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1 Bsenenne

BaitecoBckmii BHIBOJ, SIBISIETCS BaXKHBIM MHCTPYMEHTOM COBPEMEHHON CTATHCTHKH, OTHAKO
OI'POMHO€ KOJIMYECTBO BazKHbBIX WM HMHTEPECHBIX 3a/Ja4 C HpaKTI/I“IeCKOIU/I CTOPOHBI MPENATCTBYIOT
NpIMOMY TPUMEHEHHUIO TOYHOTr'0 0ailecOBCKOro BbIBOjA. U g perenust mogoOHBIX 3a/1a4 4acTo
HPUXOIUTCS ITPOBOIUTH PA3INIHOIO POIA PETAKCAIUN € IIOMOIIBIO METOI0B IPUOIMKEHHOTO Haii-
€COBCKOTO BBIBOJIA, B YacTHOCTH, Bapuarmonuoro [1]. ITpomemypa BapHalmOHHOTO BbIBOJA OJia-
rojiapsi cBoeit macmrrabupyemMocTu u 3P@PEKTUBHOCTH 3aC/IYKIIa HOIYJISIPHOCTh B COBPEMEHHBIX
HUCCJICJOBAHUAX BEPOATHOCTHBIX MO,ZLeJIeIU/I7 HUCIIOJIB3YIOIUX NPAKTUYECKHN IMOJIESHBIC aIIlIPOKCHUMaA-
[HOHHBIE BO3MOXKHOCTH HEfPOHHBIX ceTeil. /laHHBIe MOIEIN MOTYT 33JaBaThCA KAK B SBHOM BH/JIE
C AHAJIMTHYECKH WM YUCJEHHO MOJIETUPYEMbIMU (DYHKIUSIMU TIPABIonoa06ust |2, 3|, Tak u B HesB-
HOM BHJIe, TPEOYIONMM MPH [OCTPOEHUH TOJHKO BO3MOKHOCTH COMILTUpOBanus |4, 5|, npu stom,
Tak’Ke aKTHBHO PA3BUBAETCS HAIMPABIEHUE, COeUHSIONee B cebe 00a mMoax01a K MOIETHPOBAHUIO
6, 7].

OaHako BayKHBIM aCIEKTOM BapHAIMOHHOI'O BBIBOIA SIBJISAETCS TO, HACKOJIBKO OJHU3KO MOXKET
OBITH HACTPANBAEMOE BAPUAIMOHHOE IPHUO/INKEHIEe TOYHOTO al0CTEPUOPHOTO PACIIPEIe/IEHUs B Ce-
MeHcTBe BbI6paHHbIX MO,ILe.HeIU/I. BO MHOT'OM Ka4YeCTBO UTOIOBOTO peHIeHud 3aBUCUT OT HaY1aJIbHOT'O
npuOJIMKeHUsT 1 OOraTcTBa BEIOPAHHOI'O CeMeliCcTBa BapUaIlMOHHBIX HpHO/IMmKeHni. Joburhes pac-
IIIPEeHNs CeMeiCcTBa BapHAINOHHBIX TPUOIMAKEHIH MOKHO IIPSIMBIM YCJIOKHEHHEM COIePKAIIIXCS
B paccMaTpUBaEMO# MOJIe/I OTOOPaXKeHUil, HAIPUMED, YBEJIUYCHUEM KOJINIeCTBA CJI0EB B HEHPOH-
HOIl CeTH Jiertde MOBBICUTH YKCIIPECCUBHOCTH MO, YeM YBeJTUIEHNEeM Pa3MEPOB KayKJI0r0 CJIOs
[8]. Takzke MOBBICUTH KAYECTBO PEIICHUsI 3349l MOXKHO € MOMOIIBI0 YaCTHYHON MOTudbUKAIMNT
WM TIOJIHOTO M3MeHeHUs! crenuduKanun paceMarpusaeMoit mogenn [9].

Ha npaxTuke dacro mupu Boibope 0oJiee ecTeCTBEHHON MOJIEIN JIJIsi UCCIIeyeMOro o0beKTa uin
MPOIECCa MPOUCXOIUT 3AMETHBIN POCT KAa4ecTBA PEIeHns] B PACCMAaTPUBaeMbIX 3aadax. /s pas-
JIMIHOTO pOJia IMHAMUIECKHX CHCTEM TAKMMHU €CTeCTBEHHBIME MOJIEISIMHA HEPEIKO BBICTYHAIOT Te,
9TO YACTUYHO HJIHU TOJHOCTBIO OMUCHIBAIOTCS chcTeMaMu OObIKHOBeHHBIX (OJIY) min croxacTude-
ckux (CAY) mudbdepennnanpubix ypasuenuii [10]. B c¢Boto ouepenp CIIY, Gyayun 06obmieHnem
OV, aBAgIOTCST €CTEeCTBEHHBIM HHCTPYMEHTOM ONMCAHUS SIBJIEHUH, BBI3BAHHBIX OTPOMHBIM KOJTH-
YeCTBOM MAJIbIX HEHAOJI0IaeMbIX HEBOOPYZKEHHBIM IJ1a30M B3aHMMOIEHCTBH, TAKUX, KaK JTHHAMIE-
Ka KUJKOCTH ¥ rasza [11], usmenenue nen va dbuHaHCOBBIX phiHKaxX [12]. Ognako npumenenne CY
B MAaTEeMaTHIECKOM MOJEJTUPOBAHUU IIPEJICTAB/ISIET COOON Ompe e iéHHbIe TTPOOIeMbI, CBSI3AHHBIE C
ILJIOXOH MacIITabMPyeMOCTbI0 MHOTUX CYIIECTBYIONIUX PEIeHuil KaK 110 BpeMeHu pabOThl IIPU MO-
JIeJIAPOBAHNM, Tak W 10 TpeGyemoii mamsitu [13]. Takzke onpejeéHHbIE TPYIHOCTH BO3HHKAIOT
IIPU TIOMBITKE aJeKBATHO OleHUTh auddysuto 6e3 penykiuun CAY xk OV [14]. Januas pabora
IOCBAIICHA Pa3BUTUIO METOJ0B HaCTpOIU/IKI/I BEPOATHOCTHBIX MOrH,eJ'Ielvjl7 ITapaMeTpu30BaHHbIX CTOXa-
crudeckuMu udpepeHnuaabHbBIMI YPABHEHUAMHI, B TOM YUC/IE U B PAMKaxX MPOIEyPbl BApHUaIu-
OHHOI'O BBIBO/Ia. B paboTe mpeacraBieH 0030p UCIOIb30BAHUS B PA3JMIHBIX 33/1a9aX MAIIHHHOIO

oOydenus: mozaeneil, mapamerpusoBanunix OJLY n CIV. Hajaee 060cHOBAaHHO TPUBOIUTCA IIPOIIE-



JIypa OIEHKHU IIPOM3BOJHBIX 110 IapaMeTpaM B MojieistX ¢ JuddepeHinuajbHbIMI YPaBHEHUSIMEA B
paMKax I'paJMeHTHBIX MeTO0B onTuMmusarun. [locie BoiBoguTCs: 00001EHE TPOIEYyPhl ONEHKH

napamerpoB C/IY B BapHaIOHHOM BBIBO/IE.

2 IlocramoBKa 3aga4m

B pabore pemaercs 3aja4ua BepOATHOCTHOTO MOIEIUPOBAHUS:

e JaHa BBIOOpKA U3 Np HE3aBHCHMO PACIPEIEIEHHBIX ITOCIeI0BaTeIbHOCTEH
XNo = {(&] w] VYR (x] ) € X x [0,T), t; < tiga;
- t1s tN]- j=1> t;o Vi ) ) Vi i+1

X — mpocTpaHcTBO 3JEMEHTOB MOCAe0BATEILHOCTH, KazK/1as IIOCIeI0BATE/IBHOCTD SIBJISETCS
peanmzanueil ciaydaiinoro nporecca Bo spemenu [0, 7], T0 ecTh BPEMEHHBIM PSIJIOM;
® JIJd KayKJ0TO 3JEeMEHTa TOCJEe/I0BATEIbHOCTH :L’il € X 3ajaH0 OINKMCaHHe B BUJIE BEKTOPa—

cronbra B mpusHakax fj, j = 1,d,:
x{ =(fi (x{), e fdm(x{i))T €D =Dy x---xDy, , D— npusaaroBoe TPOCTPAHCTBO;

e BBejeHO 0003Hadenne p*: D x -+ x D — [0, +00) — Hen3BeCTHAS IIOTHOCTH BEPOSITHOCTH;

® HeOOXOIMMO IOCTPOUTDH MPHUOIUKEeHHe P UCTHHHON p* 10 BRIOODKE.
Kpurepun kadecrna:

e cpejHUil JjorapudM paBIOIoI00ms:
1 &
log p(X™7) = = logp((],: -, X)),
j=1

p(+) — IWIOTHOCTH BEPOSITHOCTH;

® KBaJIPATHBIH KOPEHb CPEIHEKBAIPATHICCKON OIMMUOKN MOJIEJIN:

. 1 Np 1 Nj 1 ) .9
rmse(XND,XND): N—DZFZd_HXgZ_ﬁiHQ’
j=1 "7 =1 7"

XNe = {(z], ..., x{NJ)}jv:Dl — menesas BeGopra, X V0 = {(#], ..., i{Nj)}fl — COMILIBI

BEPOATHOCTHOU MOJIEJIN P.
Pemrenue 3a/1aum MOTUBUPOBAHO CJEAYIOIMIMMHE IEJAsIMU MCCJIeI0BAHUS B JaHHON padore:

1) Paspaborarh cxeMbl HACTPOHKH HEHPOHHBIX CeTeil, TapaMeTPH30BAHHbBIX € IIOMOIBIO CTOXa-

crudecknx auddepeHnnaabHbIX ypaBHeHuit (pases 4).



2) Paspaborarb n HCCJIEI0BATH CXEMbl BAPUAIMOHHOTO BBIBOJA ¢ (-~ PeHbHU JIMBEPreHIUAME JIJIs1
HEWPOHHBIX ceTell, mapaMeTPU30BAHHBIX C MOMOIIHIO CTOXACTUIECKUX JuMDepeHITNATIbHBIX

ypaBHenuii (paszen b).

3 (00630p U OCHOBHBIE TOHATULA

3.1 Heiipoaabie 00bIKHOBEeHHBIE AnpdepeHIna IbHble YPABHEHUS

B neckonpkux paboTax uccae0BaTe/ I 3aMeTHIN, YTO TaKue HepOceTeBble apXUTEKTYPhI, KaK
netiponnoe cemu ¢ npobpacueanuem ceasu (residual networks), pekyppeHTHbie HepOCeTeBbIe Jie-
KOJIMPOBIUKH, HOPMAJIN3YIOIIHE TOTOKH PEKYPPEHTHO OCYIIECTBIISIOT TPeodpa3oBaHue CKPbITOIO

COCTOSTHUS:
zi1 =2; + f(2,0;),

rme i € {0, ..., Np —1} u (z;,60;) € R% x R%: (f 6;) — oTobpazkeHne i CKPLITOTO COCTOSHIS
z; Ha cjoe i, Ny — KoaudecTBo ¢J10éB. (3, 15, 16]. JlanHble peKypPPEHTHBbIE MPOLEIYPhl MOKHO
paccMOTpPeTh KaK peain3alluio Pa3HOCTHOM CXeMbl Jijisd pellenuss 0ObIKHOBeHHOrO auddepeniu-
asnpuoro ypasuenns (OJ1Y) merogom Diinepa [17-19).

Takum 06pa3oM, TP YMeHBIIEHAH Iara MeToja Jiiaepa (PABHOCHILHO YBEJUYEHUIO CJIOEB B
HefpoceTeBoi MOJIeIN) U TIPH BBIIOJHEHAH YCJIOBHH JIUMIIUIEBOCTH (DYHKIMA [ HEHPOHHYIO ceTh
MOZKHO 33JIaTh C HOMOIILIO cjejylonieit 3ajauun Koiu ¢ rapanrueil cymecTBoOBaHus U €IUHCTBEH-

HOCTHU peIeHund:
dz(t)
= 7], 6 € R,
1 f(z(t),t,0), t €[0,T], 0 € R%; 0

z(0) = zy € R% — Bxop HelipoHHOI ceTH.

f:R%= x RT x R? - R% dynknus f wenpepoisaa no Jlummmmiry, z(T) — BbIXo HEHPOHHOI ceTH.

