyukmmu T, ecyn agroputM Ha BEIOOPKe U3 X0Ts 661 n > nx(e,d) 00BEKTOB BblIaeT
KJIACCH(PUKATOP f , TaKoH 9TO f € F, TO ¢ BEPOSITHOCTBHIO He MeHbmied dem 1 — § (1o
OTHOIIIEHUTO K 00y varolieii BRIOOPKE) HMeeT MeCTO HePABEHCTBO

~

L(f) <e.



O0y4aeMOoCTh 3HAYUT, UTO JJIsd JOCTATOYHO OOJIBINON BHIOOPKU AJTOPUTM BBIIAET C
OOJIBIIION BEPOATHOCTBIO pellieHne, obragaroInee MaaeHbKON BepoITHOCTRIO omuoku. Cpe-
g YHKIUNE Ny Ty, 9TO MPUHUMAET HAMMEHbLIINE 3HaYeHUs, ITPUHATO HA3BIBATH 6bl00-
pounot caoorcnocmuto (sample complexity). OHa OKa3bIBaeT CKOJIBKO HY?KHO OOBEKTOB,
9TOOBI OOYYIUTHCS € 3aIaHHON TOUHOCTHIO. OOOOIIMM BBEeJIEHHOE TOHSITHE Ha arHOCTHYe-
CKUil ciydaii:

Omnp. 1.2 (Agnostic PAC-learnability). CemeiicrBo F HasbIBaeTcsi arHOCTHIECKH
PAC-o6yuaembinm, econ cymectsyer gyukius ng : (0,1)? — N u nexkoropnblit o6yqaroniuit
ajaropur™, takue 410 it Beex £,0 € (0,1) mpu J1060M BEPOSITHOCTHOM pacpeie/IeHHI
Ha X X ), ecym aropuT™ Ha BBIOOPKE U3 XOTs ObI N > Nz (g, ) 00BEKTOB BBLIACT KJIACCH-
uxarop f, Taxoii uro f € F, T0 ¢ BeposTHOCTBIO He MeHbIIel uem 1 — & (110 orHOIIIEHHTO
K oby4aroreii BRIOOpKe) HMeeT MECTO HEPABEHCTBO

~

L(f) < inf L(f)+e.
(F) < it L(F)
BaMeTuM, 9TO B arHOCTUIECKOM CMBICJIE CDaBHEHNE HJIET He ¢ aDCOJIOTHOM OMMMOKOI,
To ectb ¢ inf L(f), a ¢ mydmmm kiaccudukaTopoM B Kjiacce. B TepMuUHAX allTpOKCHMa-
feyx

Oy 1 OICHHBaHH{A HaC MHTEPECYET TOJIbKO 9aCTb, OTBCYAIOIIasd 3a OHII/I6Ky OlCHUBAaHMA.
MoTuBalius K BBEJICHUIO HIMEHHO TAKOT'O OITPeIeIeHUSs (a MBI OyJIeM IIPUBO/IUTH TPUMEPDI
arnoctudeckn PAC—obyaaembrx KﬂaCCOB) Jaercd cJieJlyIoleil BaXKHOIH TeopeMOil.

Teopema 1.1 (No Free Lunch Theorem). Ilycre X sBisiercs KOHEUHBIM MHOXKe-
X .
crBoM, a n < |—2‘ Tornma B 3a7a4e Kiraccupukanmu Jjis JI000r0 aaropuTMa HaiieTcs

rakoe pacipezaenerne Ha X x {0, 1}, aro:

e (ClymecrByer KJ1acCH(DUKATOD C HYJIEBBIM DHUCKOM.

e C BEpOSITHOCTH HE MEHBIICH YeM % OTHOCHTE/ILHO 00Oy daromieii BBIOOPKH JITHHBI N,
PHCK IIpaBUJIa, BEIOUPAEMOIrO aJrOPUTMOM OOJIbIIIEe deM %.

JloKazaTejbCcTBO.
JlokazaTeIbCTBO B CJIEIYIONIEH JIEKITUH. ]

OueBUIHBIM CJIEJICTBUEM JTAHHON TEOPEMBI SIBJISIETCSI CJIETYTOIIAsi TeopeMa

Teopema 1.2 (HeoGy4uaemocTsb cemeiicTBa Bcex pyukmuii). Ilyctb X — 6ecko-
neqrnoe MHOxKecTBo, a F = Y. Torga F ne apaserca PAC-06ydaeMbI.
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