Teopus craTHCTUIECKOTO 00yYIeHUs

H. K. 2Kusoroscknii
nikita.zhivotovskiy@phystech.edu

11 mapra 2014 r.

Marepuaj HaXOAUTCA B CTaJAUKM Pa3pabOTKH, MOXKET COHEepP:KaTb OIIMOKM M HETOYHOCTH. ABTOD

Oyzer Omaromapen 3a JOOble 3aMEYAHNS U IPEIJIOKEHNUsI, HAIPABJIEHHBIE TI0 YKA3AHHOMY aJIPecy

1 BBepeHue

Henp gamHOro Kypca JIEKIUH 3aKI09aeTcsd B JOCTYITHOM H3JIOXKEHUU OCHOBHBIX Pe-
3yJBTATOB TEOPUU CTATUCTUIECKOTO oOyuenns (Statistical learning theory — 'SLT’). Cu-
CTEMATUYECKOE UCCIeOBAHIE TEOPETUIECKUX OCHOB BOIIPOCOB MAIITMHHOTO 00y YeHUs TIPHU-
BeJIO K CO3JAHMI0 TEOPUN CTATHCTHYECKOTO OOyYeHWsS M HAadaI0ch OKOJI0 30 JeT Ha3a[
pabor Banauka n YepBonenkuca. OJHAM U3 OCHOBHBIX TPENMYIIECTB PA3PA0OTAHHON MU
TeopuH OBLIa HE3aBUCHMOCTH OCHOBHBIX PE3YIBTATOB OT TOTO, IO KAKOMY 3aKOHY paciipe-
JlesleHbl JaHHble. TakuM 00pa3zoM, ObLT OCYIIEeCTBIEH Tepexo OT IMOIX0a, OPUEHTUPO-
BAHHOI'O HA MO/JIe/]Ib JAHHBIX ( CTATHCTHYECKHUH MOAXOJ ), K MOAXO/LY, 3aKII0YAIONEMYCs B
aHaJIM3€e B IEPBYIO 0Yepeb METOJI0B 00y4YeHust. BTOPbIM BayKHBIM IMATOM OBLIO TIOJIY YeHHE
HEOOXOIMMBIX U JOCTATOYHBIX YCJOBUHU I/ pAaBHOMEDPHOH MO KJIACCY THIIOTE3 CXOIUMOCTH
JaCTOT K BepodgTHOCTAM. Temeph mporecc o0ydeHHs MOYKHO KOHTPOJHPOBATH BHE 3aBU-
CUMOCTY OT paclpe/ieJIeHns TaHHBIX U JIaKe CJOKHOU TPOIeyPhl BHIOOPA aJrOPUTMa U3
cemeiircBa. OOITHOCTD 1TOIX0/14, KOHEYHO, NMe/1a OUeBUIHbIE HEIOCTATKNA, MHOTHE U3 KOTO-
pbIX ObLIM JUKBUANPOBAHBLI B IIOCIEJHEE JAecaTuaerne. Karaau3aTopoMm HCCJieII0BaHnii
OBLIN JIBA BEPOSTHOCTHBIX pasjiesia — TeOpus IMIUPUIECKUX TTPOIECCOB U HEPABEHCTBA
KOHIEHTpaIn Mepbl. [lepeiieM Temeps K MOCTAHOBKE 3a/TAYH.

§1.1 [locTtaHoBka 3aga4n

Haunewm ¢ Tak Ha3biBaeMoro obydenus ¢ yaureneM (supervised learning). Ipenmosio-
JKHM, 9TO CYIIECTBYET MHOXKeCTBO 00beKTOB X (00BEKThl MPUHATO OTOXKIECTBIATH C UX
PU3HAKOBBIMHU ONMUCAHUSIME) ¥ MHOXKeCTBO oTBeTOB ). [lociennee, HAIpUMED, B CJIydae
3a/1a4u KIacCu(UKAIMA HA JIBA KJIACCA MOYKET COCTOSATH BCErO U3 JIBYX JEMEHTOB (KJIac-
col 1 1 —1) i B caydae 3a7a9i Perpeccui COBIAATH CO MHOXKECTBOM JIeHCTBHTEIBHBIX
ances. Jlasee mpejmosaraeTcs, 9To HaM aaHa o6yuatousas Bbibopka u3z n map (X,Y) u3
X x ).

l'oBops HedopMaIbHO, 1eJIb CTATUCTHIECKOT'O O0YUEHHS 3aKII09aeTCsS B TOM UTOOBI
HA OCHOBAHHMH HMeloleiics oOydarorieil BHIOOPKH MOCTPOUTH HEKOTOPOE MPAaBHJIO, KOTO-
poe Obl CMOIJIO IIpejcKa3arThb OTBET Y Ha OCHOBaHWHM HOBOTO 0ObekTa X. Tem He MmeHee



KaKOe-TO TIPE/IMTOJIOKEeHNe O TPUPOJe JAHHBIX JOJZKHO CYIIECTBOBAThL. B 1aHHON Teopun
cyuTaercd, 4ro Ha X X ) CyIIecTByeT HEeKOTOpas HEeU3BeCTHAs BeposaTHOCTHas Mepa P.
I Bee maper (X,Y') u3 obywaroreii BHIOOPKH TOJYUYeHBl HE3ABHCHMO COTJIACHO 3TOH Me-
pe (BepOATHOCTHOMY DACIIpe/IeJIeHII0). BTopoe npeanoiokKeHne 3aKII09aeTcs B TOM, 4TO
mobast HoBas mapa (X,Y') mosyvaercs coriacHO TOMY K€ CAMOMY PACHPEIeJCHHUIO.

