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Îñíîâíûå ïîíÿòèÿ è îïðåäåëåíèÿ

Ëèíåéíûå ðåêóððåíòíûå ïîñëåäîâàòåëüíîñòè

Îïðåäåëåíèå

×èñëîâàÿ ïîñëåäîâàòåëüíîñòü a = {ai}i>0 = (a0, a1, . . .), äëÿ
êîòîðîé ïðè n > k âûïîëíÿåòñÿ ëèíåéíîå ðåêóððåíòíîå

ñîîòíîøåíèå ïîðÿäêà k

C0an + C1an−1 + C2an−2 + . . .+ Ckan−k = C, (∗)

ãäå C0 = 1, C1, . . . , Ck−1, Ck 6= 0, C � íåêîòîðûå êîíñòàíòû,

íàçûâàåòñÿ ëèíåéíîé ðåêóððåíòíîé ïîñëåäîâàòåëüíîñòüþ

ïîðÿäêà k, ïðè÷¼ì â ñëó÷àå C = 0 ãîâîðÿò îá îäíîðîäíûõ

ñîîòíîøåíèè è ïîñëåäîâàòåëüíîñòè.

Ëèíåéíàÿ ðåêóððåíòíàÿ ïîñëåäîâàòåëüíîñòü ïîðÿäêà k
îäíîçíà÷íî çàäà¼òñÿ ñâîèì ðåêóððåíòíûì ñîîòíîøåíèåì è

ñîâîêóïíîñòüþ èç k å¼ ïîñëåäîâàòåëüíûõ ýëåìåíòîâ, êîòîðûå

íàçûâàþò íà÷àëüíûìè óñëîâèÿìè; îáû÷íî ýòî ýëåìåíòû

a0, . . . , ak−1.



ÌÅÒÎÄÛ ÀÍÀËÈÇÀ ÄÀÍÍÛÕ. ×àñòü V: Ëèíåéíûå ðåêóððåíòíûå ïîñëåäîâàòåëüíîñòè 4 / 45

Îñíîâíûå ïîíÿòèÿ è îïðåäåëåíèÿ

Õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí

Ïîñòàâèì â ñîîòâåòñòâèå îäíîðîäíîìó ëèíåéíîìó

ðåêóððåíòíîìó ñîîòíîøåíèþ (∗) õàðàêòåðèñòè÷åñêèé

ìíîãî÷ëåí

P (x) = xk + C1x
k−1 + . . .+ Ck−1x+ Ck. (∗∗)

Ïðèìåð

Ïîñëåäîâàòåëüíîñòü Ôèáîíà÷÷è 1, 1, 2, 3, 5, 8, . . ., ó êîòîðîé
fn+1 = fn + fn−1 ïðè n > 2, ÿâëÿåòñÿ îäíîðîäíîé ëèíåéíîé

ðåêóððåíòíîé ïîñëåäîâàòåëüíîñòüþ 2-ãî ïîðÿäêà, çàäàâàåìóþ
ñîîòíîøåíèåì fn − fn−1 − fn−2 = 0 è íà÷àëüíûìè óñëîâèÿìè

f0 = f1 = 1.

Õàðàêòåðèñòè÷åñêèì ìíîãî÷ëåíîì äëÿ ïîñëåäîâàòåëüíîñòè

Ôèáîíà÷÷è áóäåò P (x) = x2 − x− 1.
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Îñíîâíûå ïîíÿòèÿ è îïðåäåëåíèÿ

Ëèíåéíîå ïðîñòðàíñòâî ë.ð.ï.

Ðàññìîòðèì ìíîæåñòâî L = {a} âñåõ ëèíåéíûõ ðåêóððåíòíûõ

ïîñëåäîâàòåëüíîñòåé (íàä ïîëåì R) è ââåäåì íà í¼ì îïåðàöèè

1) ïîýëåìåíòíîãî ñóììèðîâàíèÿ a+ b;
2) óìíîæåíèÿ âñåõ ýëåìåíòîâ íà êîíñòàíòó èç R: const · a.

Òîãäà L ïðåâðàùàåòñÿ â áåñêîíå÷íîìåðíîå ëèíåéíîå

ïðîñòðàíñòâî íàä R îòíîñèòåëüíî ââåäåííûõ îïåðàöèé.

:::::::::::::
Óòâåðæäåíèå

Ïîñëåäîâàòåëüíîñòè èç L, äëÿ êîòîðûõ âûïîëíÿåòñÿ íåêîòîðîå

ëèíåéíîå ðåêóððåíòíîå ñîîòíîøåíèå ïîðÿäêà k, îáðàçóþò
k-ìåðíîå ïîäïðîñòðàíñòâî L ïîäïðîñòðàíñòâà L.

Äîêàçàòåëüñòâî

Åñëè a, b ∈ L ⊂ L óäîâëåòâîðÿþò ë.ð.ñ. ïîðÿäêà k, òî åìó

óäîâëåòâîðÿåò è αa+ βb ∈ L, α, β ∈ R.
Ðàâåíñòâî dimL = k óñòàíàâëèâàåòñÿ ýëåìåíòàðíî.



ÌÅÒÎÄÛ ÀÍÀËÈÇÀ ÄÀÍÍÛÕ. ×àñòü V: Ëèíåéíûå ðåêóððåíòíûå ïîñëåäîâàòåëüíîñòè 6 / 45

Îñíîâíûå ïîíÿòèÿ è îïðåäåëåíèÿ

Ëèíåéíîå ïðîñòðàíñòâî ë.ð.ï...