B crarbe [20] 0603HAUEHO HECKOIBKO JOCTOMHCTB JAHHOTO MOIXO/IA.

e DPdeKTuBHOCTH MO MAMATH. 3a/laHue HeHPOHHOM ceTH B BUJe 3a/a49u KOIu 1m03BOJIsI-
€T COKPATUTh (PDEKTUBHYIO 3aHIMAEMYIO ITaMITh MOIEIbIO 110 CPABHEHUIO ¢ TUCKPETHBIM
AHAJOTOM, TaK KaK BO3MOYKHO aJrOPUTM PACIPOCTPAHEHNS OITHOKH PEaJn30BaTh B BUIE JIH-
HAMWKU, 33 JIaHHOI ¢ TTOMOIIbI0 ApyToii 3agaqn Koru. To ecTh ceTh 3annMaer O(l) naMsITH

KaK (PYHKIUS KOJUIECTBA Y3JIOB B PA3HOCTHOM cxeme pellleHHsl YPaBHEeHHSI.

e AAnTUBHOCTh BBIYUCJIEHU. 3akI04daeTcss B cBOOOIe BHIOOpA YHCIEHHOTO METOIa pPe-

menusd auddepeHnuajibHOro YpaBHeH!s ¥ B YaCTOTE JIUCKPETU3AIUN PA3HOCTHON CXEMBI.

e DddexkTuBHOCTE Mapamerpm3anuu. [Ipu guckperusanun perenns 3agaau Ko mapa-

METPbI B COCEIHUX y3JlaX HE CHJILHO OTJIMYalOTCAd 110 3HaYCeHUI0, 9YTO, KaK 3adBJIAI0T aBTOPbI



B |20], cokpaiaer HeOOXOAUMOE YHCIO TAPAMETPOB B f Jijisl JOCTHKEHUS TPEOyeMoro Kade-

CTBa.

e Macmirabupyemsie u obpaTuMbie HOpMasu3yiomume TOoToku |21|. Tanubie mojeu,
napaMeTpu3oBanubie AudpepeHnuajibHbIM ypaBHEHHEM, Jerde o0ydarb, YeM JTUCKPEeTHbIE

AaHaJIOTH, TaKzKe UX MO2KHO 06yanb HaIllpAMYIO ME€TOAOM MaKCHUMHU3aIlUN HpaB,D;OHO,JIO6I/IH.

e Mopnesnu HenpepbIBHBIX BpeMeHHBIX psaoB [10|. [Ipennoxkennas mapamerpusamus Mo-
JIeJId 103B0oJIgeT DoJjiee ecTeCTBeHHBIM 00pa30M 00pabaThiBaTh JaHHBIE ¢ IPOU3BOJIbHBIM Bpe-

MCHHDBIM JIar'OM.

3.1.1 Hactpoiika mapaMeTpPOB MOIEJIHN

Hacrpoiika napamerpoB B Mofesau (1) peann3oBaHa ¢ MOMOIIBIO DEIEHHs] BCIIOMOIATeIhHO-
ro auddepennuaaibHOro ypaBuenus, chopMyIuPOBAHHOTO B npunyune maxcumyma [lonmpazura
[22]. Hnst BBIBOAA COOTBETCTBYIOMUX (DOPMYJ PACCMOTPHM JBaXKIbl TubdepeHupyeMblii JTur-
MIUTEBBIH ONTUMU3UpYeMbIil KpuTepnii (byukius noreps) L(-) ¢ aaxkabt auddepenmupyemoit

JIMIIIATEBOH (pyHKIMeh f:
T
L(z(T)) =L | z(0) + /f(z(t),t, 6)dt
0
B pabote ncrop3yercs cJeayonias HOTAIMS PN 3alICH TPOU3BOIHBIX H T depeHITnaIos:

T
dz(t) = ((d zl(t))fil> — BEKTOD—CTOJI0EIT;

T
dz(t dzi(t)\™
;Eﬁ ) _ <%())ll € R¥%*! >~ R% _ pekrop-cronber;

0
€ R™¥% ~ R%  gexrop-crpoka;

T
d(zz((t) )) _ ( le ) . € R1*dz >~ Rd= BEKTOP—CTPOKa;

o (s

Of(z(t),t,0) (af,, z(t),t
z(

- )> € R¥%=*% _ gpanparHas Marpuna;
t) q(t) p,q=1

0f(2(t),1,0) <5fp( (t)vtﬂ))dz’de

™~
o

QD

90 = € R%*% _ pgmoyrobHas MAaTpHUIIA.

pg=1

Takas HOTaNUA BBeIeHA U3 COOOPaKeHUIT y1006CTBa, e IMHCTBEHHBI I TPUHITUIINAIBHBII HIOAHC, CBS-
3aHHBIN ¢ PA3IUINEM BEKTOPOB-CTPOK W BEKTOPOB—CTOJIOIOB, B JIAHHOW paboTe COCTOUT B TOM, UTO
IPU ONTUMHU3AIUHU apaMerpoB § rpajueHTHbIMU MeTogamMu 0OHOBIeHUE ¢ HPOU3BOIUTCS BJIOJIb
TPAHCIOHNPOBAHHOTO aHTH (Ccy0)rpaanenTa dyHKIn morepb. [IpousBogHbe hyHKINN MOTEPD Hefi-

POHHOI CETH II0 Zg U 110 6 BBIBOJIATCA U3 PeIlleHKs BCIOMOraTeaIbHOR 3ama4un Kormm:



da(t) f(z(t),t,0) da(t) _
T La t)T gat)  dt — BEKTOP—CTPOKA,;
a(T) = ddi?;))) a(t) — BEeKTOP—CTpOKA.

[IpousBo/IHAas O BXOAY B HEHPOHHYIO CeTh BBIPAYKAETCs CJeyoruM oopasom [20]:

a(t) = %7 a(t) — Bcuomorare/ibHas nepeMennas s z(t);
dL(z(T)) . L \0f(a(t),t,0)
dz 20 =al)+ ;[a(t)az—(t) dt.

[TpousBogHas MO MapaMeTpaM HeHpOHHOU ceTu Bbraucsercs o dhopmyste [20]:

dL ’ ()tQ)
U/a 0 dt.

JlaHHble ypaBHEHUS TTO3BOJISIIOT HefipoceTeByI0 Mojesib (1) onrumMusupoBath (cy6)rpaJ neHTHBIMA

METOJAM.

3.1.2 BpemenHble paabl

BeposTHOCTHOE MOMEINPOBaHTE BPEMEHHBIX PsA/OB B HelpoHHbIX OJIY MOXKHO OpraHm3oBaTh

cJeyoIuM 06pa3oM, mpeiokeHHbiM B [20]. DomycTuM, HEOOXOAUMO Jjisi MOMEHTOB BPEMeHH

(t1, ..., tN) HOIYUNTH 3HAYEHUS CJIYIAHHBIX BEJIMUHH U3 MOJETHPYEMOTO BPEMEHHOIO psiIa
(x4,)Y . Tlepsas 4acTh JAaHHBIX B XPOHOJIOIMYECKOM HODSJIKE COOTBETCTBYET U3BECTHBIM HAbJIIO1e-
HIaM (X, )1y, n < N, ocraBruecst HaOmrOAeHnst (X, |, ..., Xty ) HEOOXOIMMO IIPOMO/IETHPOBATE.

JlaHHYIO 033121y BEPOSITHOCTHOIO MOJEJHPOBAHUS OYIeM HA3BIBATH IKCMPANOAAUUET PEMEH-
Ho20 pada. B paboTe TakKe pacCMaTpPUBAETCS JIPYro#l BHJ MOA331a9d BEPOITHOCTHOTO MOJIEJIH-
poBaHusl — UHMEPNOAAUUS Spemento20 pada. OHa 3aK/II0YAETCS B HOCTPOCHUU BEPOSTHOCTHOM
MOJIEJTH 115 TIOCTIeIOBAaTebHOCTH (X4, )Y |, ¢ TIOMOTIBIO KOTOPOil BO3MOZKHO OMMCATH JAMHAMEKY X;
B mpou3BoJIbHBIH MoMeHT Bpemenu t € [0, T]. Heiiporrnoe OJIY MOXKHO BBECTH B KAUECTBE OMUCA-

HUAS TUHAMHKH JaTeHTHON ITepeMeHHO’ Z;, € RdZ, COOTBETCTBYIOIIEH X;, € Ré:

(
z(0) ~ p(+;0,), 0, € R% — mauansuoe yciaosme 3amaun Komu;

dz(t
= f(a(t), 6, 0);
ti) =z, i =1, N — 3HadUeHUs B y3/1aX PA3HOCTHOI cxeMbl perenns 3a1a4u Koy,

~—

o,

N

(

x;, ~ P(|z4,50x), Ox € R%x — comMmmmmpyiomast MOIEb.
\

[Ipuyém coamIIUPOBATH OTHOCUTEILHO 00y Yatonieil BBIOOPKU MOYXKHO U B «IIPOILIOEY, 110 yObIBAHUIO
3HAQYEHUS BPEMEHU, U B «Oy/yIees, 10 BO3PACTAHUIO 3HAYCHHUS BPEMEHU, pelias COOTBETCTBYIO-

muM obpazom OLY.



3.2 Heiipoanbie cTroxactuiueckue anddepeHimaibuble YPAaBHEHUS

Hapsany ¢ napamerpusainueii HelipoceTeBbIX MOJesell ¢ moMombio quddepeHnnaIbHbIX YPaB-
HEHUIl pacCMOTPUM TapaMETPU3ANMI0 ITUX MOJeTedl ¢ MOMOIIBIO CTOXAaCTHIeCKUX TuddepeHtin-
AJIbHBIX ypaBHeHuii. Jlanubie MoJie/ i IPUMEHSAIOTCH DU PElIeHUH 3a/1a9 KJIacCu(PUKalu, B MO-
JIeJIMPOBAHIN IHHAMIYECKHX CHCTeM U B ONTHMAJbHOM yhpasiaennu [23-26]. B pabore mogobubre

HellpoceTeBbIe MOJIETN apaMeTPU3YIOTCd B paMKax cJaeayionieit croxacTudeckoit 3amaun Komrm:

dz(t) = f(z(t),t,0)dt + G(z(t),t,0)d B(t);
z(0) = zo.

(2)

B cucreme (z(t),t,0) € R%= x [0,T] x R?, B(t) € R™ — m-mepHblii cTaHIAPTHBIN BUHEPOBCKHIl

nporecc (6pOYHOBCKOE JBUKEHUE), 003 JAI0NMil cieayomumu cBoiicrBamu [11, 27]:

e B(0) =

e B(t) — mo4yTu HABEPHO HEMPePBIBHBII;

e B(t) nuMmeer HE3aBHCHMbBIC IPHPAIICHUS;

e B(t) — B(s) ~N(0y, (t —s)I,), 0<s<t.

Crout 3amMeTuTh, ITO OPOYHOBCKOE jBUKeHHe B(1) mMeeT MOUYTH BCIOMY HEIPEPHIBHBIC DEATTH-
3anuu, npuHaexamue upocrpancrsy Bunepa W = C([0, T]; R™). Peanuzanuun 6poyHOBCKOIo
JIBUZKEHHsT MOYKHO MPEJCTaBUTh KaK HermpepbiBHbIe orobpazkenust [0, 7] — R™ [28]. Boxee roro,
CYIIECTBYET TAKOH € TMHCTBEHHBIN BEPOATHOCTHBINA 3aKOH [ JIjId NpocTpaHcTBa W, Ha3bIBaeMbIit

BHUHEPOBCKOU MEPOU, 4TO:
B(O) =0,, 0=ty <t; <--- <ty < T7 B(tz—i—l) — B(tz) ~ N(Om, (ti+1 — tz)lm)a 1= 07N — 1.

OyHKIUN
fiR% x RY x R" — R™, G :R% x Rt x R% — R%*"™"

SABJISIOTCS HENMPepbIBHBIMYU 1O JIumimmiy u aBazk sl audepennupyeMbiMu. Takzke npesnosara-

eTcsl BBITOJTHEHNe CIeYIOMNUX orpanndennii Ha ¢dyaknun f, G:

L ||f(z,t,0)|2 + ||G(z,t,0)]]2 < c(14|z|2), ¢ >0, ¥(z,t,0) € R™ x RT x R%;
- T
2.E, /Hf(z(t),t,&) — f(z(t),t,@')”%dt zo| < — «9/H§, c1 >0, V0,0 € R%, Yz, € R%;

0

3. E, / |G(z(t),t,0) — G(z(t),t,0)||5d t|zo | < o0 — 0|2, co >0, V0,0 € R*, Yz, € R,

(3)

BrimosHenne mepBoro u3 ycyaosuii B (3) rapaHTHpyeT yCTOHIHBOCTD 1O JISIYHOBY pereHus cToXa-

crudeckoit 3amaun Kommmu (2) [26]. Byaem naszbiBars orpannvenus B (3) ycaoguaAmU peyaapHocmu.
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B c¢Boio ouepeip pertenne 3aiaun (2) HA3bIBACTCS CILIydaiiHbIM npouyeccom duddysuu.