[Ipeanonokum, 94T0 HA OCHOBAHWH OOydYarolnieil BHIGOPKH HAM YAAJI0Ch MOCTPOUTH
dyHKINIO f : X — Y. Bamernm, 9T0 HAIUYNE B3AaUMOCBS3H MeK 1y X u Y KaK-TO Xapak-
TepU3yerTcs caMoil BepoaTHOCTHON Mepoit P. [l Toro 4Todbl AeaaTh Kakue-To peJicKa3a-
HUsI JIOTUYHO TTPEIN0JIOXKUTh, YTO P He gBisercs npousseaenueM mep mo X u Y, TO ecTh
00BeKTHl U, HAIPUMED, WX KJIACCHI BOBCE He HE3aBHUCMBIE CJyUaiiHble BeTUIuHBbI. OTHO-
BPEMEHHO CJIUIITKOM CUJIbHOE MPE/ITOIOKeHHe 3aKJII09aeTCs U B CYIIEeCTBOBAHUU CTPOTOM
dyuknuonaabuoit 3aBucumoctu mexkay X u Y. [losromy P rakosa, uro npesmmosaraercs
CYTIeCTBOBAHNE JOCTATOTHO XOPOITIeil (B HEKOTOPOM CMBIC/Ie) CBSI3H MEK/Yy 00bheKTaMu 1
orBeramu. It TOro 9To0bl (hOPMATH30BATE ITY WAL HYKHO BBECTH (PYHKUUN 0UWUOKU.
910 HekoTopas dyukiud £ : Y x ) — R, Koropas XapaKTepHu3yeT IIOTePH IPU OTHOCEHUH
obbekTa X K OTBETY f B CPaBHEHHH C €I'0 peaJbHBIM OTBETOM Y. YI00HO OIpeeuTh
dbyukmnumio ¢ ma napax (X,Y) caenyromuM obpaszoM:

(. XY) = Uf(X),Y)
Tunuunble npuMepb:
e B cayuae 3anaun knaccndukamun cunapusie norepu ((f, X,Y) = I{f(X) £ Y}.
e B 3agauax perpecun ((f, X,Y) = (f(X) = Y)2.
o wm /(f,X,Y)=|f(X) =Y.

Pazymuoit xapakTepHCTHKOM pelaioniero mpaBuia ObLIa Obl ero oxKuaeMast OIIuOKa
10 OTHOIIEHUIO K 00ydalomieil BLIOOpKe, Ha OCHOBAHUU KOTOPOT'O OHO IOCTPOEHO

E [((f,X,Y)]| (X", V")

Baxxk#o moHHMAaTh, YTO MaTEeMaTHIECKOE OXKHIAHHE OepeTcs M0 HOBOMY OOBEKTY
(X,Y), B TO BpeMs KaK Camo DeIaoliee mpaBIo f CaMO CTPOUTCS MO CAydYailHOW BhI-
Gopke (X", Y™). Ins Toro 9roObl n30aBUTHCS OT 3aBUCHMOCTH OT CJIy9aiHOM peann3anuu
OIIpEIe/INM YK€ HeCIydaiiHyI0 BeJIMIHHY, HA3BIBAEMYIO CPEIHAM PUCKOM:

E [ﬁ(ﬁ X, Y)] —E [E [z(f, X,Y) | (X",Y”)H

CpeHnit PUCK 3aBUCUT TENEPh TOJBKO OT Mephl P 1 cocoba BeibOpa f . Cpen Bcex
PEIIaoNuX MPABUI HIMETCS TO, KOTOPOe TOCTaBJIsdeT MUHUMAJBHBIN CPETHUA PHCK. DTO
COOTBETCTBYET Tak Ha3BbiBaeMOMy Probably approximately correct learning [17], 3akito-
JaIoIEeMyCsa B BBIOOKE PEIAOIIero MpaBuiIa, KOTOpasi XOPOIIo NpubInKaeT HeHabJIro1a-
emble nanabie. OmaTh YKe HAMOMHUM, 9TO B O0IIEM CJIyvae f —3TO caydaiinas QyHKIu,
KOTOpas CTPOUTCH HA OCHOBAHHH O0YUaloieil BHIOOPKHU.

Ecnu 6b1 P ObL1a M3BecTHa, TO 3aJlada MOUCKA ONTHMAJILHOIO f OblL1a OBl JIMIIb
3a1a4eill ONTUMI3AIINH.



ITpumep 1.1. Ilycts Mbl mMeem gesto ¢ 3amadeil knaccudbukanun ) = {1, —1} ¢ Gunap-
HOI yHKIHeH norepb. B arom ciydae oxujgaemblii PUCK paBeH P(f(X) # Y). Cpeau
BCEBO3MOZKHBIX BBIOODOB [ €r0 MHHHMI3HPYET TaK HA3bIBAEMOE 0ACCOBCKOE PEIIAONIee
npasuiao g(z) = sgn(E (Y|X = x)). OrmernM, aTo 6aecOBCKOE PEIIaoliee IPABIIO 3aBU-
CUT He oT obydJaronieil BLIOOPKH, & OT HEU3BECTHOM Mepbl P, MO9TOMY OJIHEM H3 CIIOCOOOB
NPUOJIMKEHHOTO MOCTPOEHUsT DAECOBCKOTO PEITAONIEro MPABU SABJISIOTCS TaK HA3bIBae-
Mmbie plug-in rules, ocHoBaHHbIE HA TOCTPOEHUU 110 HADJII01AEMOTT BBIDOPKE SMIIMPUYECKOTO

anasora g(z).
Yup. 1.1. g caydasa kimaccudUKAIANA JOKAYKUATE ONTUMATLHOCTH DAECOBCKOI0 PEIIAONIero IpaBuia.