::::::::
Òåîðåìà

Ïîñëåäîâàòåëüíîñòè a1, . . . , ak îáðàçóþò áàçèñ k-ìåðíîãî
ïîäïðîñòðàíñòâà L ëèíåéíîãî ïðîñòðàíñòâà L, åñëè è òîëüêî

åñëè ∣∣∣∣∣∣∣∣∣
a10 a20 . . . ak0
a11 a20 . . . ak1
...

...
. . .

...

a1k−1 a2k−1 . . . akk−1

∣∣∣∣∣∣∣∣∣ 6= 0.

Ñîêðàùåíèÿ: ëèíåéíîå ðåêóððåíòíîå ñîîòíîøåíèå � ë.ð.ñ.,

ëèíåéíàÿ ðåêóððåíòíàÿ ïîñëåäîâàòåëüíîñòü � ë.ð.ï.
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Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé
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Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Ëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Ðåøåíèå ë.ð.ñ.: îñíîâíîå óòâåðæäåíèå

:::::::::::::
Óòâåðæäåíèå

Åñëè çàäàíû ë.ð.ñ.

an + C1an−1 + C2an−2 + . . .+ Ckan−k = C,

è íà÷àëüíûå óñëîâèÿ a0, . . . , ak−1, òî åäèíñòâåííàÿ

óäîâëåòâîðÿþùàÿ èì ë.ð.ï. èìååò âèä

a = β1a
1 + . . .+ βka

k,

ãäå a1, . . . , ak � íåêîòîðûé áàçèñ ëèíåéíîãî ïðîñòðàíñòâà L,
à êîýôôèöèåíòû β1, . . . , βk îäíîçíà÷íî íàõîäÿò èç ÑËÀÓ

a10β1 + a20β2 + . . .+ ak0βk = a0,
a11β1 + a21β2 + . . .+ ak1βk = a1,
. . . . . . . . . . . . . . . . . . . . .
a1k−1β1 + a2k−1β2 + . . .+ akk−1βk = ak−1.
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Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Ëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Ñâîéñòâî êîðíåé õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà

Ò.î. çàäà÷à íàõîæäåíèÿ ë.ð.ï. ñâîäèòñÿ ê íàõîæäåíèþ áàçèñà

ëèíåéíîãî ïðîñòðàíñòâà L, îáðàçîâàííîãî ìíîæåñòâîì âñåõ

ïîñëåäîâàòåëüíîñòåé, óäîâëåòâîðÿþùèõ äàííîìó ë.ð.ñ.

Áàçèñíûå ïîñëåäîâàòåëüíîñòè ñòðîÿò ñ ïîìîùüþ êîðíåé

õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà P (x).

::::::
Ëåììà (î êîðíÿõ õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà)

Ïóñòü çàäàíî ë.ð.ñ. ïîðÿäêà k

an + C1an−1 + C2an−2 + . . .+ Ckan−k = C. (∗)

Òîãäà åñëè λ � êîðåíü åãî õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà

P (x) = C0x
k + C1x

k−1 + . . .+ Ck−1x+ Ck, C0 = 1, Ck 6= 0,

òî ïîñëåäîâàòåëüíîñòü λ̂ = (1, λ, λ2, . . .) = {λn}n>0

óäîâëåòâîðÿåò ñîîòíîøåíèþ (∗).
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Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Ëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Ñëó÷àé ïðîñòûõ êîðíåé

Äîêàçàòåëüñòâî

Ïîäñòàâèì ÷ëåíû ïîñëåäîâàòåëüíîñòè λ̂ â (∗): ïîñêîëüêó
Ck 6= 0 âëå÷¼ò λ 6= 0, ïîëó÷èì

C0λ
n + . . .+ Ckλ

n−k = λn−k
(
C0λ

k + . . .+ Ck

)
= 0.

Áóäåì èñêàòü áàçèñ ïðîñòðàíñòâà L â âèäå íàáîðà

ïîñëåäîâàòåëüíîñòåé, îáðàçîâàííûõ ñòåïåíÿìè êîðíåé

õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà P (x).

::::::::
Òåîðåìà

Ïóñòü õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí P (x) ëèíåéíîãî

îäíîðîäíîãî ðåêóððåíòíîãî ñîîòíîøåíèÿ (∗) ïîðÿäêà k èìååò

k ðàçëè÷íûõ êîðíåé λ1, . . . , λk (ò.å. íå èìååò êðàòíûõ êîðíåé).

Òîãäà ïîñëåäîâàòåëüíîñòè λ̂1, . . ., λ̂k îáðàçóþò áàçèñ

ïðîñòðàíñòâà L.
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Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Ëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Ñëó÷àé ïðîñòûõ êîðíåé...

Äîêàçàòåëüñòâî

Ïî ëåììå î êîðíÿõ õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà, âñå

ïîñëåäîâàòåëüíîñòè λ̂i = {λni }n>0, i = 1, k óäîâëåòâîðÿþò

ñîîòíîøåíèþ (∗), ò.å. ëåæàò â ïðîñòðàíñòâå L.
Îïðåäåëèòåëü, èìåþùèé ñòîëáöàìè ïåðâûå k ýëåìåíòîâ

ïîñëåäîâàòåëüíîñòåé λ̂1, . . ., λ̂k, ÿâëÿåòñÿ îïðåäåëèòåëåì

Âàíäåðìîíäà∣∣∣∣∣∣∣∣∣
1 1 . . . 1
λ1 λ2 . . . λk
...