3.2.1 HacTpoiika mapaMeTpoOB MOJEJIN

st BBIBOJIA COOTBETCTBYIOMHUX (POPMYJI PACCMOTPUM CJIEIYIONMYIO JBaK bl JuddepeHmupye-
MYIO JIHIIITHATIEBYI0 (hYHKIHNIO TToTeph [(-) u eé cpennee 3uadenne L:
T

L =E, [i(z(T))|zo] = E, zo+/f ),t,0) dt+/G(z(t),t,9)dB(t) 20|. (4)

0

Jl1a macTpoitku mapaMerpon 6 € R% ma mpakTHKe 9acTO MCIOIB3YIOTCA TPAJAHCHTHBIC METOIH,
JUIsT KOTOPBIX CPEHAIN IPAJIHEeHT OIEeHUBAETCs ¢ moMOIIbo MeTo 0B Monre-Kapuio [29], ncronnbsys
path—wise meron |23, 25|. TloapobHee BHIBOL HEOOXOAUMBIX TPATHEHTOB [JIsT ONTHMU3BAINH MOJIEJH,

3aaHHOM (2), paccMoTpeH B pasjese 4.

3.2.2 MoaeaupoBaHue peNieHns CTOXacCTHYecKoro auddepeHnnaabHOT0 ypaBHEeHU

[Tpezke 9eM mepeiiTH HemoCpeACTBeHHO K OIMMCAHIIO PA3HOCTHOM CXeMbI, ¢ TOMOIIBI0 KOTOPOIi
B 00IIEM CJIydae MOJIeaupyoT npoiecc andpdy3un, ciegayer yka3arh, 9To croxacTundeckue audde-
pernuasbhbie ypasHenus (CIIY) paccmarpuBaioTcs B paMkax Teopuu uHTerpana Uro [27]. CAY
OTIpPEJIEJIEHbI HA TIOJTHOM BEPOSITHOCTHOM mpocTpancTse (Q, F, 1), w € ), ¢ yHopsIoueHHol moce-
nosarebHOCThIO 0-anredp F = {Fi}icior), Fs © Fr © F, s < t. Orpaunuenns va dynknun f, G
Takue ke, Kak B ciaydae (2), n 3amanbl (3). Ins BeIBoma paccMaTpuBaeMOl Pa3HOCTHON CXeMbl

BBIBEJIEM CJIe/IYIONINE YTBEPKIeHNSI.

JIemma 1 (O606ménnas dopmyaa Nro, [30]). ITyemo
dz(t) = f(z(t),t,0)dt + G(z(t),t,0)d B(t)

asazemca dy—meprom npoueccom Mmo. Hycmo g(z,t) = (q1(x,t), ..., gp(z,t)) — dsasrcov

nenpepuieno duddepenyupyemoe omobpascernue uz R% x [0,00) ¢ RP. Tozda npouecc

Y () = Y(t,w) = gla(t), )

ABAACTNCA NPOUECCOM Hmo, KOTTLOpr’(j NOKOMNOHEHMHO 3adaémcea 6 sude C./L@dy’fO’L@Ul’ COOMMHOWLE-

%

Huu:

dY(t) = aagt’“ t)dt+ Z gi’j )dz(t) + 1 3 09 (z(t), 1) dz(t) dz(t),

2de d B;(t)d B;(t) = 6;;dt, (dt)2 =dB;(t)dt =dtdB;(t) =0, 6;; — cumsor Kponexepa.

[Ipencrapiennoe BoIlie yTBepzKjaeHue nepedopMyimpoBano B 0oJiee yJI00HOM BUJIE JIJIS JIaIb-

HefImux BLIBOJIOB B JeMMe 2. Ho, mpexkie dem mepeiitu K jemMme 2, U3 coobpazkeHuit ynobcTsa



0

g
0003HAYMM COOTBETCTBYONIUE EPBbIE YaCTHBIC IIPOM3BOIHLIC a—(z(t), t) Bekrop—byukuuu g(z,t)
x

KaK .
dg(2(1),t) _ (&h(z(t)at))p’ ’
0z Ox; i j=1
dz,dz
0% gn _ Py
BTOPBIE YACTHBIE IIPOU3BO/IHBIE 0w48:c~(z(t)’ t) bynknuu-marpuubt g(z,t) = (gu(z,t))-,
0T ij=1

KaK
*gri _ P(epger) _ D(epg(z(t), t)e)
0x0xT (2(t),) = 0zx0x™ (2(t).%) = 0z0zT '

€, € — k—bIil U [—bIit OPTHI.

Jlemma 2. Ilycmo
dz(t) = f(z(t),t,0)dt + G(z(t),t,0)d B(t)

aeasemea D—-meprom npoveccom Hmo. Iyemo g(x,t) = (gi(x,t))_;, — deasrcdw nenpepuero

dudepenyupyemoe omobpasicenue uz R% x [0,00) 6 RP. Tozda npouecc
Y(t) =Y(t,w) =g(z(t),1)

asasemces npouyeccom Hmo, xomopui 3adaémes 6 sude caedyowuxr coommoweHut:

dY(t) = (%(z(zﬁ), £) + Wﬂz(ﬂ,t, 0)+

. Zt (e ato 6.0 2D a0, 1.0)) ei) dt+

— Oxozx™
9g(z(t), 1)
T

G(z(t),t,0)d B(t),

p7q

2de e; — i—wii opm 6 RP. Ecau g(x,t) = (g9i5(x, 1))}, — deasicdv nenpepuisro dudipepenyupyemoe

omobpastcenue us R% x [0,00) 6 RP*?. Tozda npouecc
Y(t) =Y(t,w) = g(a(t),t)

asasemcea npouyeccom Umo, xomopuuli 3adaémes 6 sude caedyrowuxr coommowenud:

dY(t) = %(z(t),t)dt—i—
. P 8(€EQ<2S),t)€l)f(z(t),t, 9)) exe) dt+
i_p,q i T, 82(egg(z(t),t)el) . T (5)
* 2k,z1t (G (2(),1.9) 020xT G( (t)7t79)> rep dt+
s erel <8(egg(2§f)’t>€l)G(z(t),t,0)dB(t)),



2de e, — k—wti opm 6 RP, ¢, — [—witi opm 6 RY.

Zoxazameavcmeo. lloacTasisasa B (bopMyJIy st d Yy, u3 tieMMbI 1 BeIpazkKeHue JIjisl 9JIeMeHTa BeK-

ropa dz;(t) = fi(z(t),t,0)dt + Z Gij(z(t),t,0)d Bj(t), BbIIOIHUM ILOCIELOBATEILHOCTD LPe-
J_
00pa30BaHuii, UCHOMB3ys CBoOicTBa mponeccoB to m3 memmbr 1. [Ipeobpasyem npousseeHne

dZZ(t) d Zj(t).

z;(t) d z;(t)
= ( ),t,0 dt+ZGm ),t,60)d By(t )) (fj(z() t.0 dt—i—ZGﬂ ),t,60)d By(t )) =
= f ) t 9>fj( ( ) t70) (dt)Q+Zfi(z(t)at’e)Gjl(z(t%t?9)dtdBl(t>+
= I
+ ) Gilz(t),t,0) f(2(t), t,0) d Be(t) dt+ > Gi(a(t),t,0)Gj(z(t),t,0) d Bi(t) d By(t) =
P T kil T

= 37 Ganlalt), OGula0), 1,0 .

IToacrasum Beipaxkenust (6) u dz;(t) B d Y (1):

dy
dYi(t) = %(z(t),t)dt +) gi’f(z(t),t) (fi(z( ),t,0)dt + ZG” ),t,0)d B;(t )>
1= v j=1
LR 0% o
T 5 ot E)xzax] (Z(t)7t>Gil(z<t)7t78)Gjl(z(t)7ta‘9)d <8t ( (t) t)+
b 5 | dadzm oo
+ZZ ai’: (2(8), 1) fi(2(1),1,0) + 5 2 axigl;j (z(t),t)Gu(Z(t),tﬁ)@;(z(t),t,@)) dt+
dz,m

(7)

[lepemnucas (7) B MATPUIHOM BHUJIe, MOJIYIUM CJIEIYIOIIee BhIpaZKeHHe [JIsi BEKTOP—(YHKIIHIL:

av(n = (gg (@(t).8) + 22 alt).0) (a(t) 1.6 +

Ztr (GT ), t 9)8 (e;;i E;E?’t))G(z(t),t,GO ei> dt+

N %G(Z@), t,0)d B(t).

CoOTBETCTBEHHO, AHATOTHYHBIM 00pa30M BBIBOUTCA caeyiomas Gpopmyna B caydae (g;;(x, t))h? e
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av(t) = 2z, dt + i <a(e;£g(z(t)’t)el)f(z(t),t,6)) erel d i+

ot Ox
k=1
12 (L g(a(t), o)
+ 3 E tr (GT(z(t)7 t,0) ST G(z(t),t, 6’)) ere; dt+ (8)

To ecthb jyist BeiBOAA (8) moctarouno 3aMeHuTb B (7) HHIEKC 7€MeHTa BEKTOpa k Ha WHJEKCHI
sementa Maccuba (k, 1) u coGpaTh MO3JEMEHTHO MATPHIIBI ¢ HOMOIIBIO OPT €x€; .

[]

Jlemma 2 nossosisier nepermcars auddepennuan nporecca Uro Y (t) = g(z(t),t) ¢ momompio

nuddepernuanbubx omeparopos DY, Dl

dY (t) = DY (t))dt + D' (Y (t),d B(t)).

B cayuae Bekrop—dyukuuu ¢(z(t),1t):

o D(g(a(t). 1)) = 2 tat) 1) + 22D 501 1,04

<32 (60,10 L Dt 10) )
e DU(g(z(t),1),d B(t)) = Wa(z(t),t,e)dm).

Jnsg dyuxmun—marpuist ¢(z(t),t) onepaTopbl HMEIOT CJIeLyIOIee Ipe/CTaBIeHue:

o D(g(a(t), 1)) = ) + Z 6’“9 t)el)f(z(t),t,e) ener +
k=1 | ~ — .
4+ Z tr (GT )t 0)82(6557?0(;%, t)ez)G( ().t 0)) erl ’
o D(glatt) 00 B0 = § el | LEAEDD G500 1,00 01

Vv
CKAaJIsap

Taxum 06pa30M, MOXKHO C IIOMOIIBIO JIAHHBIX OIEPATOPOB MEPEINUCATh PEIIeHue CTOXACTHIECKOM

samaan Komm (9):

{dz(t) = f(z(t),t,0)dt + G(z(t),t,0) d B(t);

z(ty) = zo, to,t €[0,T], to < t;

:z(to)+/D0(z(s))ds+/Dl(z(s),dB(s)).
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Bouiee roro, jannoe npejcrapjienue cupaseinso u s dyukuuit f(z(t),t,0), G(z(t),t,0) upu

YCJIOBUH JBazKbl HenmpepbiBHOI nuddepennupyemoctn (aemma 2), to,t € [0, 7], to < t:

Falt),1.0) = F(a(t),t0,0) + | DOCS(2(s), 5.0)) ds + [ DI(F(als). 5,0),d B(s))
o (10)
G(z(t),t,0) = G(z(ty), to,0) + [ D*(G(z(s),s,0))ds + [ D' (G(z(s),s,0),dB(s)).

to to

[Tosryuennoe BeipazKkenue permenust (9) MOKeT OBITH MPEACTaBICHO ¢ MOMOMIbIO (10) crmocobomM,

VKa3aHHBIM B JIeMMe 3.

Jlemma 3. Ilycmo

dz(t) = f(2(t),t,0)dt + G(a(t),t,0)d B(¢)

ABAAEMCA dy—meproim npoyeccom Umo. Qynrkyus [ — deascdor Henpepoiero duddeperyupyeman,
G — dsaotcdv, nenpepwisro dudpepenyupyeman gynryua, obe Gyrnruuu venpepuvierv, no Jlunwuuy.

Tozda z(t) nowmu nasepno umeem caedyrouee npedcmasaenue npu to,t € [0,T], to < t:

z(t) =z(to) + f(2(to), to, 0)(t — to) + G(z(to), to, 0)(B(t) — Blto)) + Ri(t,t,0).  (11)

ﬂO%CLSGm@./L’bCTnGO. ﬂOKa3aTeﬂbCTBO 3aKJJII0Ya€TCAd B ITOCJIeJ0BATEJIbHOM IIPUMEHEHUN ONIEpaTOPOB
0 1.
DO, Dl

t) = z(to) /f s@ds—i—/G ),8,0)d B(s) = z(to)+
+

f to, /DO 81 81,9> d81—|—/D ) 81,9),(13(81))) dS+
to

+

!
¢
/ ), to, 0) /DO z(s1), s1,0)) d31+/D (31)731,6’),dB(31))) d B(s).
to

(12)
[Tepemnumiem Bbipazkenue (12):

z(t) = z(to) + f(2(to), to, 0)(t — to) + G(2(to), to, 0)(B(t) — B(to))+
/ /DU z(s1),51,0)) d51+/D ),31,9),dB(31))) d s+
7 (13)

/DO sl%ﬂd&+/D (2(s1), 51,0),d B(s1)) | d B(s).