OjiHO# M3 caMbIX TOJPOOHO M3YUEHHBIX MOJIE/Iell B CTATUCTUIECKOI TeOpUM SIBJIACT-
ca quneitnasg. [lonpodyeM KpaTko MpoaeMOHCTPHPOBATH PA3HUILY MEXKIY ITOCTAHOBKAMHE
3324 CTATUCTHIECKON TEOPUU U TEOPHUHU CTATUCTUIECKOTO 00y UeHUS.

IIpumep 1.2 (JIunueiinas perpeccusi (MaTreMaTndeckas CTATHCTHKA)). B KadecTse
byHKIMU HOoTeph NPUHATO CYUTATh KBajparnunoe orkjaonenue ((f, x,y) = ||f(z) — y|[.
Cumrasg x — d MepHBIM BeKTOpOM (n X d MaTpuIeii), a y 9ucaom (n BEKOTOPOM), B CJIy-
qae JIMHEeHOi Mogesn f(x) MOXKHO PacCMATPUBATH KAK 3HAUEHUE MATPHUIHOIO YMHOKEHHUST
HEKOTOPOIo BeKTopa f Ha BEKTOP (MATpUILY) .

ITycTh MBI TPOHABTIONATM BEKTOPHI Z1, . . . , T, (KOTOPBIE, B IIPOCTOH CTATHCTHYECKOI
MOCTAHOBKE CUNTAIOTCS Hecaydaiinbivm). Habmogennio x; coorBeryer oTBeT Y;, mpuueMm
JUIST HEKOTOPOI (DYHKIMHE ¢* MMeeT MeCTO PaBeHCTBO

Y, =g"v + <4,

rJle €; HE3aBUCUMBIE B COBOKYITHOCTH CJIYYaiiHble BEJMYIUHBI C HYJEBBIM CPEJIHUM W JIAC-
nepcueii 0. CTangapTHoe MATPUYHOE IPEICTABICHNE 3AIICHIBACTCSI

Y =Xg"+¢,

~ n
rae crpokn marpunpt X SBISIOTCH BekTopamu . Oupegesmum ¥ = 13z, Bajaua
t=1

YMEHBIIIEHUsI CPEJIHEI'0 PUCKA CBOJUTCS Telephb K MOUCKY §, MUHUMHU3UPYIOIIEMY

L=B (230w~ o)

t=1

Ellg—g

Cuurasi, uro d < n u Marpuipl Y 00pPATUMAa, TOCTPOUM 10 HAOJIIOACHUSM OIEHKY Hau-

MEHbIIUX KBaJApPaTOB
n

1
g =arg min — Z (Y, — ga,)°

RI N
9€ =1

XOpO]HO n3BECTHaA ABHAA ®0pMyﬂa JJId OIEHKHN HaUMEHBbIINX KBaJApaTOB BbLITVIAAWUT

. 1 n 1.
g=3"1 - > Vi, | = EE*1XTY.
t=1

N3 Y, = g*xy + €4 JIeTKO MOJyYUTD, YTO

n

Z (Y% - 5t> T

t=1

g* _ ifl

SRS



[MoxcraBnss moaydennsie Boipaxenus B E||g — g* ; MoJydaeM ¢ yI€TOM TOro, 9TO MaT-

puIa %Xf]_lXT sIBJIsieTCst TpoeKTopoM Ha Im(X)

1 1 2 1. 24
Ellg—g'll} = -E (eT <—X&‘1XT) 5) =T ( XZ‘lXT) <2°
n n

n n n
TaKon 7K€ CKOPOCTb CXOAHUMOCTH MO2KHO IIOJIYIUTDb M B CJy4dae€, €CJId MaTpHIla X

caydaitna (random design), HO TP HEKOTOPHIX OPAHMYEHUSAX HA PACIPEICICHHE e JJie-
MeHTOB [8].

B Teopun crartucruteckoro odydeHus He TPUHATO 33aBATh MOJE]b JAHHBIX B sB-
HOM BHJIe WJIM IIpeJIoJjararh 3aBucuMoctb Mexkay X u Y. Hamre anpuophHoe 3Hanume o
3aJ1a4e JI0JI’KHO OBITH TPeICTABIEHO He OTPAHWYeHneM Ha Mepy P, a anpuopHo 3a1aHHBIM
ceMeiicTBOM oToOpazkeHuit JF, KaxKjoe U3 KOTOpuIX oToOpaxkaer X B Y. B jmreparype,
OJIHAKO, YaCTO H CeMEHCTBO PElIalouX MPaBHI J Ha3bIBaETCS MOJIEJBIO, a BHIOOD OITH-
MaJIbHOTO I 33J1a9u J — Ha3bIBaeTCs 3aJadeil BbIOopa Momenn. B KadecTBe cemeiicTBa
PEITaonuX MPABUI MOTYT BBICTYHATh, HAIIPUMEDP, TUHEPILJIOCKOCTH B CIy9ae JIMHEHHBIX
KJ1ACCH(PUKATOPOB.