...
. . .

...

λk−11 λk−12 . . . λk−1k

∣∣∣∣∣∣∣∣∣ =
∏
i<j

(λj − λi)

Ïîñêîëüêó âñå êîðíè λ1, . . . , λk ðàçëè÷íû, òî
∏
i<j(λj − λi) 6= 0,

îòêóäà ñëåäóåò óòâåðæäåíèå òåîðåìû.
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Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Ëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Ñëó÷àé ïðîñòûõ è êðàòíûõ êîðíåé

Äîêàçàòåëüñòâî (ïðîäîëæåíèå)

Ïîýòîìó îáùåå ðåøåíèå ëèíåéíîãî îäíîðîäíîãî ðåêóððåíòíîãî

ñîîòíîøåíèÿ (∗) âûãëÿäèò ñëåäóþùèì îáðàçîì:

a = β1λ̂1 + . . .+ βkλ̂k.

:::::::::::::
Óòâåðæäåíèå

Åñëè íåêîòîðûé êîðåíü λ ìíîãî÷ëåíà P (x) èìååò êðàòíîñòü

m, åìó áóäóò ñîîòâåòñòâîâàòü ñëåäóþùèå áàçèñíûå

ïîñëåäîâàòåëüíîñòè

λ̂, nλ̂, . . . , nm−1λ̂,

èëè ïîñëåäîâàòåëüíîñòü
(
1 + n+ . . .+ nm−1

)
λ̂.

Óðàâíåíèå P (x) = 0 íàçîâ¼ì õàðàêòåðèñòè÷åñêèì äëÿ äàííîãî

õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà P (x) ñîîòâåòñòâóþùåãî ë.ð.ñ.
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Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Ëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé: ïðèìåð 1

Ïðèìåð (1)

Íàéòè ë.ð.ï., óäîâëåòâîðÿþùóþ ëèíåéíîìó ðåêóððåíòíîìó

ñîîòíîøåíèþ
an+2 − 4an+1 + 3an = 0.

Ðåøåíèå Õàðàêòåðèñòè÷åñêîå óðàâíåíèå äàííîãî ñîîòíîøåíèÿ

åñòü
P (x) = x2 − 4x+ 3 = 0.

Îíî èìååò äâà âåùåñòâåííûõ êîðíÿ êðàòíîñòè 1: λ1 = 1,
λ2 = 3 è ðåøåíèå äàííîãî ë.î.ð.ñ. â îáùåì âèäå åñòü

an = β1 + β2 · 3n.
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Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Ëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé: ïðèìåð 2

Ïðèìåð (2)

Íàéòè ë.ð.ï., óäîâëåòâîðÿþùóþ ë.ð.ñ.

an+3 + 3an+2 + 3an+1 + an = 0.

Ðåøåíèå Õàðàêòåðèñòè÷åñêîå óðàâíåíèå äàííîãî ñîîòíîøåíèÿ:

P (x) = x3 + 3x2 + 3x+ 1 = 0 èëè (x+ 1)3 = 0.

Ò.î. äàííîå õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò îäèí

âåùåñòâåííûé êîðåíü λ = −1 êðàòíîñòè 3, è ðåøåíèå äàííîãî

ë.î.ð.ñ. â îáùåì âèäå åñòü

an = (−1)n
(
β1 + β2n+ β3n

2
)
.
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Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Ëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé: ïðèìåð 2

Ïðîâåðèì ñïðàâåäëèâîñòü ðåøåíèÿ, äëÿ ïðîñòîòû � äëÿ

ñëó÷àÿ β1 = β2 = β3 = 1, ïîäñòàâëÿÿ çíà÷åíèå

an = (−1)n
(
1 + n+ n2

)
â èñõîäíîå ë.ð.ñ.:

−
(
(n+ 3)2 + (n+ 3) + 1

)
+ 3

(
(n+ 2)2 + (n+ 2) + 1

)
−

− 3
(
(n+ 1)2 + (n+ 1) + 1

)
−
(
n2 + n+ 1

)
=

= −
(
(n2 + 6n+ 9) + n+ 3 + 1

)
+
(
3n2 + 12n+ 12 + 3n+ 6 + 3

)
−

−
(
3n2 + 6n+ 3 + 3n+ 3 + 3

)
+
(
n2 + n+ 1

)
=

= (−1+3−3+1)n2+(−7+15−9+1)n+(−13+21−9+1) = 0.
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Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Ëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Íàõîæäåíèå ëèíåéíûõ ðåêóððåíòíûõ ïîñëåäîâàòåëüíîñòåé

Èç äîêàçàííîãî ðàíåå ñëåäóåò, ÷òî åñëè çàäàíû íà÷àëüíûå

óñëîâèÿ a0, . . . , ak−1 ë.ð.ñ. ïîðÿäêà k

an + C1an−1 + C2an−2 + . . .+ Ckan−k = C,

òî êîýôôèöèåíòû β1, . . . , β â îáùåì ðåøåíèè

a = β1λ̂1 + . . .+ βkλ̂k

íàõîäÿò èç ÑËÀÓ k-ãî ïîðÿäêà
β1 + . . . + βk = a0
β1λ1 + . . . + βkλk = a1
. . . . . . . . . . . . . . .