+

+

O6o3znauus 3a R (ty,t,0) nuxune aBe crpoku B (13), mokaspiBaem Tpebyemoe. O

12



[Mostyuennoe npejacrasienne B (11) 6e3 ocrarounoro wiena Ry (to,t,0) npejcrapisier coboii
uTepaTuBHYI0 (POPMYJLY, HCIOJIb3YyeMyI0 B memode Jlsepa—Mapyamovr MO IUPOBAHUS CJIydaiiHO-
ro mporecca z(t) Ha pasHOCTHOH cxeMe [31], ¢ MOMOIBIO KOTOPOrO B JaHHON paboTe OCyIIecTB-
JIEHO MOJIeIupoBanue nporeccos auddysun z(t). Anropurmudeckoe onucanue Meroaa Diliepa—
MapysiMbl HPEICTABICHO B JJUCTUHTE 1, IpONeypa, OCYyHIECTBASIIONas MoieupoBanue z(t) na3bl-

BaeTca SDESolve.

Algorithm 1 CosMiinpoBanue peajgu3allliy pelieHus cToxXacTHIecKoit 3amaau Ko Ha pasnoct-
HO# cxeme MeTonoM ditiepa—MapysMbl.

function SDESowvE((f,0), (G,0), zy, (to, ..., ty)) > 2z, — HaYAJbHAS TOYKA, ) — MOMEHT
HAYAIa MOJICJUPOBAHII
I =(z) > I — peanuzanusg nupouecca quddysun
fori=1,2, ..., Ndo
2, = 2y, + f(z2(tic1), ti1,0)(t; — tic1) + G(z(tio1), tio1, 0)(B(t;) — B(ti—1))
Jlo6aBuTh coMILT Zy; B I

return | > 1= (2, ..., Zty)

3.3 BapuanmoHHBIII BBIBOJ, C AuBepreHiuamMmu a—PeHbu

Pacemorpum BeposTHOCTHYIO MO/JIe/b ¢ napamerpom 6 Jijis Had/iogaeMoil nepeMeHHoit X u eé

CKPBLITOM (7IATEHTHOIT) mepeMenHoi z:
p(x,2;0) = p(x|z;0) p(z;0). (14)

Bre 3aBHCHMOCTH OT HOCTABJAEHHOI 3ajadu, Oyab TO BBIYUCJEHHE MAapTUHAJILHOIO paclpejeJie-
Hust p(x|f) wim anocrepuoproro pacupejeserus p(z|x;6), ocHOBHAsI TPYJHOCTb 3aKIIOYALTCSA B

BbBIYUCJIEHUU CHe,ZLyIOHIeFO I/IHTeraHa, Ha3bIBa€¢MbIM 06OCH066LHHOCm'bTOI
p(x;0) = Epi) [p(x2;0)] . (15)

B cayuasgx, korna Boanciaenue (15) aBiasercs TpakTHUeCKd HeBO3MOYKHBIM, HAIPUMED, B MOJIEIAX
nporeccoB auddysuu, st BeIBoJa B Mojean (14) HCIOAB3yeTcst Mpore/ypa BapHAIHOHHOTO Bbi-
Boza |32, 33|. TIporeaypa BApHAIMOHHOTO BHIBO/IA 3aK/IH0YAETCS B TPUOIHZKEHUH AlTOCTEPHOPHOTO
pacipesieieHust IpYIuM pacipeeerueM (z; ¢) ¢ IapaMeTpoM ¢, HA3bIBAEMBIM GaPUGLUOHHBLM

NPUbAUHCEHUEM, TTO TIOZBOJISAET TPAKTHIECKH CHU3Y OlNeHUTH (15):
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n_ D(x|z;:0)p(z;0)
plzlx;0) = p(x;0)

Inp(x:0) By plx 0] = B, [ (POLDREO G| g [y, (0]
p

a(z; ¢) p(z[x; 0)
LE, lln (p(X\z;G) P(z;e))} = KLfa(z; 0)l| (alx; 0)] +E, {m <p(X|z;<Z; ¢)(z;9)>] >
|

d(z; ¢)

> K, {m <p<X’z€(Z? g)(z; 9))

~
KL—-auBeprennusi, >0

(16)

OnHako JaHHBIR cIOcOO He SIBJISIETCS €IMHCTBEHHBIM IpH OIeHHBAHUU Jorapudma 0OOCHO-
BAHHOCTH, TOJydeHHast oneHka (16) obobriaercst ¢ momoinpio jgusepreniun a—Perabu — Dy [-|| ]

34, 35]:

Dufa(as ]| (el 0)] =~ By | (A20) ] a0
Inp(x; 0) > Inp(x; 0) — Dala(z; 9)[| p(z[x;0)] =
e Holx: 1 " p(z|x;0) - _
T oo MO (q(Z;¢)> ]

1
- InE
—a ( a(z; ¢

)
o p(x|z;0) p(z;0)\ '~
- () ]2

1l—«
. 1 1 = (p(x]2¥;0) p(z¥;0)\ '~
2 Lo (%0,0) = T——Equryg) |In | 5 ) ( q(z*; 6) ) ’
k=1 ’
K
z2"q( ), q(z"550) = H q(z*; 9)
k=1

(17)

[onyuennas B (17) sapuayuonnas nuscnas ouyenka LX(x;¢,0) ma Inp(x;0) mossoasger memnpe-

PBIBHO O0'bEJIMHUTD OIEHKU HA JOrapugm 000CHOBAHHOCTH, Iepevduc/eHubie B Tabuie 1.
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3HadeHne o Hyexusis onenka Inp(x;6) Haszsanne

1 K (p(x|z*;0) p(z*;0) onerka Inp(x;0) ¢ nomorsio
0 Eq(zlzK.¢) ln - Z L

’ K3 qa(z*; ¢) BBIOODKH 110 3HAIUMOCTH |36]

1 E kg [1 f I <p(x|z’“; Gk) p(z*; 9))} BapHUAIMOHHBII BBIBOJL C

LK = (z"; ¢) KL-uBeprennueit |32]
BapHUALMOHHbIN BBIBOJ Ha
. T i 1 (P25 0) p(2F56)
a(z#50) [ J0 (2 0) OCHOBE [PUHIAIIA

MUHUMAJTHHON JIJTUHBI OmucaHus [37]

Tabsmna 1. Bujibl BapuanuoHHOil HUKHEH OIEHKH.

[Ipu MaKCHMH3AIUK 110 IapaMeTpaM ¢, § BapHalnOHHbIC HUZKHUE OICHKH U3 TaOauIpl 1 OymayT
no—pasHomy npubankarh ((z; ¢) K p(z|x;0), ¢ pasHOil cTENEHBIO YBEPEHHOCTH, YTO 3HAYUTETHHO
CKa3bIBAETCs HA KA4ecTBE PelieHus KOHEYHON 3aJia4u, /Ui KOTOPOH BapuallMOHHBINA BBIBOJL ObLI

IPOMEKYTOYHON mporeaypoit [34].

4 Hacrpoiika mapaMeTpoB B npomneccax andy3nun

B nannom pasjesie paccMaTpuBaeTcs TUHAMUKA, 3a/laHHAS CJIELYIONIUM PACIIUPEHHBIM Tud-

depeHITnaIbLHBIM YPABHEHHEM:

PO = |
 f(att).1.6)
~ OdGXm
GO, 2T (1), 1) — |
Calt). 1.0
a |”| () = FUom, 27170, ) i+ G, 27 0), 0 d B,

0
(t) € Rdotd= — pegrop—cromben, cocTaBIeHHbIA U3 BeKTOPOB—CTOsI610B 0 u z(t). s onen-

V4

KH T'PaJUEHTOB 10 IapaMerpam f B mpoleaype I'paJIMeHTHONR ONTHUMU3AIME MOJETH, 3aJaHHOI

cucremoii (2), paccMOTPHM PACITUPEHHYIO CTOXaCTHYECKYIo 3anady Komu st (2):

(

al” (1) = F(07. 2570, dt + G072 () 0 d B = | 0 |det | O | aB.
z f(z(t),t,0) G(z(t),t,0)

0 0
(0) =

(18)
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Beeagm obosnauenne: O(t) = [0T,z1]T(t) € R¥%T4 cpaspisaiomee HECKOJILKO MEPEMEHHBIX

de(t)

BEKTOPOB—CTOJIONOB B ofuH BekTOop—cToaber. Takke Beeném b(t) = m Takum obpazom, co-
AL dE,[I(z(T))lz)]
4 H
riaacHo (4): d@() 16(0)
Teopema 1. IIycmo
dO(t) = F(O(t),t)dt+ G(O(t),t)d B(t) (19)

ABNAETNCA MHO2OMEPHBILM npoueccom Umo. Qynruua F — deascdv, nenpepuieno duddeperuyupy-
emaa, G — dsascdv, nenpepuiero duddepernyupyeman Gyrkuua, obe GYHKUUL HENPEPHIBHBL TO
Junwuyy, das cocmasasowur F u G dynkyud swnoanens yeaosus peeyaaprocmu (3). Toeda
das metipocemesoli modeau, 3adannol ypasreruem (19), Heobxodumuvil das nacmpolky napamems-

poe epaduenm 0z onmumuszauuy (4) euHuUcAsAemes CAedyouuM 00pasom:

AL [ A@T) o]
de(0) B L’)[@T zt|t (T)b(T) 0}’ . (20)
O(T) = Liy+a, +0f (%ds * 8(G(@S()9’(Ss))d3(8))> e

Jlokasamenvcmeo. Bocnonb3oBasmmch Teopemoii Jlebera o Mazkopupyemoii cxonumocTu 38|, Bbi-

MOJIHUM Tpeobpa30BaHie rpajineHTa MaTEMATHIECKOTO OXKHUIaHusT B (4):

dL  dE,[l(z(T))|z0] _ ol(z(T))
d00) ~  de© g, zT]T(T)b(T)

Yr0o6sl BeIBeCTH Bhipazkenue jiis b(T), paccmoTpum caepyomuii nporece audbdysuu:
T
:Zo-i-/ ),5,0)ds + G(z(s),s,0)dB(s)) = z(T, z, 0).
0

d=(T)
do -

[pumenss yreepxkaenne 2.3.1 u3 [39] (Proposition 2.3.1), moay4aum

~

dz(T, 20,0) /i <f(z(s z,0), 879)d5+G(;(S’Z0’0)’S’9>d3(s)> -

do dé

szo,Q 30)+8f( z(s,20,0),s,0) 8z3z0, )
0z

+

Tt—N Y °

( (s zo, 5,0)dB(s)) , O(G(a(s,2,0).5,6)d Bs 8z(s,zO,Q)>
oz 00 '

(21)
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au(T)

Anajorudno BBIBOJUTCHA

Z
T
d2(T, zo,0) :/<8f( 2(5,20,0), 5,0) az(s,z0,9)>ds+
dzg oz 0z
o i 2)
+/ 0(G(z(s,20,0),s,0)d B(s)) 0z(s, zo, 0)
, 0z 0z .

Ucnosssys (21), (22), Boccranosum Bug b(T):

]d9 OdQXdz
M) = | 4%(T, 20,0) d2(T,20,0) |
do dzg

YTO COOTBETCTBYET PEIeHnio cToxacTudeckoit 3amaun Kommu B MmomenT 17

~

r (5) 9(G(O(s),s)d B(s))
b( - Id9+dz 0/ < S dS + a@(s) ) b(S)

]

Pesyibrar TeopeMbl 1 ecTecTBEHHBIM 00pa3oM 0000IImaeTcs Ha Caydail, Koraa (pyHKIHs I0Tephb

[(-) 3aBHCHT SIBHO OT HECKOJIBKUX MOMEHTOB ;:
o<t <<ty < - <t, <T;

L=F,[l(z(t), ..., Z(t ))IZo]'
d ooy Z(ty,
Z eT e (tz() ))b(ti)

=1

[Tpu BoiBose B ycaopusx (18) Oblia onpejesiena KOHCTAHTHAs JUHAMUKA /sl napaMerpa 6.
OaHaxo it JAaHHOM MepeMeHHOil MOKHO BBECTH CBOIO HETPUBHAJIBHYIO JUHAMHUKY, 3aBUCATILYIO OT
CBOErO JIPYroro Imapamerpa, Kak, HanpuMmep, 0b10 caeaaso B [40].