Tenepb 711 HEKOTOPOTO MOCTPOEHHOT'O PEMIAIONIErO IIPABHUIA f pa3yMHO# Mepoit
KavyecTBa Oy/eT TaK Ha3bIBAeMBIH OKuJaeMblil W36BITOUHBIH pucK (expected excess risk)

[12]
E((f, X,Y) - inf E((f, X,Y)

OH moKa3kIBAET HACKOJIBKO TOCTPOEHHOE MPABUIO XYKe YeM JIydiiee B CpeJHeM MPaBU-
JIo B ceMeiicTBe F. 3aMeTHM BaKHYIO0 0COOEHHOCTDL: B HallleM OIPE/IC/ICHHH yCpe HeHue
bepeTcs Tak:Ke W 1O oOydalomieil BRIOOPKe, TO eCTh, MBI paboTaeM ¢ JeTepMUHUPOBAH-
HOW BEJIMYUHOM U MOXKEM JlaBaTh BepxHue onenku. Hekoropere aBropst |9] mpenoanraior
paborarh ¢ Gostee 0b1eit BemanHOI M30BITOYHOTO prcka (excess risk), B KOTOpO#t ycpes-
HEHUE B Eﬁ(f, X,Y) 6epercst Tosibko 10 mape X, Y u, Takum 06pa3om, W30 TOUHbIH PHCK
ABJAETCA CJIYYalHON BEJIYMHON U BCe YTBEP2K/IEHUA PO HEro HOCAT BEPOATHOCTHBIA Xa-
paxTep.

IIpumep 1.3 (JIuneiinaa perpeccus(crarucruyeckoe obyuenne)). Ilycrs F mnpes-
CTaBjIsIeT COOON BEKTOPHI d-MEPHOTO Iapa eIuHIIHOTO paanyca. OyHKINI MOTeph TaKzKe
ocraércs KBaapaTudaHoii. Termepb mapel 13 o0yuatoniei BHIOOpKH (x4, Y;) TOMydeHbl He3a-
BHCHMO COLJIACHO HeM3BeCcTHOI Mepe P. B orimyme or crarucTudeckoil moCcTaHOBKH MBI HE
npeJogaraeM HUKAKUX COOTHOIMeHWi Mexkay X m Y. bojlee Toro Ham He HYXKHO JazKe
aro0bl GaecoBckoe pertaoriee npasuio (f(x) = E(Y|X = x)) npunaaiexano ceMeiicTBy

F.

~ n

. 2
MbI cMOXKeM TOKa3aThb, 9TO B ciydae, ecIn f = arg 1;%1]1__1 %Z (Y — fxy)", 1o mns
t=1

HEKOTOPOi abcooTHOi KoHCTaHTHI C'

) d
_j < hnd
E((f, X,)Y) }ggEf(f,X,Y) =C{-

Takum obpazom, 06e3 orpaHudeHuil Ha paclpeeHne, MOJIb3YsICh JUIb CTPYKTYpoit F,
MO2KHO ITOJIYIHUTDH HpI/I6.HI/I)KeHI/Ie OIIECHKHU HAMMEHBIITNX KBaJAPpaTOB K JIydIIeMYy JIHHeﬁHOMy
IPUOJIE’KEHTIO € HOPAIKOM O(%).



2 OueHkun obobOLwatowen cnocobHocTn

§2.1 MuHnMuM3aumna 3MNUPUYECKOro pucka

JIJ1st TOro 94To0BI MOJYUUTH XOTA OBl OJUH COAEP:KATENbHBIR PE3yIbTAT HAM HYZKHO
IOJIyYUTh IPOCTOE HEPABEHCTBO KOHIEHTPAIMU MephI |].

JIemma 2.1 (nemma Xeddaunra). I[lycrs X — caydaiiHast BeTHIHHA, TAKAs 9TO MO-
grn Hapepaoe X € [a,b] w EX = 0. Torga mist Bcex A > 0

Bexp(ix) < oxp 20

8
loka3zaTeabCcTBO.
Ha nexmnun. ]
Teopema 2.2 (mepaBencrBo Xeddauura). Ilycrs Z,...,7Z, - He3aBHCHMBIE CJIy-
n
qaifiHple BeJMYHHBI, TaKHe 9TO MO4YTH HaBepHoe Z; € |a;,b;|. Obozuaunm S, = Y Z;,
i=1

rorja Ajst jgoboro t > 0 uMeroT MecTO HePaBEHCTBA

—2t?
P{S,—ES, >t} <exp

n

> (bi — a;)?

i=1

—2t2
P{S, —ES, < —t} <exp

n

> (bi — a;)?

i=1
loka3zaTeabCcTBO.

dABagerca ciaepcTBreM TpUMEHEHUS JeMMBI 2.1 K cydaiiHoit Beaudaune S, a 3aTeM
ncnosb3oBanns Bapuanta Hepasencrsa Mapkosa (Meroma Heprosa):

. (Eexp(A(S, — ES,))
— > < .
P{% —ES, 2t} < inf < oxp(M)

]

B nammom pasmene s yaobersa obosmaunm L(f) = EO(f, X,Y). dna knaccu-

dbukaropa f BBeJeM HOHATHE IMIUPUIECKOrO pucka L,(f) = %Zé(f, X;,Y;). Pazymno
i=1

BBIOMPATH TAKOH Kjaccu(puKaTop, KOTOPHI MUHIMU3UPYET SMIUPUIECKHIT PUCK, TO €CTh
f = argmingser L, (f). Metosr obyuenus, ocHOBaHHbBIe Ha 9TOil nuee OymeM Ha3bIBATDH
METOTAMU MUHUMUSAUUL IMNUPULECKO20 PUCKA.