β1λ
k−1
1 + . . . + βkλ

k−1
k = ak−1
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Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Ëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Íàõîæäåíèå ëèíåéíûõ ðåêóððåíòíûõ ïîñëåäîâàòåëüíîñòåé

Ïðèìåð (1, ïðîäîëæåíèå)

Ðàíåå áûëî íàéäåíî, ÷òî ë.ð.ï. an = β1 + β2 · 3n ïðè ëþáûõ

β1, β2 óäîâëåòâîðÿåò ë.ð.ñ.

an+2 − 4an+1 + 3an = 0.

Íàéòè êîíêðåòíóþ òàêóþ ë.ð.ï., åñëè a1 = 10, a2 = 16.

Ðåøåíèå. Äëÿ íà÷àëà íàéä¼ì a0:

a2 − 4a1 + 3a0 = 0 ⇒ a0 =
4a1 − a2

3
=

40− 16

3
= 8.

Äàëåå: {
β1 + β2 = 8
β1 + 3β2 = 10

⇒
{
β1 = 7
β2 = 1

ò.å. èñêîìàÿ ë.ð.ï. åñòü an = 7 + 3n.
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Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Ëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Íàõîæäåíèå ëèíåéíûõ ðåêóððåíòíûõ ïîñëåäîâàòåëüíîñòåé

Ïðèìåð (2, ïðîäîëæåíèå)

Ðàíåå áûëî íàéäåíî, ÷òî ë.ð.ï. an = (−1)n
(
β1 + β2n+ β3n

2
)

ïðè ëþáûõ β1, β2, β3 óäîâëåòâîðÿåò ë.ð.ñ.

an+3 + 3an+2 + 3an+1 + an = 0.

Íàéòè êîíêðåòíóþ òàêóþ ë.ð.ï., åñëè a0 = 0, a1 = 2, a2 = −10.

Ðåøåíèå.
β1 = 0
−β1 −β2 −β3 = 2
β1 +2β2 +4β3 = −10

⇒


β1 = 0
β2 = −3
β3 = 1

ò.å. èñêîìàÿ ë.ð.ï. åñòü an = (−1)n(n2 − 3n).
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Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Ëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Ñëó÷àé êîìïëåêñíûõ êîðíåé

Ñïåöèàëüíî âûäåëèì ñëó÷àé, êîãäà õàðàêòåðèñòè÷åñêèé

ìíîãî÷ëåí èìååò êîìïëåêñíûå êîðíè, à âñå êîýôôèöèåíòû â

ë.ð.ñ. (∗) ÿâëÿþòñÿ äåéñòâèòåëüíûìè ÷èñëàìè.

Ïóñòü õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí P (x) èìååò êîðåíü

λ1 = ρ(cosϕ+ i sinϕ) = ρeiϕ.

Òîãäà ñîïðÿæåííîå ÷èñëî

λ2 = ρ(cosϕ− i sinϕ) = ρ(cos(−ϕ) + i sin(−ϕ) = ρe−iϕ

òàêæå áóäåò åãî êîðíåì.

Ñîîòâåòñòâóþùàÿ ïàðà áàçèñíûõ êîìïëåêñíûõ

ïîñëåäîâàòåëüíîñòåé èìååò âèä

λ̂1 =
{
ρne+inϕ

}
n>0

= { ρn(cosnϕ+ i sinnϕ) }n>0 ,

λ̂2 =
{
ρne−inϕ

}
n>0

= { ρn(cosnϕ− i sinnϕ) }n>0 .



ÌÅÒÎÄÛ ÀÍÀËÈÇÀ ÄÀÍÍÛÕ. ×àñòü V: Ëèíåéíûå ðåêóððåíòíûå ïîñëåäîâàòåëüíîñòè 21 / 45

Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Ëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Ñëó÷àé êîìïëåêñíûõ êîðíåé

Åñëè ê ñèñòåìå áàçèñíûõ âåêòîðîâ ëèíåéíîãî âåêòîðíîãî

ïðîñòðàíñòâà ïðèìåíèòü íåâûðîæäåííîå ëèíåéíîå

ïðåîáðàçîâàíèå, òî ïðåîáðàçîâàííàÿ ñèñòåìà âåêòîðîâ òàêæå

áóäåò áàçèñíîé.

Ïîñëå ïðèìåíåíèÿ ê ïðîñòðàíñòâó L íåêîòîðîãî

ïðåîáðàçîâàíèå ïîâîðîòà, âìåñòî ïàðû êîìïëåêñíûõ

ïîñëåäîâàòåëüíîñòåé (λ̂1, λ̂2) ïîëó÷èì ïàðó äåéñòâèòåëüíûõ

ïîñëåäîâàòåëüíîñòåé

λ̂′1 = { ρn cosnϕ }n>0 , λ̂′2 = { ρn sinnϕ }n>0 .

Òî æå ñàìîå ìîæíî ïðîäåëàòü è ñ ïîñëåäîâàòåëüíîñòÿìè,

ñîîòâåòñòâóþùèìè äðóãèì ïàðàì êîìïëåêñíî ñîïðÿæåííûõ

êîðíåé.
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Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Ëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Ñëó÷àé êîìïëåêñíûõ êîðíåé: ïðèìåð

Ïðèìåð (3)

Íàéòè ë.ð.ï., óäîâëåòâîðÿþùóþ ë.ð.ñ.

an+2 − 2 cosαan+1 + an = 0, a1 = cosα, a2 = cos 2α.

Ðåøåíèå. Äëÿ íà÷àëà íàéä¼ì a0:

an−2 cosαa1+a0 = 0 ⇒ a0 = 2 cosαa1−a2 = 2 cos2 α−cos 2α = 1.