TaxzKe CTOUT 3aMETHTh, YTO PE3YJIbTAThl, AaHAJIOIHYHBIE TeOPeMe 1, MOXKHO MOJYYUTH ¢ IOMO-
HIHIO TEOPUU ONTUMAJIBHOIO YIIPABJIEHUS, BOCIOJIb30BABUIACH CTOXACTUIECKMM AHAJIOIOM IIPUHITK-
na makcumyma [TonTpsiruna [22, 41].

B rpaauentroit ontumusaruu (4) dacto npuMennMas HecMeniénuas Monte—Kapio onenka Ha

(0)

_I: di(z(T)) _ 0U(z(T)) d=(T) dL _ di(=z(T)) _ 0U(=z(T)) d=(T)

do do 0z(T) d6 ~ dazg d zg 0z(T) dzo ’
d

L dL g Hdﬁ dﬁ]z}
d0(0) “11d0 Azl
17

o
S

IPaJICHT BBIJISIINT corefytormum obpasom [29]:

d

a @

o,

0(0)



dL
d6(0)

€ R%*4 gppgerca BeKTOPOM-CTPOKOIl, COCTABICHHON U3 JBYX BEKTOPOB-CTPOK MoHTe—

Kapso onenok % 51 % Pemenne cucrembr (20) Ha IpakTHKe ¢ TPOU3BOJIBLHOI HANEPET 3a/1aH-
HOIT TOYHOCTBIO BO3M0>KHOO C HOMOIIBIO ONMUCAHHON B mojpazjese 3.2.2 cxembl Dditjepa—Mapysimbl,
OJIHAKO HECMOTDsI HA TEOPETHYECKYI0 YHUBEPCATHHOCTH BBIBeJEHHON cucrembl (20), B cuay cia-
6ol MacirrabupyeMocTd Mo mamMaru (HeoOXOAMMO Ha KaKIOH HTepalui COAepKaTh MATPHILY
b(t), t € [0,T]) HA PASHOCTHBIX CXeMaX OTHOCHTEIHHO HEGOJBIIOr0 pasMepa pellleHne CHCTeMb
(20) meromom Ditepa—Mapysambl Gosbie Tpefyer MAMATH W BPEMEHH BBIYUCJICHUs OTHON nTe-
panuu rpaaueHTHOTO MeTO[a ONTHMU3AINN, 9eM Memodom 00pammoz0 Pacnpocmparenus owubky

uepes pasznocmuyiro cxemy (backprop through solver) [12, 14].

5! BepOﬂTHOCTHOG MOJeJIMpPOBaHNE KOHEYHbLIX I10CJIe1OBATEJ/Ib-

HOCTeln

[Ipn mocTpoeHnn onmmcaHWsS BpeMEHHOTO PAa TMOJydaeMasd MOJeb YacTO IPeCTaBIgeT CO-
00l KJIacCHYeCKHil MpuMep AuHAMU4YecKoi cucrembl. [lomobHble MOmEIH BO3MOXKHO CTPOUTDL aB-
TOPErPECCUOHHBIM CIIOCOOOM, OJIHAKO TaKHe MOJIEJU YacTO TPYIAHO HOJJAI0TCS UHTEPIPEeTAln, B
OTJIUYNE OT MOJIeJiell ¢ MPOCTPAHCTBOM COCTOSIHUI, B KOTOPBIX JUMHAMHUKA MEK/y HAOJIIONCHUIMI
OIUCHIBALTCS HEIOCPEICTBEHHO ¢ HOMOIIBIO CKPBITHIX mepeMeHHbx [10]. B pabore paccmarpuba-

I0TCd UMEHHO TaKue MOoJeJId CO CKPBITBIMU IIepeMeHHbIMU.

5.1 BapwmarmuoHHBIiT BBIBOJ, B IIporeccax auddy3nn

B nannoit pabore BBOIUTCs CJI€AYIONIAs BEPOATHOCTHAS MO/IE/Ib CO CKPBITHIMHU II€PEMEHHbIMU:

z(0) ~ p(+;0);
dz(t) = f(z(t),t,0)dt + G(a(t),t,0) d B(t); (23)
x;, ~ p(|z(t;);0), i=1,N, t; € [0,T], t; < tiy1, tn =T.

st mogesn (23) onpeesieHa (byHKIHsI OJTHOTO MPABIONOI00Us B (hOpMe 3JIEMEHTAPHOTO 00bEMA

B TepMWHAX TEOPUW MEPHI:

P((d Xti)i]\ila (dZ(

e

RadxN xRdz x W

p(xy,|z(t;); 0) dxy,) u(d w) p(zo; 0) d zo;

107

,’:]2

=1

i);0)dxy,) p(2o;0) dzopu(dw) = 1, w — peamuzanus B(-).

[Mpuanunuanproe oraryne (23) or paceMorpenHbIX Mojesedi B [10, 20| cocrouT B napameTpusanum

JIMTHAMUKHI CKPBITHIX TIEPEMEHHBIX C TIOMOIIHIO CTOXaCTUYECKOTO JudPepeHInaIbHOTO YPABHEHUS.

18



[Tpu Takoii napaMerpusanumu HadabHOE CKPBITOE coctosinue Z((0) orobpazkaercs 4epes cylnepuo-
3UNHIO PEKYPPEHTHBIX IMPeoOPa30BaHuil, OMUCLIBAg TPACKTOPUH B CJAYYalHOM I0JI€, B KOTOPOM
CKPBITOE COCTOAHUE CKOPPEKTUPOBAHHO BEIET cebd OTHOCHTENLHO JeTePMHHHPOBAHHOIO HpPeod-
pasoBaHudA, TO ecTh npeobpasoBausg ¢ G(-) = 04, xm, JAHHOE HNOBEJIECHHE CKPHITOTO COCTOSHUSA
MOZKeT OJIArOIPHUSTHO CKA3aThCsl Ha KA4eCTBE PEIleHnst KoHednoii 3agaun. Takxke momennb B (23)
OTJIMYAETCH OT PACCMAaTpUBAaeMbiX B [14] Haau4yueM HE3aBUCHMOTO OT X;, AIPUOPHOTO PACTIPEIe-
nenusi. Mogenn (23), kak u Mojensb B [10], mpecrasiger coboii peKypPPEeHTHYI0 HEHPDOHHYIO CeTh
J1sT 00pabOTKH KOHEYHBIX IOCIeI0BATCILHOCTEH, B KOTOPOIl CKPBITOe COCTOAHUE MexKIy HabImo-
JICHUSIMU MHTEPIIOJIUPYETCs C MOMOIIBLIO JIMHAMUKY, 33JaHHON JuddepennmajibHbIM yPaBHEHUEM.

B (23) anpuopHoe pacupesesieHne 3a1a8TCsi CIeLYOIHIM 00Pa3oM:
P(dzo, dw;0) = p(zo; 0)(dw) d z.

JLnst BBIBOJIA B BEPOATHOCTHON MOJIEIH, apaMeTpu30BaHHoil mporeccom auddy3nn, Heodxo -
MO OIpPEeJIeJIUTh BAPHAIMOHHOE MPUOJINKEHNEe allOCTePHOPHOrO PACIpe/IeeHns B J000i paccmar-
puBaeMbIif MOMeHT BpemeHu t. B pabore Takoe BapHAIMOHHOE NPUOJIMZKEHHE JJIsi MOCTPOCHUST

IPOIE/Ly Dbl BADUAIIMOHHOIO BBIBOJIA 3a/1a6TCsl JPYTUM BHHEPOBCKUM IIPOIECCOM:
S . _ S .
Q(d zo, dwl|(x;)5-1; ) = a(zo|(x4;)5-1; #)v(dw) dzg, v — Buneposckas mepa 8 W, S < N.
Oba pacupejesieHnst SBJISIIOTCS KOPPEKTHO 33/JAHHBIMU, COOCTBEHHBIME, BEPOSITHOCTHBIMH:

Br (1) = By B, (1] = [ Pldzaduit) = L

Rdz x W

Bo (1] = Eyn 2.0 (B[] = [ Q2o dufi,)f0i6) = 1.
Rz x W

Takum obpaszoMm, BapHallMOHHAS HHUKHSIS OIIEHKA HA OCHOBE JIUBEPIreHINH —PeHbU BBIBOIMTCS

anajgornano (17):

( 11—«

12" (t;); 0) P(d zk, d wk; 0)

Ef((xtz)i\;l’ gbu 0) - —aEQltK In

K J—
- | g a9 ’

K
QU (A w1 0) = TT QU du|(x, 0,

lezK — BEPOYTHOCTHBIN 3aKOoH i K peasm3aruii npornecca audy3un.
(24)

B pabore paccMaTpuBaeTcs CieIyiomas mapaMerpusanus nporecca quddysun z*F(t), coorsert-
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CTBYIOIIETO V:
dz*(t) = h(2"(t),t,¢,x) dt + G(2"(1),¢,0) d B*(t);

N (25)
2"(0) = 2§ X q(-|(x,,)51; ), k=1 K.

BY(-) — k—as peanmzanust BHHEPOBCKOTO TIPOTECCA, COOTBETCTBYIONIETO Mepe v/, (byHKIHsT

h: Ré% x RT x R% x R% — R% obgazaer TeMu ke CBOACTBAME, 9TO U f; X — IEpeMeHHAd,
arperupyomias B cebe HHPOPMAIHEIO 0 MOJCTUPYEMO MOCIEI0BATEIBHOCTH (X, )Y |, HAIpAMED,
X = xi %, ,xtTB]T. B nonosrenne K (25) mpeamnoioKuM, 9TO CYIIECTBYET H3MePHMasi BCIOMOIa-

TeapHasg GynKIms u : R% x RT x R% — R™ Takas, 9To:

G(z,t,0)u(z, t,X) = h(z,t,6,X) — f(z,t,0), V(z,t,0,0,X) € R%= x Rt x R% x R¥% x R%;
E, [exp (fOT §||u(zk<t),t,§)||gdt) ‘z'g} < oo, V2t eR%, k=T,K.

(26)

Toraa mepsl p u v cBs3ambl caeayionmm coornomenueM [30] (Theorem 8.6.4), [42]:

v(dw*) = Mrp(dw®);

Mz = exp (Of (—%Hu(zk(t), £X)|2d ¢+ u(Z (1), ¢, %) dBk(t))) .

Taxske dynxius u mossosiser ceszars BF(-) ¢ BX(-) (B*(-) — k—as peanusanus BHHEPOBCKOTO MPoO-
Iecca, COOTBETCTBYIONIETO MePe i) ¢ TIOMOIIBIO BhIpazkeHnsl, Ha3biBaeMoro ¢opmyoit Komepona—

Maptuna—T'upcanosa [42—44):

t

B (t) = BE(1) —/u(zk<s),s,§)ds, te0,7) (27)

Yenosust (26) MO3BOJSIOT ONPEIEINTE Carydaiinstii mponece My kak mpoussoanyio Pagona-Hukomnva,
CBSI3BIBAIOILYTO MEPBI 4 ¥ V. [JaHHBII Pe3yIbTaT H3BECTEH MO Ha3BaHueM TeopeMbl ['upcanosa [30)],
e€ OCHOBHOE CJIEJICTBHE COCTOUT B BO3MOXKHOCTH MOAEIUPOBAHUS BapUAIMOHHOTO IPUOINKEHUS

aloCTEPUOPHOTO TpoIecca Tuddy3un, UCIIOb3Yd alPUOPHBINT BUHEPOBCKHUI ITPOIECC:

dz"(t) = f(z"(t),t,0)dt + G(z"(t),t,0) d B*(t) = {coorromenne (27)} =

= f(z"(t),t,0)dt + G(z"(t),t,0)d L;k(t)—k/u(zk(s),s,;i)ds =

0

= f(z"(t),t,0) dt + G(z"(t),t, 0)u(z"(t),t,x) dt + G(2"(t),t,0) dBN’f(t) =

— {cpoiicTBa u u3 (26)} = h(z*(t),t,¢,x) dt + G(z"(t),t,6) dék(t)-
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~

Oukcupys 3nadeHue Zh npu Beipaxkenun BF(-) wepes BF(-), nomyuaem:

t

z"(t) =z} +/(f(zk(s),s,Q)ds+G(Zk(s),s,9)dBk(s)) =

0

:z§+j<h(zk(s),s,¢,§)ds+G(zk(s),s,e)dék(s)).