OrmeruM, uto L(f) — L,(f) aBiagercsa caydaiinoii BequdHO# naxke ecan [ He 3a-
BHCHT 0T 00y4Jatoieil Bbioopku. Ouenkoit 0000mamIeil crocoOHOCTH Ha3bIBAETCS BCAKAST
BEDPXHAS OIEHKA HA BEPOSITHOCTH YKJIOHEHUI CPEIHEr0 PUCKA OT AMIMPHIECKOTO, TO €CTh
st t > 0 onenka na P{L(f) — L,(f) > t}. Hanee Oyaem aast OpOCTOTHI CYATATH, ITO
dyuKIMS 0omubOK £ paBHOMEPHO orpanudena eaunuiieit. OTcioga MOZKHO BBIBECTH IPOCTOE
COOTHOIIIEHUE



Teopema 2.3. Ilycts F = {f}, 10 ecThb f = f. Torma ars .mo60ro § > 0 ¢ BEPOITHOCTBIO
He Menbmieii 1 — ) BBIITOJIHEHO

SO

. . 1
GESATERTES

Yup. 2.1. Jloka3zarb Teopemy.

Xorenoch ObI 000OIIUTH TPUBEIEHHBIN pe3yabTaT Ha Caydail, Koraa J comaepKuT 00-
Jiee OJTHOTO PEIIaoIero npasmia. [Ipobaema 3ak/I09aeTcss B TOM, 9TO B OIEHKAX CJIOZKHO
Y4IeCTh CHEeIU@UKY, CBA3aHHYIO C TeM, YTO Mbl BHIOMpPAeM HMEHHO JIydiiee Ha 0Oydalio-
et BEIOOPKe pemrarornee mpaBuio. 11o3ToMy HadHEM € KJIACCHIECKOTO IOIX0/1a, KOTOPBIi
3aKJIIOYAETCSA B MOJIYYEHHH PABHOMEPHBIX OIEHOK, TO €CTh HCCJIeI0BAHUT

sup |L(f) — Ln(f)],
fer

nJjin

sup(L(f) = Ln(f))-

fer

Teopema 2.4 (Koneunsiii kiaacc dyukumit). Ilycrs F = {fi,..., fn}. Toraa pis
1106010 O > 0 OIHOBPEMEHHO ¢ BEPOSTHOCTHIO He MEHbBIIE 1 — 0 BBIITOJIHEHO

log(N) + log
2n '

VfEfiL(f)SLn(f)+\/

lokazaTeabcTBO.
C momorpio HepaBercTB Xeddauara u Bysrs nmeem

P{3fe F:L(f)— L.(f) >e} < Z P{L(f) — Lo(f) > e} < N exp(—2né?).

Otcrona
P{Vf € F:L(f)— L.(f) < e} >1— Nexp(—2ne?).

Obparnasi OreHKy(4T0 U HYKHO OBLIO HAYYHTHCS JeJaTh B YIPaKHEHWH), MOJYYaeM
YTBEPIKJEHUE TEOPEMBI. |

§2.2 Teopusa BanHnka-YHepBoHeHkunca

B nammom pazzgene OyaeM CYUTATDH, YTO UMEEM JeJI0 ¢ Teopueil KIacCuPUKAIUM:
Y = {1,0}. B arom cayuae ((f, X,Y) = I{ f(X) # Y}. laa dbukcupoBanuoit 06yqaromnieit
BeIGOpKH (X, Vi) | MOKHO ONpEeJEINTh MPOEKINI0 F Ha 3Ty BBIOODKY, KAK MHOMKECTBO
PA3JUYHBIX OYJIEBBIX BEKTOPOB:

Dynryuel pocma HA30BEM BEPXHIOI I'PDaHb 110 BCEBO3MOZKHBIM BbIOOPKAM MOIIHOCTH 110-
CTPOCHHOHN NPOEKIUN:

S]:(Tl) = sup |f(X7:,Yi)?:1|'
(X3, Y

OueBnano, uro eciu | F| = N, 1o Sx(n) < N. Hexkoropsie coiicTBa GhyHKITHH pocTa:



o Sr(n) <2m
e Sr(n+m) < Sr(n)Sr(m).
o ecin F = Fy UF,, 10 Sr(n) < Sx (n) + Sx,(n).

Pazmepnocrbio Bamnnuka-HepBonenkuca cemeiictBa J Ha30BeM HamOOJIbIlIee HATY-
pajibHOe Yuca0 V| Ipu KOTOpOM

Sx(V) =2".

B ciyuae, ecoim a1 JaHHOrO ceMeiicTBa KJIacCH(PUKATOPOB TAKOTO YHC/Ia HE CYIIECTBYET,
TO cuWTaeM, 4Tto V = oo.

ITpumep 2.1. OgHOMepHOE ceMeRCTBO MOPOTOBBIX PEIIAIONINX ITPABHII
F={folz) =Nz <0}:0€[0,1]}
nMeeT pa3MepHOCTh Bamaunka-depBoHeHKHCA, PABHYIO €JIHHUIIE.

ITpumep 2.2. CemeiicTBO KJIaccuhUKATOPOB, HPeICTaBIIAIONIee co00i ceMeiicTBO pa3/ie-
JHOSIIIMX d-MEPHBIX MMIEPILIOCKOCTEN nMmeeT pa3mepHocTh Bannuka—YepsBonenkuca, pas-
uHyto d + 1.

IMTpumep 2.3. CemeiicTBo KaaccupuKaToOpoB
{sgn(sin(tx)) : t € R}

UMeeT Pa3MepPHOCTb PABHYIO 00, JlazKe HECMOTPA Ha TO, 9TO TapaMeTPU3yeTCs JUTTb OTHUM
mapamMeTpoM.

CewmeiicTBo Ki1accuduKaTOpPOB, 0bJIaaIoNee KOHeYHOH éMKOCTbIO 00/1a/1aeT 3aMedaTe/Ib-
HBIM CBOUCTBOM:

JIlemma 2.5 (3aysp, Banuuk-YepBonenkuc). s . 1060ro ceMeiicTBa KIaccupuKa-
TOPOB ¢ pa3MepHOocThI0 Bamnnka—Yeponenkuca V. iz n > V:

Vv
Sr(n) <> Ci
i=0

dokazareabcTBO.