Õàðàêòåðèñòè÷åñêèì óðàâíåíèåì äëÿ çàäàííîé

ïîñëåäîâàòåëüíîñòè ÿâëÿåòñÿ

x2 − 2x cosα+ 1 = 0,

êîòîðîå èìååò äâà êîìïëåêñíî ñîïðÿæ¼ííûõ êîðíÿ

λ1 = cosα− i sinα, λ2 = cosα+ i sinα.
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Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Ëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Ñëó÷àé êîìïëåêñíûõ êîðíåé: ïðèìåð

Ïåðåõîäÿ â äåéñòâèòåëüíóþ îáëàñòü, ïîëó÷èì

ïîñëåäîâàòåëüíîñòè

λ̂′1 = { cosnα }n>0 , λ̂′2 = { sinnα }n>0 ,

ò.å. îáùåå ðåøåíèå äàííîãî ë.î.ð.ñ. çàïèñûâàåòñÿ â âèäå

an = β1 cosnα+ β2 sinnα.

Èç íà÷àëüíûõ óñëîâèé ïîëó÷àåì{
β1 = 1,
β1 cosα+ β2 sinα = cosα,

⇒
{
β1 = 1,
β2 = 0,

ò.å. èñêîìàÿ ë.ð.ï. åñòü an = cosnα.
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Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Íåëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Ðàçäåëû

Îñíîâíûå ïîíÿòèÿ è îïðåäåëåíèÿ

Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Ëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Íåëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Çàäà÷è ñ ðåøåíèÿìè
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Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Íåëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Íåëèíåéíûå ð.ñ.: îñíîâíàÿ òåîðåìà

Â ñëó÷àå C 6= 0 ñîîòíîøåíèå

an + C1an−1 + C2an−2 + . . .+ Ckan−k = C

çàäà¼ò ëèíåéíóþ íåîäíîðîäíóþ ð.ï.

::::::::
Òåîðåìà

Îáùåå ðåøåíèå a íåîäíîðîäíîãî ë.ð.ñ. ïðåäñòàâëÿåòñÿ â âèäå

ñóììû íåêîòîðîãî åãî ÷àñòíîãî ðåøåíèÿ a′ è îáùåãî ðåøåíèÿ

a0 ñîîòâåòñòâóþùåãî îäíîðîäíîãî ñîîòíîøåíèÿ: a = a0 + a′.

Äîêàçàòåëüñòâî

Ïóñòü a′ è a′′ � äâà ÷àñòíûõ ðåøåíèÿ íåîäíîðîäíîãî

ñîîòíîøåíèÿ. Î÷åâèäíî ïîñëåäîâàòåëüíîñòü a′ − a′′
óäîâëåòâîðÿåò ñîîòâåòñòâóþùåìó îäíîðîäíîìó ñîîòíîøåíèþ.

Äîêàçàòåëüñòâî òîãî, ÷òî ëþáàÿ òàêàÿ ñóììà ÿâëÿåòñÿ

ðåøåíèåì, ïðîâîäèòñÿ àíàëîãè÷íî.
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Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Íåëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Íåëèíåéíûå ð.ñ.: ÷àñòíûå ðåøåíèÿ

×àñòíîå ðåøåíèå íåîäíîðîäíîãî ð.ñ. ìîæíî, íàïðèìåð, èñêàòü

â âèäå ïîñòîÿííîé ïîñëåäîâàòåëüíîñòè a′ = (a, a, . . .).

Ïîñêîëüêó â ýòîì ñëó÷àå C0a+ C1a+ . . .+ Cka = C, òî
1) ïðè óñëîâèè C0 + C1 + . . .+ Ck 6= 0 �

a =
C

C0 + C1 + . . .+ Ck
.

2) Åñëè
∑k

i=0Ci = 0, íî
∑k

i=1 iCi 6= 0, òî ñóùåñòâóåò ÷àñòíîå
ðåøåíèå âèäà a′ = {na}n>0, ãäå êîíñòàíòà a íàõîäèòñÿ èç

óðàâíåíèÿ

C0 · a · n+ C1 · a · (n− 1) + . . .+ Ck · a · (n− k) = C (?)

(ðåçóëüòàò ïîäñòàíîâêè an = an â í.ë.ð.ñ.).
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Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Íåëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Íåëèíåéíûå ð.ñ.: ÷àñòíûå ðåøåíèÿ...

Ïîñêîëüêó
∑k

i=0Ci = 0, òî C0 = −C1 − C2 − . . .− Ck.
Ïîäñòàâèâ ýòî çíà÷åíèå â (?), ïîëó÷èì

C

a
= C0 · n+ C1 · (n− 1) + . . .+ Ck · (n− k) =

= −C1n−C2n−. . .−Ckn+(C1n−C1)+. . .+(Ckn−Ckk) = −
k∑
i=1

iCi.

Îòñþäà a = −C/(
∑k

i=1 iCi) è ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî

ëèíåéíîãî ðåêóððåíòíîãî ñîîòíîøåíèÿ â ýòîì ñëó÷àå èìååò âèä

a′n =

−
n · C
k∑
i=1

iCi

 .
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Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Íåëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Íåëèíåéíûå ð.ñ.: ïðèìåð

Ïðèìåð (4)

Ðåøèòü ðåêóððåíòíîå ñîîòíîøåíèå

an+3 − 7an+1 + 6an = 20, a0 = 2, a1 = −6, a2 = 3.