0

B TepMuHax ciydailHBIX ITPOIECCOB allPUOPHBI mpomece TudOy3un 1 BapHAIMOHHOE MPHOINZKe-

HUE aIl0CTePUOPHOro pornecca Auddy3un pasjindaroTcd B cpeHeM, pasiess ooy o guddy3uio
G:

(

z"(t) z’g’—f—j(f(zk(s),s,Q)ds+G(zk(s),s,9)d3k(s)), kE=1K,

KZlglfl\(}p(’ 6) — allpUOpHOE paclipe/iesieHue,

( ¢ 3

zF(t) =25+ [ (h(zk(S), 5,0,X)d s + G(2"(s), 5,6) dBk(S)) bR
0

I

kzlgi'ri\fi'q(-|(Xt].)3-g:1; ¢) — BapHAIMOHHOE TPUOIHIKEHHE.

Bripaxenue My ) MOXKHO IEPENNCATh, UCIOJAL3Ys cooTHOmeHne (27):

T

Y ppp— /(%Hu(zk(t),t,;c)\@dt+u(zk(t),t,§)Td§’“(t)> . (28)

C momorpbio (28) BapralmoOHHYIO HUKHIOIO OMEHKY (24) MOYKHO TPEICTaBUTh CJELYIOINM 00pa-

30M:

.

£E((x)%056.0) = - Eque [In [ =37 (Hp<xti|z’f<ti>;e> plzi0) ) (M)

I-a k=1 i=1 q(zg| (Xt]- )le; }) '

u(z*(s),s,x)ds, t€[0,T], k=1, K,

[Tonb3ysich Tem (pakToOM, YTO BEPOATHOCTHBINA 3aKOH, COOTBETCTBYIONIUN I/, MOXKHO SKBUBAJIECHTHO

CMOJIETTHPOBATE ¢ TMOMOIIBIO COOTBETCTBYIOIIETO [ BEPOSTHOCTHOrO 3akoHa |14, 42, 44|, onenka
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Eg((xti)fil; QZS, 0) IIPUBOAUTCA K BUAY:

(

<Hp<xti|z’“<ti>;e> p(z0:) ¢)> (M)

i—1 q(z 0|<Xt]- )j:l;

K
1 1

~1: K
Q" (@2, dw (x50 0) = TT (ala] (x1, )5y O)u(d wh) d )

fidd. S
\ZO ~ q<'|(th)]_17¢) k= 1 K
(29)
Makcumusanus onenxku LX((xq, )Y 56, 0),a > 08 (29) B 06mem ciyuae uz—3a u npejcraBaser
co0oit 3a7a41y YCJAOBHON ONTMMU3AINU, OJHAKO B JaHHOW pabore mcnosib3oBanne Gyakmun G ¢
m = d, U ¢ HeHyJIeBbIMU 3HAUYeHUsMH TOJTHKO HA JIMATOHAJN TO3BOJISET IBHO BBIPA3UTH (PYHKITAIO

u, CBOJIS 3a1a49y YCJIOBHOM MakKCHMU3ANUK OleHKH (29) K 3aj7a4e 6e3yCcJ0BHON ONTHUMH3AINN:

~ <hl<zvta¢7§)_fl(zvt>9>

dy

Tax ke B Gostee obIIeM CJydae, ¢ HeBbpozkienHoit marpunei G(z,t,0)TG(z,t,0),

V(z,t,0) € R% x Rt x R%, bynkmus u myeeT apHOe IIpecTaBieHne:

-1

u(z,t,%) = (G(z,1,0)"G(2,,0)) " G(z,t,0)" (h(z,t, 6,%) — f(z,t,9)> ,

Y(z,t,0,6,%x) € R%= x RT x R% x R% x R%.

Ananornunas tabmune 1 tabmuna L5 ((x4,)N,;¢,0) nas cnennalbHbIX 3HAYEHUH ( TPUBEICHA

HIZKe!
SHavyeHne o Hwmxuas omnenka Inp((x;,)Y ;0)
K [N ,
L p(z5: 6)
0 E.ix |1 — |zF t;); 0 0
Q H( ; (Zl_[lp(xdz (t:);0) (Ol(zlg(th)le;QS)]WT,k)))}

~ KL [a(2ol(x, )31 9)| (203 0)]
=1 0

400 e [ke{lmln < (i 1n( xy,|2" (t ) + ( ( p(z(; 0 ) In (Q(Z(’?\(th)}g:ﬁqﬁ)) —In (MT,k))ﬂ

Tabauna 2. Bujapsl BapuanmoHHO# HUKHEH OIeHKH.

N
1 EQLK |:[1(kz (;ln <P Xt; |Z /7”'“ ,t,X |2dt)
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5.2 BapwmalimoHHBI BBIBOJ B KOHEYHBIX ITOCJIE0BATEIHHOCTIAX

5.2.1 Berunciaerue MouTe—KapJjio onmeHkn BapuanmoOHHON HUXKHel OIeHKU

B mpoteype BapHaIMOHHOTO BBIBOJA JJIsi Mojiesin (23) mapaMeTpH3aIust pacupeieeHust

q(Zngth)f:l;qf)), k=1K

OCYIIECTBIIEHA ¢ MOMOIIBIO TPOXO/Ia PEKYPPEHTHOU HefipoHHOH ceThio ¢ apxurekTypoit GRU [45]
1O CIMILJIAM BPEMEHHOI'O DPsJia (xtj)f:1 ¢ MojuduKalyeit CKpbITOro COCTOSHUS, PEAJTU30BAHHOMN C
IIOMOIIIBIO periennst 3aa9n Kol aHATOTHIHO TOMY, KaK JaHHYy 0 Tporeaypy peaansosasin B [10].
ITpu sTOM IPOXOJ BCETIa BBIIOJIHAETCS, HAUUHAS C Xy U 3aKaHIUBad X4, . B KOHIIE IocIe10BaTe lb-
HOCTH Hef[POHHAs CeTh BO3BPAINACT NAPAMETPhl PACIPEJIETCHES, U3 KOTOPOTO COMILTUPYETCS Zk.

CxeMaTn4HO aponeaypa BbIBOAA CKPBLITOI'O IIpeAcCTaBJIeHU A ITOCJICA0BATCJIbHOCTH OIIMCaHa HU2KE.

Algorithm 2 Koppexrupyormee npeobpazosanue cocrosausa h ¢ momorsio GRUCell.
function GRUCELL(h, x)

gate = o (fyate([hT, x*]T)) > 1103/JIeMeHTHOe Ipeobpasopanue o(y) = m
reset = o( freset ([T, xT|T)) > fyates freset — TOJTHOCBS3HBIE HEIIDOHHBIE CETH
h' = NN([(reset ©h)T, xT]T) > NN — nosHocBsi3Hasi HEHPOHHAST CETh
h := (1 — gate) ® h' 4 gate ©®h

return h

Algorithm 3 KomupoBanue BXOIHOM MTOCTIEI0BATEILHOCTH.

function SEQUENCEENCODE((x4,)5_,, (t;)5_;)

meanT scaleT1T _ 0T TIT .
[hjtean™ hyede |1 = [0, , 14 ] I> BEKTOP—CTOJIOEIN, COCTABJIEHHBIN U3 BEKTOPOB—CTOJIONOB

for j=5,5-1, ..., 1do
[hmeanT hscaleT]T . GRUCell([hmeanT hscaleT]T x )
tj i tj L tj ) tj ) tj
(e peele T .= SDESolve((f, ¢), (O2.dpxm: Oa,), (AR, B )T (1, . ;1))
> ~

d[hmeanT7 hscaleT]T(t> — f(“lmeanT7 hSCaIeT]T(t), t, ¢7 ;&)dt’ tO = O,

f — mostHOCBSA3HAA HEHPOHHAS CETh,

A

mean Sca. eT T mean sca. eT ~
F(amen” et T (@) ¢ ¢) = f(hme, (@), 1 6, X)
return h"® + [hieele, € ~ (04, I4,) >

zg ~ q(-|(x¢;)51; 0);
| - | — mo37eMenTHOE B3STHE MOIYJIS;

q(+](x )}'9213 ¢) = N (hpe, diag(hi’gale ® higale))'
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[Tocie Beruucienns zy B nporeaype SequenceEncode npoucxogut mopempoBanue CKpPbITHIX

cocrosmuit {(zF(¢;))Y M | ¢ nomonipio merona Diinepa-MapysaMbl, OIICAHHOrO B iUCTHHTE 1:

l.x= NN’([XE,X;FQ, XE;}T), NN’, h, G — mOJIHOCBA3HBIE HEHPOHHBIE CETH;
(1(x1))52050)s 01(2" (1), 1, 0) = h(2"(),t,6,%), k =1,K; (30)
3. 2"(0), z(ty), ..., z"(ty) = SDESolve((g1, ¢), (G, 0), 2L, (to, t1, ..., tn)).

[Mapasiensro ¢ nponeaypoii (30) ¢ moMompio Meroa Diiaepa—MapysiMbl TPOUCXOAUT BbIYUC-

~ (hl(zk(t)vt7¢a§)_fl(zk(t)’t’9)>dz .

nenne Mry, ¢ u(zF(t),¢,x) = Gu(z"(1),t,0)

L. ga(2"(t), 1, [¢",67]") = %HU(Z’“(t),t,%)H%, g3(z" (1), 1, [07, 07]") = u(2"(1),t,x)", I§ =0, k=1, K;
2. I, Iy, ..., I}, = SDESolve((g2, [¢", 07]7), (g3, [0", 07]"), 1§, (o, t1, ..., tn));
3. My, = exp(IfN).

(31)

Takum o6pasom, B pesysnbrare Bbimoanerns nporeayp (30) u (31) Bbraucasorest Bee HEOOXO-
JIUMBIe 3HAYCHUA JJIA MOACYETa BAPHAMOHHON HIYKHEH ONEHKHN Ha OCHOBE JWBEPTeHINU o PeHbr
(29) npu HacTpoiike mapameTpoB Mojeau (23) ¢ HOMOIIBIO MPONELYPhl BAPUAIMOHHOTO BIBO-

na. Beeéumnble BeMYIHHD HO3BOISIOT onpe/ienTh MonTte-Kapiio onenKy BapHannoHHON HIZKHEH
K N . .
ouenku L, ((xq,)ilq; ¢, 0):

ﬁK N . 0) = 1 1 1 = a k t): 0 p(Z’S,Q) o M a—1
a((xti)i:bgbv )_ 1— o n E; Hp(xti’Z (1)7 )q(Z'8|(th)f:1;¢) ( TJﬁ) )
L5 ()25 0,0) = Equr [LE((x0)1:0,0)]

(32)

5.2.2 TIlIponeaypa obydeHus mojaenau mporecca audpdys3un

C nomomibio BBeJAEHHBIX OTOOparkKeHuii, B pabore ompejeneHa Iporegaypa o0ydeHus MOJeIu
nporecca quddyszun (23). Cocrout 3ra Mporeaypa B UTEPATUBHON HACTPOiiKe MapaMeTpoB Ipa-
JHEHTHBIM METOIOM CTOXaCTHYeCKOH onTumu3anuu. Ha KazkKaoit mTeparun Ha Pa3HOCTHON cxeme
MeTo0M Jittepa—Mapysmbl Bbrancasiercss MorTe—Kapio oneHka BapralnoOHHON HUYKHEH OleHKI
(32); mapamMerpbl MOJIEJ N OGHOBJISIFOTCS ArOM B0 MonTe—Kap/io oreHKd TpaiueHTa Bapualli-
OHHOHN HUKHEH OIEHKH, BHIYHUCIEHHOIO C IIOMOIIBIO 0OPATHOIO PACHpPOCTPAHEHUs OUIHOKH depes
pasHocTHyo cxemy [12|. Anropurmudeckn mnporeypa HacTpoiiku momesan (23) mpejcraBieHa B

aucrunre 4.
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Algorithm 4 TlIporneaypa vacrpoiiku momenn (23).

procedure FITMODEL(X®, N¢, N°, K, a, (¢,0)) >
N¢ — kosmuectso 310x, N® — kosmdecrso 6arueii, N ;’“mh — pa3mep Oar4a
for 1, 2, ..., N°do
. b NP ij, i Npeteh S
forb; € B, j=1,N’do =L 1{(xtl,...,xm )}l1 =X
Z] Z] Nbatch
Bary koneunsIx nocsenosarensnoctei by = {(x', ..., thé )}z 1
Nbatch

N,
) i
Beraucaurs Monte-Kapiio onenky N,mch Z LE((x x,) ot 6, 0)
i=1
Nbatch

Borancants Monte-Kapiso onenky Nb‘””h E V (6.0) ﬁK((X;”) i, 0)

o=1"

NZ_)atLh
J

o=1"

A N,L
OSonits (9,6) waros b0 onenn sbor 3 Vo £5(x11),24:0.0)

5.2.3 T'eHepanmus mocJie10BaTEeJIbHOCTA B MOAeau nponecca auddy3un

Jnst HacTpoeHHo# Mogenn (23) COMIUTIPOBAHUE HOBBIX MOCJIEI0BATEIbHOCTEH U3 BapHAIUOH-
HOTO HPHUOJIUKEHUS U U3 allPUOPHOTO PACIpPEIeIEHHsI COCTOUT B CJEAVIONNX JABYX IPOIEIYPax.
[Iponeiypa renepaiyuy mocjie10BaTe IbHOCTeH 13 alllPOKCUMAIUN allOCTEPUOPHOrO PaCIpejie-

JICHUA:

1. z’g = SequenceEncode((x;, );q 1 (L )}q 1)

2. 2°(0), z°(t1), ..., z"(tx) = SDESolve((g1, ¢), (G, 0),z5, (0, t1, ..., tn));

3. Xfi ~p(-|z*(t;);0), i =1,N, k=1,K, p — nopmainHnoe.
ITpomeaypa reHepamnuu nocjaeI0BaTeJbHOCTel U3 alPUOPHOIO PACIIPEICICHUSI:

.d. o
1. 28" N(0g,,14,), f 1 G — HOTHOCBA3HBIE HefipOHHBIE CETH;

2. 2°(0), z"(t1), ..., Z"(ty) = SDESolve((f, ), (G, 0),z4, (0, t1, ..., tx));
3. xfi ~p(-|z*(t:);0), i=1,N, k=1,K, p — nopmaibHoe.