Badurcupyem HEKOTOPYIO BHIOOPKY (X;, Y;) |, HA KOTOPOIl JOCTUTALTCS CYyHPEMYM
B omnpejenenun pyHKIuA pocta. Ilycrs Fy = F(x;v;)r_, — COOTBETCBYIONIAsl MPOEKIIHsI.
Byaem roBoputb, 4T0 MHOXKECTBO OYJIE€BBIX BEKTOPOB JF; pa3zbusaem MHOKECTBO MHJIEKCOB
S ={s1,...,8m}, ecan orpannvenue F; Ha TH MHIECKCHl DEAJNU3YeT MOJTHbIH M -MepHBIIl
OyseB Ky0.

[IponymepyeM BeKTOpPBI B F. 3adUKCUPyeM MHOYKECTBO IEPBBIX KOMIIOHEHT 9THUX
BeKTOpoB. IlocsaemoBaTesbHO JJI KaxKIoi 1-4HON KOMIOHeHTHI 3aMeHHM 1 Ha 0 B TOM
caydae, eCJIM JaHHas HPOIEAypa He CO3JaCT HOBTOPHBIX BeKTOpPOB B Jy. C HysieBbIME
KOMIIOHEHTaMH He ClejaeM HUKaKuX m3MeHenwmii. [locse ocylmecTBIeHns BCeX BO3MOK-
HBIX TaKUX 3aMeH I TePBOTO CTOJIONA MOJIydIaeM HEKOTOPOe MHOYKECTBO BEKTOPOB Jji.



OHO coBIaJaeT MO MOITHOCTH CO MHOXKECTBOM Jy U 00/1a1aeT CIeAYIONINM 3aMevdaTe /b
HBIM CBOHCTBOM: KarKJ0€ MHOXKeCcTBO S, pa3dbuBaemoe Fi, pasdusaercs u JFy. 3arem 1o
AHAJOTHH JIJIT BTOPOro cTojbma crpouM m3 JF; MHOKecTBO JFo. M Tak manee mo Bcem
CTOJIOIAM /10 MHOXKECTBA J,.

MuozxkecTBO F,, IMEET TY K€ MOIIHOCTD, 9TO U J( 1 He pa3dUBaeT HU OJIHOI'O MHOKe-
CTBa MOITHOCTDHIO Gosbine deM V. Bosee toro, ecoiu b € F,,, To mas moboro b’ € {0, 1}"
takoro, uro b} < b; umeer mecro Briouenue b € F,. Takum obpazom, B F,, MOTYT ObITH
TOJIBKO BEKTOPbI, KOTOPHbIC COAepPzKaT HE 60ﬂee N eAUHUYIHBIX KOMIIOHEHT, TaK KaK MHa4e
F, pas3buio ObI HEKOTOPOE MHOXKECTBO, cocTosiee bosee dem u3 V' mHIAeKCcOB. Makcn-

MaJibHad MOHIHOCTH MHOXKECTBa 6yJI€BI)IX BEKTOPOB C HE oosee yuem V eJMHUIaM1 paBHa
|4

Z C;Ll, 9TO U AO0Ka3bIBa€T YTBEPZKJICHUE JIEMMDbI. |
i=0
C moMomipIo TeMMBI 3ayepa MOZKHO MOTYYATD BEPXHIOI MOJHHOMUATBHYIO BEDXHIOKO OIEH-
Ky Ha (PYHKIHIO POCTA:

Sr(n) < (n+1)"

Caemyromeil BaykKHOI uiaeeil siBjsgercsd TakK HasbiBaeMast cuMmmerpusanusa. O003HaUNM
(X[, Y/, nesapucumyto xormio Beibopru (X, Y;)" ;. CoorBercrByfomas BEIGOPKA Jaer
SMIUPHYECKHH PUCK, obo3Hadaembrii L (f).

Jemma 2.6. st e > 0, ne? > 2:

€
PaSUp(L(f) — La(f)) = 2 ¢ < 2P S sup(Li () = La(f) > 5
feFr feF
lokazaTeabCcTBO.
Jlokazana Ha JIEKIUH. [

HpI/IBe,ZLeHHaH JeMMa ITO3BOJIAdEeT pa6OTaTb JIUIITh C KOHEYHBbIMU BbI60pKaMI/I JJIA
aHaJIM3a PABHOMEPHON 10 KJIACCY KJIACCH(DUKATOPOB BEPOSTHOCTH OTKJIOHEHWUs CpeIHeit
OIIUOKHU OT SMIMPUIECKOMH.

Teopema 2.7 (Bannuka—YepBonenkuca). C BeposTHOCTbIO HE MeHbine 1 — §

F e F D) < Lu(f) 42 21og<sf<2ni>+log<§>.