Ðåøåíèå Õàðàêòåðèñòè÷åñêîå óðàâíåíèå äàííîãî

íåîäíîðîäíîãî ë.ð.ñ. åñòü:

x3 − 7x+ 6 = 0. (∗)

Äëÿ åãî ðåøåíèÿ ïåðåáåð¼ì äåëèòåëè ñâîáîäíîãî ÷ëåíà 6:
D(6) = ±1, ±2, ±3, ±6.
1. Óáåæäàåìñÿ, ÷òî x1 = 1 � êîðåíü (∗).
Äàëåå èìååì x3 − 7x+ 6 = (x+ 1)(x2 + x− 6).
Ñóììà êîðíåé êâàäðàòíîãî òð¼õ÷ëåíà (x2 + x− 6) ðàâíà −1,
ïðîèçâåäåíèå = −6: êîðíè ñóòü x2 = 2, x3 = −3.
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Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Íåëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Íåëèíåéíûå ð.ñ.: ïðèìåð... an+3 − 7an+1 + 6an = 20

Ñëåäîâàòåëüíî, îáùåå ðåøåíèå îäíîðîäíîãî ë.ð.ñ.

an+3 − 7an+1 + 6an = 0

åñòü a0n = β1(1)
n + β22

n + β3(−3)n.

2. Íàéä¼ì ÷àñòíîå ðåøåíèå a′ èñõîäíîãî íåîäíîðîäíîãî ë.ð.ñ.
Èìååì: ñóììà åãî êîýôôèöèåíòîâ 1− 7 + 6 = 0, îäíàêî

k∑
i=1

iCi = 2 · (−7) + 3 · 6 = −14 + 18 = 4 6= 0,

è ïîýòîìó ÷àñòíîå ðåøåíèå èñõîäíîãî íåîäíîðîäíîãî ë.ð.ñ. �

a′n = − n · C
k∑
i=1

iCi

= −20n

4
= −5n .
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Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Íåëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Íåëèíåéíûå ð.ñ.: ïðèìåð... an+3 − 7an+1 + 6an = 20

Íåîáÿçàòåëüíàÿ ïðîâåðêà ïîëó÷åííîãî ÷àñòíîãî ðåøåíèÿ:

−5(n+3)+7·5(n+1)−6·5n = −15n−15+35n+35−30n = 20,

è îáùåå ðåøåíèå an = β1 + β22
n + β3(−3)n − 5n.

3. Îïðåäåëèì ïî íà÷àëüíûì óñëîâèÿì ìíîæèòåëè β1, β2, β3:
β1 + β2 + β3 = a0 = 2,
β1 + 2β2 − 3β3 − 5 = a1 = −6,
β1 + 4β2 + 9β3 − 10 = a2 = 3,

Âû÷èòàåì èç 2-ãî óðàâíåíèÿ 1-å: β2 − 4β3 = −3, ò.å.
β2 = 4β3 − 3, ÷òî âëå÷¼ò{

β1 + 8β3 − 6− 3β3 = −1,
β1 + 16β3 − 12 + 9β3 = 17

⇒
{
β1 + 5β3 = 5,
β1 + 25β3 = 25

Âû÷èòàÿ èç 2-ãî óðàâíåíèÿ 1-å: 20β3 = 20 ⇒ β3 = 1 è β1 = 0.

Îòâåò: an = 2n + (−3)n − 5n.
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Çàäà÷è ñ ðåøåíèÿìè

Ðàçäåëû

Îñíîâíûå ïîíÿòèÿ è îïðåäåëåíèÿ

Ðåøåíèå ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé

Ëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Íåëèíåéíûå ðåêóððåíòíûõ ñîîòíîøåíèÿ

Çàäà÷è ñ ðåøåíèÿìè
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÐÏ-1

Íàéòè ðåøåíèå î.ë.ð.ñ. an+2 + 3an = 0, a0 = 1, a1 = 2
√
3.

Ðåøåíèå Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

x2 + 3 = 0

èìååò êîìïëåêñíî ñîïðÿæ¼ííûå êîðíè λ1 = −i
√
3, λ1 = i

√
3.

Èì ñîîòâåòñòâóåò îáùåå ðåøåíèå

an = β13
n
2 cos

πn

2
+β23

n
2 sin

πn

2
= 3

n
2

(
β1 cos

πn

2
+ β2 sin

πn

2

)
.

Íàéä¼ì β1, β2: {
β1 = 1,√
3β2 = 2

√
3
⇒ β2 = 2.

Îòâåò: an = 3
n
2

(
cos πn2 + 2 sin πn

2

)
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÐÏ-2

Íàéòè îáùåå ðåøåíèå î.ë.ð.ñ. an+2 + 3an+1 + an = 0.

Ðåøåíèå Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

x2 + 2x+ 1 = 0

îäèí âåùåñòâåííûé êîðåíü λ = −1 êðàòíîñòè 2.

Ò.î. ðåøåíèå åñòü

an = (−1)n (β1 + β2n)
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÐÏ-3

Íàéòè îáùåå ðåøåíèå î.ë.ð.ñ.

an+3 + 10an+2 + 32an+1 + 32an = 0.

Ðåøåíèå Õàðàêòåðèñòè÷åñêîå óðàâíåíèå åñòü

P (x) = x3 + 10x2 + 32x+ 32 = 0.