CxeMaTnveckoe OIMHCAHUE BBIBOJA MOCJIEIOBATEJBHOCTH B MOojean (23) o6obiieHo Ha pHC.

1. Ha mamnom pucynke abOpeBmarypoit OHY obo3nadeHa WHTEPHOISIUS CKPBITOTO COCTOSHUSA
T T

[hmean” - pscale 1 T(#) ¢ npomompio 06bIKHOBEHHOTO MU dEPEHITUATLHOTO yPABHEHHST, HCTIOIH30BAH-

HOTO B Tiporeaype SequenceEncode:

~

A, et () = f(me, @), 1 6, x)di
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! SequenceEncode NS SDESolve \

i ONY it — ;
{GRUCell A 1 TN (1) . :
i oy YGRUCell o ' i :
I\\ A : “\ _________________ i _____________________ [, :____,',

.
T QP

'

]

]

]

'

]

]

]

'

]

]

]

'

]

]

\

N

z¥ (to) "R q(-|(xe,) 5, 0) x§ ~ p(-|z¥ (t:); 0)

Puc. 1. Cxema MomempoBaHus MOCTeA0BATEILHOCTH B Mojiesn nporecca quddysun (23).

6 BroruncanreabHBIE IKCIIEPpUMEHTbI

st KavecTBeHHO# OIEHKH IpeJJIOXKeHHOW B JaHHOW pabore Momenn (23) ObLIa IpOBeIeHA
cepus 3kcrnepuMmenToB Ha ganabix CMU Graphics Lab Motion Capture Database mis pernenus
3a a9 MOAECJIMPOBaHUA TPACKTOPUN JABUXKEHNA Y€/ IOBEKa IIPU U3BECTHOI HAa4YaJIbHOI TPpaeKTOPpUn
[46].

Jlanupie npeacTaBadioT coboit Habop u3 5 BBIOOPOK, KaxKJasd U3 KOTOPBIX dBJsgeTcs HaOOPOM
MHOT'OMEPHBIX BPEMEHHBIX PSII0B, OTHOCAIINXCS K OTACIBHOMY CYObeKTy. KaxKaplit MHOrOMepHBIit
PsJl ONUCBHIBAET JBUXKEHHUS CyObeKTa B TpEXMepHOM mpocrpaHcTie. Posib cyObekTa HCHOJHSIET
4YeJ0BeK, CHAPIKEHHBIH JaTIYNKaMHi, KOTOPBIH BBINIOJIHSIET OTHOCUTEIbHO HECJIOKHYIO 1IOCIeI0Ba~
TeJIbHOCTD JIEUCTBUI, TO €CTh KaxKJI0e JefcTBHE PETHCTPUPYETCS B BHIE CXEMAaTHYECKOT'O CKeJieTa.
Kaxkaptit BpeMeHHO# psji COOTBETCTBYET OTAEILHOMY JeHCTBUIO BUJIA ITPOUTH M3 OTHOTO KOHIIA
HPOCTPAHCTBA B JIPYTO, Clie/iaTh KYyBbIPOK, IIPUCECTH, BCTaTh, © TOMY IIOJ00HOE.

Jlig mosydeHust poOaCTHBIX PE3yJIHTATOB OBLIO HACTPOEHO HECKOJIBKO MO/iesieil nmporecca gud-
dbysun (23), mo onHOI Ha KaxKIyI0 BHIGOPKY. BBIGOPKH OTJIHYAIOTCS PA3MEPOM MO KOJHYECTBY
BPEMEHHBIX PSJIOB M 110 JJIMHE BPpeMEHHOro psija. Kakjaast BHIOOpKA TaK:Ke OTIHYACTCS BUIOM
JIBUZKEHUH 4e/IOBeKA: B OJHOI BbHIOOpKE MOTYT ObIThb COOpaHbl pa3/iIMYHble BU/bI IPUCEIAHUN, B
JIPYTOit BBIOOPKE Y€/ IOBEK MOYKET XOJUTH MO KPYTy, B TpeThell — MaxaTh pykKamu. Bee juneiinble
HOKa3aHWs B BBIOOPKAX IEpeBeJIeHbl M3 JIIONMOB B METPBI, B IEJAX HMOBBIIICHUS BBIYUCIUTEIb-
HO¥ YCTOWYMBOCTH BBeJieHa UCKYCCTBEHHAs BpeMeHHAs IKaJa ¢ HadaJbHBIM MOMEHTOM BpeMeHH
to B HyJie U KOHEYHbIM ty — B ejuHuie. Kparkas XapaKTe€pUCTHKa HUCIOJb30BaHHBIX BBIOOPOK

npejicrapjiena B tabsure 3.
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KounnyectBo
Cy6bekr Ne (BoiGopka Ne) Pasmep BbIOOpPKH PasmepHocTb paga

MOMEHTOB BpeMeHHn

83 68 99 93
79 96 130 93
138 95 316 93
69 75 343 93
80 73 660 93

Tabsuna 3. XapaKTepuCTHKU HCIIOJIH30BAHHBIX JTAHHBIX.

B skcnepumenTax apxuTekTypbl HEHPOHHBIX ceTell, COOTBETCTBYIONUX
f(Z(t),1,0), G(z"(t),1,0), h(z"(t),t, ¢,%), p(xs|2*(t:);0),

B3THl U3 PaboThl |14], apxuTekTypa HEHPOHHOI ceTH, mapamMeTpusyoIeil q(z’3|(xtj)f:1; ®), B3dTA

13 paboTh [10]. ApxuTekTypa HCHONb30BAHHBIX B paboTe 0TOOpazkeHHi IpeICTaBIeHa Ha PUC. 2

3. Pacupenenenus p(zg; 0), p(xy,|2"(t:);0), a(zf|(xi,);1;¢) apnsmorca nopmampapvi. OnTimu-
3alds MoJIe/Ieil OCHOBaHa Ha IPOIeAype HACTPOUKH Mojeseil B pabore [14].

Bo Bpemennbix psiyax Motion Capture Database camninpoBanue Bo BpeMeHU siBJISIETCs] PABHO-
MEPHBIM, IMO9TOMY JJid IMOPOZKJACHUA CUTYallul C HEPEMEHHBIM HUHTEPBAJIOM MEZKIY Ha6JHO,ZLeHI/IHMI/I
OBLITIO MPOBEIEHO MACKUPOBAHUE NMAHHBIX IO DepHysin: Kaykaoe HAOJIIOIEHIE ¢ BEPOATHOCTBIO P
HE3aBHCHMO OT JIDYTUX COXPAHSIOCH B Pe3YJbTUPYIONIEl MOCTeI0BaTETbHOCTH Ha CBOEH TO3UINN,
MHAYE CYUTAJIOCH, YTO B COOTBETCTBYIONIMNA MOMEHT BPeMEHU HAOJIOAeHUN Her. 3/1eCh U jajee
CKPBITHIC B pe3yJjibTaTe¢ MaCKUPOBaHUA Ha.6JHO,ZLeHI/IH Ha3BaHbl MaCKHPOBAaHHBIMHU. O,ZLHaKO IepBbIe
TpHU HaOJTIOJEHNS BO BCEX BPEMEHHBIX Ds/IaX OCTABAJINCHh HETPOHYTHIMHU. Kaxkmasg BeIOOpKa Bpe-
MEHHBIX Ps70B OblIa pa3duTa Ha O0YYAIONIYI0 W TECTOBYIO B OTHONIEHWH 9 K 1 1O BpeMeHHBIM
psinam (out—of-sample).

B paccvmarpuBaembix BbIOOPKax ObLIM HACTPOEHBI MOJIEJH BHIA (23) C MOMOIIBIO IIPONEY Pl
BapHUAIIOHHOT'0 BBIBOJIA HA OCHOBe JAuBepreHiuilt a—Perbu. B npoBe 1@ HHBIX SKCIIEpUMEHTaX BapbU-
pOBaJIaCh YaCTOTA MPOIYCKOB W BUJI ONTHMU3UPYEMOil OlleHKH. Dhlja cpaBHeHA CTOXaCTHYeCcKas
JUHAMUKA ¢ YACTUYHO JETePMUHUPOBAHHO, TO €CcTh ¢ HysaeBoit muddysueit. KayecTBo permnenus
OIIEHUBAJIOCH 10 CPeJHeMY JorapudMy MpaBaonogao0us U 0 KBaJAPaTHOMY KOPHIO CPeIHEKBa/l-
paTu4yecKoil OmMOKH MpeCcKa3aHus MOJEJN HA TECTOBBIX BBHIGOPKAX (rmse) B JBYX OCHOBHBIX
PEKUMAX: IKCMPANoAAuua U unwmepnosayus. VIx ommmansg ykasansl B Tabumie 4. B pexxkume wa-
TEPHOJSIUN OTEHUBAETCS CIMIOCOOHOCTH MOJETN BOCCTAHABINBATH MPOMYIIEHHbIE 3HaYeHusd. [l
AIMTPOKCUMUPYIOIIET0 POIEeCcca HaYa/IbHOE 3HAUYEHUE CKPBITOIO COCTOSHUS KOJAUPYETCS TTPOXOI0M
PEKYPPEHTHOH HEeHfPOHHOI CeTH 10 BCeMy Psily ¢ KOHIIA 10 HeIIPOIYIeHHBIM Ha0/ 10/ IeHnsaM. B pe-

ZKHUMeE IKCTPaIIoJAIN OeHUBaeTCA CIIOCOOHOCTD MOJJ€JIM BOCCTaAaHOBUTDL BTOPYIO IIOJIOBHHY PAJda 110
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U3BECTHOM 1epBoii. B 06enx yacrsx psijia UCIOJB3YIOTCH U OIEHUBAKOTCH TOJbKO HEIPOIYIIEHHbIE
nabjionenusd. [Ipu skcTpanosgium peKyppenTHas HeiipOHHASA CeTh KOAUPYET TOJbKO U3BECTHYIO

[OJIOBUHY HEIIPOIYIEHHBIX HAO/IIOICHUI, HAUUHASA ¢ KOHIIA M3BECTHON YacTH.

IToanocJsiegoBaTe/ IbHOCTD IToanociie;oBaTE/IBHOCTD
3HadyeHue JJisd JIJIS
Pexxum
S OIleHKU oreHKu Jiorapugpma
rmse HpPaBaOIOa00uS
" !
N =S<N (x¢; )W), N"=N — N’ (x¢, )W,, N'<N
WHTEPHOIANNA ! L
HEMACKUPOBaHHBIE MaCKHUPOBaHHBIE HEMAaCKUPOBaHHBIE
N / "
X, ) N —-S=N"<N-5
N | _ N ( Ly Jl=1> = 5 N/ ,
5 l=5<[%] (xt;, )12, N' <N
3KCTPAIOJSAINAA ti, € [tigy,,tiy]
HEMaCKUPOBaHHBIE HEMAaCKUPOBaHHBIE
HEMACKHPOBAHHBIE

Tabsuna 4. Pexxumbl cpaBHeHUS MOJIEIEN.