3aMeTnM, 9TO KpOMe KOHCTAHT OIleHKa HUYeM He YCTYIaeT OlleHKe /It KOHEYHOTO Habopa
dyHKImII.



lokazaTeabCcTBO.
I/I,ZLGH 3aKJII09aeTCd B UCIIOJIb30BaHUU JIEMMBI O CUMMETPU3allul U IIEPEXO/JIe 3a CHeT
3TOrO K CYIIPEMyMy 10 KOHETHOMY YHUCJIY (DYHKITHIL:

P{wmuﬂ—Ldﬁnm}s

fer

g
2p {sup(L4(1) - L(1) 2 5} =
feF
2P sup (LL(f) = La(f) 2 = ¢ <
FEF (X Y1) (XL YD) (XD V) 2

25(2n) P{ (L1(f) = Lal(f) 2 5 } <
457 (2n) exp ( _th ) :

Tenepns B caydae KoHedHOM éMKocTH Banmamka—YepBoHeHKNCca, UCHOIb3Ysl, HAIPHU-
Mep, HepaseHncTBo Sx(n) < (n+1)Y, MoxKHO npu (bUKCEPOBAHHOM J TIOTYYHTH OTKJIOHCHHE

Vlog(n) )

CpPeJIHer0 PHUCKa OT 3MIupHyYeckoro nopsiaka O -

§2.3 PapgemaxepoBckasi CNI0XKHOCTb
2.3.1 Heobxoaumbie yTBEp>XXAeHUS

JlokaykeM OJIMH OY€HB TOJIE3HBINH Pe3y/bTaT: TaK Ha3biBaeMOe HepaBeHCTBO OT'DaHU-
JeHHbIX pasnocteit. [lycth dynknug g : X™ — R yI0BIETBOPSET YCAOBUIO 02PAHUYEHHBLE
pasHocmedt:

sup |g(w, ... xn) —glxy, ., 7w, )| <1 <0 <.

/
T1yeeyTn, T

JIemma 2.8 (nemma Xeddaunura). Ilycrs X — ciayydaiinas Beuanna, a Z— CJIyYaHbIi
BekTop, rakue 4ro nourn napepaoe E(X|Z) = 0 u gus HeKoTOpoii HEOTpHIIATEIHHO
¢yukImu h Tak>kKe MoYTH HaBEPHOE UMEET MECTO HEPABEHCTBO:

WMZ) <V <h(Z)+c

Torga st A > 0:

Elexp(A\V)|Z] < exp (%) .

doka3zaTeabcTBO.
IloBTOpPsIeT MOKA3aTEJHLCTBO JeMMBI 2. 1. ]
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Teopema 2.9. Ecam Zy,...,7Z, - HezaBHCHMBIC CJAVUaiiHbIe BEJIHIHHBI, & (DYHKIHSI ¢
obJiajiaeT CBOMCTBOM OIpAHHMYeHHBIX pa3Hoctel, Toraa jjsi t > 0:

2t?

P{g(ZhaZ’rl)_Eg(Zl)7Zn)2t}§exp n
> ¢
=1

2t2

n
2.c
i=1

P{Eg(Z1,...,Z,) — g(Z1,..., Zy) >t} <exp

JlokazaTeabCTBO.
Bresiem cayuaiinyio sesimuuny V = g — Eg u onpenennm

Vi=E{g|Xy,...,X;} —E{g|Xy,.... X; 1}, i=1,...,n.
Jlerko Bugersb, uro Y V; = V. Beemem Takzke ciydaHble BEJIHINHbI
Hi(Xy,...,X;) = E{g(Xy,..., Xp)|Xy,..., Xi}.
Ecin X, pacnpenenena cormacuo Fj, To

W:H(Xh..., /H Xl,... i—1, L )E(dl’)

OHpeILeJTI/IM Cﬂyqaﬁﬂme BEJINYUHBI

VVZ‘:SUP (H(Xl, z 1, U /H Xl,... i—1, L )E(de))

u

lelnf (H(Xl, 7, 1,V /H Xl,... i—1, L )E(dl’))
s ycCioBHd OI'PaAaHUY€HHBIX pasnocreit
Wi—2Z; <¢

TaxkumM 06pazoM, ¢ TTOMOIIbBIO JeMMbl 2.8 s Beex ¢ € {1,... n}:

\2c?
Eexp(A\V;|X1,...,X;-1) <exp ( 3 Z) .

U noutu HapepHOe

Z; < Vi< Wi
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Hanee ucnonbsyem meton Yepnosa u pasernctso E{XY} = E{YE{X|Y}} naa A > 0:

P{g—Eg >t} <

EexpA>_V;
=1 _
exp(At)

n—1
E exp ()\ > Vi E{exp(A\V,)| X1, ... ,an})

i=1 <

exp(At) -
Ny
exp(—At) exp Zgl
OnTuMu3mpysd 1Mo A, MOIydaeM YCIOBUE TEOPEMBbI. [

3amMeTnM, 9TO HEPABEHCTBO OIPAHUYEHHBIX PA3HOCTEH siBjsieTcss 000OIIeHneM HepPaBEeH-
crBa XedddauHra st IPAKTHYECKH TPOU3BOJIBHBIX (DYHKIHI ( ¢ OrpaHWYEHHBIMH Das3-

n
HOCTSIMH ) OT He3aBHCMbBIX CJIydYailHbIX BesqmdanH. [leficTBuresibHo, S, = X; aBagercs

=1

(bYHKIHEil ¢ OrpAaHIIeHHBIMI PABEHCTBAMH ¢; = 4 —%iecmn X; € [ag, byl

§2.4 PapmexepoBCcKuUii npouecc

PacemoTrpuM MaTeMaTHdecKoe OxKHJIaHHE MHTEpPECYIomero Hac (pyHKIHMOHAIA: PaB-
HOMEPHOTIO 10 KJIACCY PEMTaoNIuX MPABUI OTKJIOHEHU CPEITHET0 PUCKA OT IMIUPUIECKOTO

Esup [L(f) = La(f)]
fer

Beenem kak u patee, L' (f) — sMunupudeckoe cpejiHee Mo HE3aBUCHMON KOIHHI 00y Jarotei
BeIOOpKH. CooTBEeTCBYOIIEE eif MaTeMaTHIecKoe oxKuaanue 6yaem obosnadars E'. VMeewm,