Ïðîáóåì ïîäîáðàòü êîðåíü èç äåëèòåëåé

32 : ±1, ±2, ±4, . . . , ±32.
Èìååì P (±1) = ±1 + 10± 32 + 32 6= 0,
P (±2) = ±8 + 40 +±64 + 32 è P (−2) = 0.
Äàëåå �

x3 +10x2 +32x+32 = (x+2)(x2 +8x+16) = (x+2)(x+4)2,

ò.å. P (x) èìååò êîðåíü −2 êðàòíîñòè 1 è −4 êðàòíîñòè 2.

Ïîýòîìó ðåøåíèå åñòü

an = β1(−2)n + (β2 + β3n)(−4)n = (−2)n (β1 + (β2 + β3n)2
n).



ÌÅÒÎÄÛ ÀÍÀËÈÇÀ ÄÀÍÍÛÕ. ×àñòü V: Ëèíåéíûå ðåêóððåíòíûå ïîñëåäîâàòåëüíîñòè 35 / 45

Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÐÏ-4

Íàéòè îáùèé ÷ëåí ðåêóððåíòíîé ïîñëåäîâàòåëüíîñòè,

óäîâëåòâîðÿþùåé ñîîòíîøåíèþ

an+2 = 6an+2 − 8an + 6n+ 1, a0 = 4, a1 = 5.

Ðåøåíèå Ïðåäñòàâèì ñîîòíîøåíèå â âèäå

an+2 − 6an+2 + 8an = 6n+ 1.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå åñòü

P (x) = x2 − 6x+ 8 = 0,

åãî êîðíè ñóòü λ1 = 2, λ2 = 4 è îáùåå ðåøåíèå

ñîîòâåòñòâóþùåãî î.ë.ð.ñ. åñòü

a0n = β12
n + β24

n
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÐÏ-4...

Ïîñêîëüêó õàðàêòåðèñòè÷åñêèé ïîëèíîì � 2-ãî ïîðÿäêà,

ñïðàâà � ïîëèíîì 1-é ñòåïåíè, ÷àñòíîå ðåøåíèå áóäåì èñêàòü â

âèäå a′n = α1n+ α0.

Ïîäñòàâëÿÿ a′n â èñõîäíîå ñîîòíîøåíèå, ïîëó÷èì

(α1(n+ 2) + α0)− 6 (α1(n+ 1) + α0) + 8 (α1n+ α0) =

= α1n+ 2α1 + α0 − 6α1n− 6α1 − 6α0 + 8α1n+ 8α0 =

= 3α1n+ (2α1 + α0 − α1 − 6α0 + 8α0) = 6n+ 1,

Îòêóäà α1 = 2, −4α1 + 3α0 = −8 + 3α0 = 1 ⇒ α0 = 3
è a′n = 2n+ 3.

Ïîëó÷åíî îáùåå ðåøåíèå an = β12
n + β24

n + 2n+ 3.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÐÏ-4...

an+2 = 6an+2 − 8an + 6n+ 1, a0 = 4, a1 = 5

an = β12
n + β24

n + 2n+ 3

Íàéä¼ì êîýôôèöèåíòû β1, β2:{
β1 +β2 +3 = 4
2β1 +4β2 +5 = 5

⇒
{
β1 +β2 = 1
2β1 +4β2 = 0

⇒
{
β1 = 2
β2 = −1

Îòâåò: an = 2n+1 − 4n + 2n+ 3.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÐÏ-5

Ðåøèòü ðåêóððåíòíîå ñîîòíîøåíèå

an+3 − 6an+2 + 11an+1 − 6an = 4n, a0 = 1, a1 = 3, a2 = 4.

Ðåøåíèå Õàðàêòåðèñòè÷åñêîå óðàâíåíèå åñòü

P (x) = x3 − 6x2 + 11x− 6 = 0.

Ïðîáóåì ïîäîáðàòü êîðåíü èç äåëèòåëåé 6 : ±1, ±2, ±3, ±6.
Íàõîäèì, ÷òî x1 = 1 � êîðåíü,

P (x) = (x− 1)(x2 − 5x+ 6)

è x2 = 2, òàêæå êîðíè x3 = 3 õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ.

Ò.î. îáùåå ðåøåíèå îäíîðîäíîãî ñîîòíîøåíèÿ åñòü

a0n = β1 + β22
n + β33

n.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÐÏ-5...

×àñòíîå ðåøåíèå èùåì â âèäå a′n = n(α1n+ α2).

Ïîäñòàâëÿÿ åãî â èñõîäíîå ñîîòíîøåíèå

α1(n+ 3)2 + α2(n+ 3)− 6
[
α1(n+ 2)2 + α2(n+ 2)

]
+

+ 11
[
α1(n+ 1)2 + α2(n+ 1)

]
− 6[α1n

2 + α2n] = 4n

Ïðèðàâíèâàåì êîýôôèöèåíòû ïåðåä ñòåïåíÿìè n:

n2 : α1(1− 6 + 11− 6) = 0;

n1 : 6α1 + α2 − 24α1 − 6α2 + 22α1 + 11α2 − 6α2 = 4α1 = 4n,

îòêóäà α1 = 1;

1 : 9α1 + 3α2 − 24α1 − 12α2 + 11α1 + 11α2 = −4α1 + 2α2,

îòêóäà α2 = 2.

Ò.å. a′n = n2 + 2n.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÐÏ-5...

Îïðåäåëÿåì òåïåðü êîíñòàíòû β1 è β2 èñõîäÿ èç Í.Ó:
β1 + β2 + β3 + 0 = 1,
β1 + 2β2 + 3β3 + 3 = 3,
β1 + 4β2 + 9β3 + 8 = 4,

⇒


β1 = 1,
β2 = 1,
β3 = −1.