[Iponeiypa obydenus Mojiesieil BoIoiHeHa B paMkax ajnroputma 4. Kak ykazano B mpejbiiy-
meM pasjesie, Mojiesib mpotecca auddysun (23) onTUMU3HPOBAHA ¢ TOMOIIBIO CTOXACTHIECKOTO
(cy6)rpaHeHTHOTO METO/Ia Ha OCHOBE METOJA CTOXAacTHIecKoi onTuMmusannu Adam [47] ¢ smueii-
HbIM OT?KUI'OM OLHTUMU3UPYEMOTO (PYHKIIMOHA/IA B HEPBYIO [IOJIOBUHY IIPOIECCA HACTPORKU MOJIEJIN.
Ha kaxk10it urepanmn MeToa Mojieb npotecca nuddysnu (23) ontumusuposaiach Ha N batch — 5
caydaitno BeiOpanubiX psjgax npu K = 10 B Tredenune N = 400 snox. B Teuenue Bceii mporie 1y pol
ONITUMU3AINHE MOJIEJH TeMII O0yUYeHUs 7). SKCIOHEHITUAJIHLHO YMEHBLIIAJICS, UCHBITAB Ha IIOC/Ie/I-
Heill 3m0xe ymeHblieHne no4tu B 10 pa3 1mo cpaBHEHHIO ¢ HEPBOH 3MOXOH HACTPONUKM MOJE/H, 110

caeayrorieit popmyJie:
ne = 0.01-0.99425°71 ¢ =1, N¢ — momep 3moxu.

Ha npakruke npu HacTpoiike mofean nporecca muddysun (23) OblI HCHONb30BaH TAaK Ha3bIBae-
MBI JTUHEHHBIA OTXKUL, B KOTOPOM Ha KaXKJIOM dTalle HACTPOMKH MOJAEIH Ipou3BoaHad Pamona—
Hukomuma MexK 1y arpuopHBIM pacipeieileHueM U allllPOKCHMAaIAel alloCTePUOPHOTO pacipeaese-
HUsI BO3BOIU/IACH B CTEIEHD (3, U JIAHHASI CTEIeHb JIMHEHHO yBemauBaiach ¢ ) 10 1 BKIIOYUTE/IHHO.
Takas mporneaypa, 6€3yCJa0BHO, JIUIIAET ONTUMHU3NDPYEeMbIii (DYHKIIMOHAJ CBONWCTBA ObITH HUXKHE
OIIeHKOIT JJorapudMa HEeIoJHOTO MPaBaoIoa00usa npu [ # 1, HO HO3BOJIsIeT Ha HAYAJbHBIX dTAIAX

JIydIlle HACTPOUTh MOJENb MOJ BHIOOPKY [48]. B amueiiHOM OTKHre ONTHMH3HPYEMbIil KpUTepuii
LE((xe,) 150, 0) w3 (29) samenén na L 5((x¢,); 0,0):

) ) K N 3\ -«
LEa((xe)X1:0,0) = . (X]EQI:K In o Z H p(x,
k=1 i=1

[)’:min{el_gl.,l},

p(zg; 6)

z*(t,); alzF|(x, )5, &)
(t:);0) a(z(x,,)5_1; 9)

(A{T,k)(Oklw

=1, Ne.

9]
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Monre-Kapuo ouenka L5 5((xq,)/L; ¢,0) 3anaéres ananornuno (32):

11—«

LY ((x0)i1;0,0) = ! In 121(: ﬁp(xt. 2" (t;); 0) p(z;0) ﬂ (MTk)(ozfl)B
a,B i/i=1"%" 1— o K i ; q( : gb) : ’

k=1 i=1 ZO‘(th)}qzﬁ

L)1 6.0) = Equn | £55((x)11:6,0)]

Taxzke amamormanas Tabmmam 1 u 2 tabmuna L 5((x,)i,; ¢,0) A4 cnenuaibHbIX 3HAYCHHH o

IIpuBeJcHa HUZKE!:

3HaueHUE O O1ieHKa Egig((xti)i]\il; b,6)
B
k:@)
0 E.ix < |z p(zo,
o kzl Hp e ( (261(xt,)521; &) Mrk
| K
1 EQIK EZ Zln( Xt; |Z ,6/7”’11 ,f,X)H2df — BKL [Q(ZO‘(Xt = ) ||p Z07 }

=1

ke{l

+o0 ]EQ]:K (Z 111( xy, | 2" (t;); )) + (hl< (20,9)) —In (q(zlg\(xtj)le; ¢)> —In (MTk)>>}

Tab6umna 5. Buasl BapranuoHHONR OIEHKH.

Jlorapudm npaBao1n0100HMsT OIlEHEH € TTOMOIIHI0 COIMILINPOBAHUS C BBIDOPKOI 110 3HAYUMOCTH
npu K = 100, 3navenue rmse Jjid KaxKI0i KOH(MUIYPAIMH THIIEPIIapaMeTPOB SKCIEPUMEHTa Olle-
HeHO ¢ noMombio K = 100 caMIIOB mocie10BaTe IbHOCTER (xéC )Z-]\Ll, k =1, K, crenepupOBaHHBIX
U3 BapUalMOHHOIO Npud/nzkenus. Pe3yibrarsl SKCIEPpUMEHTOB TpuBeeHbl B Tabunax 6, 7, 8, 9.
OHHM JeMOHCTPUPYIOT 3aMEeTHBIl HPUPOCT B KAYECTBE TIPH WHTEPIOJISIINA MACKHDOBAHHBIX (PO~
IYIIEHHBIX) JAHHBIX B CIydae cTOXacTH4IecKoil muaaMukn (G(-) # 0) mo cpaBHEHHUIO ¢ JAeTEpMU-
HupoBauHoil AuHamukoi (G(-) = 0) npu, B cpeareM, 75% nponyienubix HabaoaeHui (p = 0.25),
OJIHAKO IIpHU CHUZKCHHUHU JO0JIN HpOHyCKOB,HeTepMHHHpOBaHHaH,HHHaMHKa(3HHTepHOHHHHeﬁ Ha41U-
HAET CIPABIATHLCS JIydine. AHAJOTUYHAS CUTYyaIus HADIIOMAETCS B CJIydae SKCTPATOJSIINNT Bpe-
MeHHOro psjia. Takzke Tabunbl 6 1 8 JeMOHCTPUPYIOT MPAKTUIECKYIO IOJE3HOCTDh MPUMEHEHUs

JuBeprennnii a—PeHbu B mporeaype BapualdOHHOIO BBIBOJA, TaK KAaK OOJBIIMHCTBO HAMIYYIIHX

3HAYEHUi rmse OBLIO MOIYyIeHo npu o 7 1.

7 3akKJiodyeHue

B pabote Ob1n 110JIyUeHBI CAEAYIONINE OCHOBHBIE PE3YIbTATH:

e paspaboraHa cxeMa ONTUMU3AINN HEIIPOHHBIX CeTel, mapaMeTPU30BaHHbIX C TOMOIIBIO CTO-

XacTu4deckKux JTudepeHnuaabHbIX yYpaBHEHHI;

e pazpaboraHa cxeMa BapHAIMOHHOTO BhIBOJA C (v~ PeHbu ANBEPreHIIUsIMHE /151 BEPOSATHOCTHBIX
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MOJIeJIell, 1apaMeTPU30BAHHBIX C IOMONIILIO CTOXACTUYeCKUX JuddepeHinajibHbIX ypaBHe-

HUI;

® 1IpEIJIO2KEeHa MO/JEJIb OIIMCaHud BPEMEHHOI'O PAdlda C HEPAaBHOMEPHLIM COIMIIJIMPDOBAHUEM BO

BPEMEHT;

® DellleHa 3aJa4a MOAE/JIMPOBaHUA TPACKTOPUU JABU2KCHUA 1€JI0BEICCKOI'O CKeJIeTa.

Pesyaprater padboTsl omybmkoBanbl B cOopauKe Te3ncoB XXVII Mexnaynapomnoit HayaHO#

KOH(MEPEHIMHU CTYIEHTOB, ACIUPAHTOB M MOJIOJBIX Y4eHbIX «Jlomonocos-2020» [49].
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A lIpmaoxenue

A.1 Pe3yabpTaTbl 3KCIIEPUMEHTOB

o= 0 0.5 1 +00
pi= 025 05 075|025 05 07 025 05 0751025 05  0.75
cyOBbeKT G()#0

83 039 036 0.55| 043 042 044 | 0.31 034 0.37]0.53 0.51 0.38
79 036 025 0.2 039 035 035]0.23 031 02 ]029 037 0.26
138 0.37 037 044|049 036 0.39| 0.53 048 041036 0.41 0.55
69 045 046 0.3 | 032 033 032|039 042 037|039 0.35 0.42
80 0.44 0.42 0.36| 0.48 0.57 037|039 034 027]029 04 0.21

CyObexT G()=0
83 045 0.29 0.35)| 0.36 0.57 0.32| 0.52 0.44 0.45|045 0.35 0.35
79 0.25 036 0.31] 031 031 042 | 0.24 0.24 022|036 03  0.33
138 045 038 062|042 047 0.56 | 042 0.36 0.45| 0.38 0.61 0.55
69 035 04 03 ]0.28 0.29 032039 035 0.48)|0.37 0.31 0.38
80 037 0.28 04 |0.21 043 035|041 033 051] 03 0.35 0.57

Tabauma 6. rmse B pe:xxume uHTepnoasnun, K = 100.

o= 0 0.5 1 +00
D= 025 05 0751025 05 075|025 05 0.75]0.25 0.5 0.75
cyOBeKT G()#0

83 0.13 028 0.29]0.14 0.18 0.26 | 0.13 0.21 0.27 | 0.07 0.11  0.21
79 0.25 0.13 0.89]0.27 0.66 0.72 030 0.61 094 |0.24 0.64 091
138 0.28 041 0.891]0.29 052 049|033 036 0.73]0.34 0.36 = 0.69
69 036 09 142042 08 134,049 095 1.24)0.37 0.85  1.16

80 099 1.8 391|133 19 3.1 |1.15 245 358|141 2 3.86
CyOBeKT G()=0 |
83 0.12 0.24 0.35]0.08 0.23 0.38|0.13 0.27 0.31]0.14 0.2 0.26
79 0.35 0.61 0.73]0.33 0.53 0.79]0.24 0.19 0.9 027 0.3 0.88
138 0.21 0.59 0.56 | 0.38 0.25 0.44 | 0.23 0.57 0.68 | 0.27 0.34 0.57
69 046 083 138|048 1.08 1.45 038 1.05 1.09 | 0.47 1 1.2

80 1.19 2.67 337|108 254 3.6 |0.83 193 252 1.02%2.06 2.61

Tabmuna 7. x10* cpexunit sorapudm npasgononodus B pexkume narepnoanuu, K = 100.
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D= 025 05 075102 05 075]025 05 075025 05 075

cyObexT G()#0
83 038 04 042 /034 042 034|038 044 035 |0.28 0.58 0.41
79 0.45 0.21 0.27 1035 0.19 035|023 0.27 031 ] 035 0.19 0.38
138 041 047 044 | 06 062 0.35| 0.55 0.61 0.53 | 0.52 046 @ 0.5
69 034 042 037 052 04 034049 031 034 | 042 037 0.3
80 0.3 042 042 033 031 0.24|0.25 03 042 ] 0.29 0.37 042

CyODbEKT G()=0
83 0.48 0.31 0.38 |0.39 037 0.3 |0.37 0.36 0.29 | 04 042 043
79 04 031 0.22]031 021 04 |023 024 031 ]0.21 0.25 046
138 0.4 048 0.54 | 049 0.47 0.55 | 0.52 041 0.54 | 0.66 0.38 0.45
69 0.35 0.31 0.25| 0.3 036 04 |0.36 047 04 | 04 037 0.37
80 0.3 059 046 | 048 0.26 046 | 044 033 042 | 0.51  0.33  0.34

Tabsuna 8. rmse B pexxume 3xcrpanosdanun, K = 100.

o= 0 0.5 1 ~+00
pi= 025 05 0751025 05 0751025 05 0.75|0.25 0.5 0.75
cyOBeKT G()#0

83 0.09 0.24 0.28]0.15 0.14 043 0.07 0.21 0.370.16 0.13  0.31
79 0.26 041 0.73]0.09 0.71 092|025 053 0.8 |0.33 0.56 - 0.93
138 0.07 055 0.65]0.14 0.44 1.07|0.13 032 0.07 | 0.25 0.65  0.73
69 0.53 0.7 1.09]043 073 137|041 092 1.23]0.36 0.79 = 1.46

80 1.03 19 355|118 231 3.65|1.02 222 324 1.08%2.03 3.43

cyOBeKT G() =
83 0.09 025 024011 024 036| 01 0.27 0.35]0.12 0.24 - 0.38
79 0.25 053 095]0.36 059 053 03 0.5 0.56]0.27 0.58 = 0.82
138 042 0.55 048 ]0.23 048 0.62|0.17 0.44 0.52|0.15 0.68 0.43
69 044 0.8 134]0.51 071 121042 085 1.22]0.44 0.88 1.26

80 1.03 227 289|102 219 3.05]0.95 239 3.86 129 21  2.68

Ta6mnma 9. x10* cpeannit morapndm npaBaonon06us B pexknMe sxcTpanoxamun, K = 100.
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A.2 ApxurekTypa Mojiejin
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