Îêîí÷àòåëüíî èìååì an = 1 + 2n − 3n + n(n+ 2).
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÐÏ-6

Ðåøèòü ðåêóððåíòíîå ñîîòíîøåíèå

an+1 − an = n, a1 = 1.

Ðåøåíèå Ëåãêî âèäåòü, ÷òî a0 = 1.
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ äàííîãî ñîîòíîøåíèÿ åñòü

x− 1 = 0 è îíî èìååò êîðåíü x = 1, îòêóäà îáùåå ðåøåíèå
îäíîðîäíîãî ñîîòíîøåíèÿ åñòü a0n = β.

×àñòíîå ðåøåíèå èùåì â âèäå a′n = n(α1n+ α2).
Ïîäñòàâëÿÿ åãî â èñõîäíîå ñîîòíîøåíèå, èìååì

α1(n+ 1)2 + α2(n+ 1)− α1n
2 − α2n = n,

îòêóäà α1 = 1/2 è α1 = −1/2, ò.å. a′n = (n2 − n)/2 è

an = β + (n2 − n)/2.
Èç íà÷àëüíûõ óñëîâèé: a0 = β = 1 è îêîí÷àòåëüíî �

an = 1 + C2
n.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÐÏ-7

Ðåøèòü ðåêóððåíòíîå ñîîòíîøåíèå

an+2 + 2an+1 − 8an = 27 · 5n, a1 = −9, a2 = 45.

Ðåøåíèå Îïðåäåëÿåì, ÷òî a2 + 2a1 − 8a0 = 27 ⇒ a0 = 0.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ äàííîãî ñîîòíîøåíèÿ åñòü

x2 + 2x− 8 = 0 è îíî èìååò êîðíè x1 = −4 è x2 = 2, îòêóäà
îáùåå ðåøåíèå îäíîðîäíîãî ñîîòíîøåíèÿ åñòü

a0n = β1(−4)n + β2 · 2n.
×àñòíîå ðåøåíèå èùåì â âèäå a′n = α · 5n.
Ïîäñòàâëÿÿ åãî â èñõîäíîå ñîîòíîøåíèå, èìååì

α · 25 · 5n + 2α · 5 · 5n − 8 · 5n = 27 · 5n,
îòêóäà α(35− 8) = 27 è α = 1, ò.å.
an = β1(−4)n + β2 · 2n + 5n.
Èç íà÷àëüíûõ óñëîâèé íàõîäèì, ÷òî β1 = 2, β2 = −3 è

îêîí÷àòåëüíî � an = 2 · (−4)n − 3 · 2n + 5n.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÐÏ-8

Ðåøèòü ñèñòåìó ëèíåéíûõ ðåêóððåíòíûõ ñîîòíîøåíèé
an+1 = −bn + n,
bn+1 = an + 2bn + 1,

a0 = 1, b0 = −2.

Ðåøåíèå Ñðàçó íàõîäèì, ÷òî b1 = −2.
Äàëåå, âûðàæàÿ èç âòîðîãî óðàâíåíèÿ bn+2 = an+1 + 2bn+1 + 1
è ïîäñòàâëÿÿ òóäà an+1 = −bn + n, ïîëó÷àåì ë.ð.ñ.

îòíîñèòåëüíî bn:

bn+2 − 2bn+1 + bn = n+ 1.

Åãî õàðàêòåðèñòè÷åñêîå óðàâíåíèå x2 − 2x+ 1 = 0 èìååò

êîðåíü x = 1 êðàòíîñòè 2, ïîýòîìó îáùåå ðåøåíèå
ñîîòíîøåíèÿ åñòü b0n = β1 + β2n, à ÷àñòíîå ìîæíî èñêàòü â
âèäå b′n = n2(α1n+ α2) = α1n

3 + α2n
2.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÐÏ-8...

Ïîäñòàâëÿÿ âûðàæåíèå äëÿ bn â èñõîäíîå ñîîòíîøåíèå,

íàõîäèì α1 = 1/6, α2 = 0, è ò.î. bn = β1 + β2 + n2/6.

Èñïîëüçóÿ Í.Ó. íà bn, ïîëó÷èì β1 = −2, β2 = −1/6.

Èòîãî ðåøåíèå �

bn = −2− n

6
+
n3

6
,

an = 2 +
7(n− 1)

6
− (n− 6)3

6
= 1 +

2

3
n+

1

2
n2 − 1

6
n3.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÐÏ-9

Äàíî u0 = 0, u1 = 1, uk+2 − uk+1 − 2uk + 4 = 0.
Íàéòè ÿâíîå âûðàæåíèå äëÿ uk.

Ðåøåíèå. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå: x2 − x− 2 = 0
λ1 = 2, λ2 = −1 ⇒ u0n = β1 · 2n + β2 · (−1)n.
Èùåì ÷àñòíîå ðåøåíèå u′n = a = const �
a = 3a− 4 ⇒ a = 2 ⇒ u′n = 2

un = β1 · 2n + β2 · (−1)n + 2{
u0 = β1 + β2 + 2 = 0
u1 = 2β1 − β2 + 2 = 1

⇒
{
β1 + β2 = −2
2β1 − β2 = −1

3β1 = −3 ⇒ β1 = −1 ⇒ β2 = −1.
Ðåøåíèå: un = −2n − (−1)n + 2
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