Esup [L(f) = La(f)] =

feF
Esup |E'L,(f) — L,(f)| <
feF
EE'sup |L,,(f) — La(f)| =
feF
1 , - 1y
o EE ?”IElJE Z(g(fv waz) - €(f, X“Y')) :

i=1

Beenem Pademazeposcrue cAy4atinbe eAusuHbl, TO eCTh HE3aBUCUMbBIE B CABOKYIIHOCTH
(uor X;, Y; ) cayvaiinble BeJUUUHBI 0;, MTPUHUMAIONIHE DABHOBEPOSITHO 3HAUEHUSA | W
—1. Jlerko Bmjerb, 4TO JUisi BeeX i pacupenesnenust caydaiubix sesmaun (0(f, X[, Y/) —
—0(f, X, Y) m ooy (L(f, X1, Y!) — U(f, X;,Y;)) onnuakoser. [Tosromy, o6o3nadas marema-
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TUYeCKOe OXKUJTaHue Mo 0; Kak E,, momyaaem:

n

1

— EE'sup 0f, XLY) —0(f, X, Y:)| =

o P sup | (S, X Y0) = UJ X Yo)
—EEE su o (0(f, X, Y) = ([, X:,Y;))| <
! fgz 0F. X0 Y!) — U5, X0 )
2 EE i 0f, X, Yy)

- o Sup g; y Ay Ly

n A

Beemem st bukcupoBanuoii Boibopku (X;, Y;) | ycaosnyro Pademazeposcryio caoorc-

HOCTD:
1

R.(F)=— E,sup

n feF

Zm (f, Xi,Y3)

" IMpoCTO PCZ()GMG.T@]?OGC%@/?O CAONHCHOCMD

n

R(F) = ER,(F) = % E,sup | )

feFr i—1

O'z[(fa Xiv Y;) :

Takum 0OpazoM, Mbl OJYYUJIU, YTO

Esup [L(f) — Lu(f)] < 2R(F).
feF

PaneMaxepoBCKYIO CJIOXKHOCTH MOXKHO PacCMATPHBATH KAaK BEJUYUHY, OMUCHIBAIOINTLYIO
CJIOZKHOCTH KJIaCCa Pelaonux npasui. dem OoJibiie PajiemMaxepoBckas CJA0KHOCTh, T€M
Jiydine omuOKu F MOUyT KOPEJIUPOBATH CO CAYyYaHBLIM ITyMOM ;. KaK TOJIbKO MbI 3a-
dbukcnpoBasn BHIOOPKY (X;, Y;) | yeaoBayo PageMaxepoBCKyO CJI0XKHOCTh MOKHO Pac-
cMaTpuBaTh Kak Pademazeposcroe cpeduee, cBsazannoe co muoxkectsom A C R™:

E 0;Q;

e MHOXKeCTBO A sIBJIsieTcst MHOXKeCTBOM BeKTOpoB omubok JF ua (X, Y;)r .
Pacemorpum mpoctoeie cBoiictBa Pagemaxeposckux cpegnux. Ecoiu A, B — opanu-
JeHHble MHOKecTBa B R"”, ¢ € R.

R(A):—E sup

acA

Y

o Ru(AUB) < R,(A) + R.(B).

Rn(cA) = |¢|R,(A).

Ru(A® B) < Ro(A) + Ru(B).

n

Eern A= {a®, ..,a™}, 10 Ry(A) < ma [[a]], /2252,
J

(Contraction inequality [9]) Eciu ¢ : R — R Jlunmunesa ¢ kouctantoit L, mpudem
©(0) =0, 0 Rp(p(A)) < LR, (A), tae p aeficTByeT Ha BEKTOPHI A MOKOMIIOHEHTHO.



13

e R,(A) =R, (conv(A)).

JlokazaTeabeTBa MePBLIX TPEX MYHKTOB SABJISIOTCS ITPOCTBIME YIIpaXKuenusimu. Pas-
bepémcsd moIPOOHO ¢ 4-BIM TYHKTOM.
Cuyuaitnas sesinuuna Y HasbiBaercs cabrayccosckoii ¢ napamerpom o2 (Y €
SG(0?)), ecim pas A > 0:
Ao

2 2
Eexp(\Y) < exp ( 5 ) :

MOZKHO JIETKO TIOKa3aTh, uTo, ecu (Y;) , He3aBUCHMBIC CJyYaiiHble BeJHYHHDI, TAKHUE,
n n

aro Y; € SG(0?), 10 Y. Y; € SG (Z 03).
i=1 i=1

BouJiee TOro, Bce TakK OlIpeJeJIeHHbIE Cﬂy‘{aﬁHble BEJIMYHUHBI HMEIOT HYJIEBOE MaTeMa-
THYECKOe OZKUJTaHHe.

Jlemma 2.10. Ilyers Y; € SG(0?),i=1,...,N. Toraa
E max |Y;| < maxo;y/21n(2n).

loka3zaTeabCcTBO.

1=1,...

E {max exp()\Yi)} <
2

A2 max o
i=1,.,N

N exp 5

Jlorapudumpyst 06e 4acTu U ONTUMUBUPYS TIO A, MOJTYy4aeM, 9TO
E maxY; < maxo;\/21In(n).
7

1 monydeHnsl yTBePK/IeHNs JeMMbl HY2KHO TPUMEHUTH TTOJTy4YeHHOe ONeHKY K Habopy
Yi,..., Y0, —Y1,... Y. ]

Ba:kHO 3aMeTuTh, 9TO B JOKA3aTE/JIHCTBE HHUIIE HE HCHOJIb3YETCs YCJIOBHE HA HE3aBUCH-
MOCTbBH CﬂyqaﬁHbIX BEeJINYUH. C ITOMOIIBIO Hpe,ZLJ'IO)KeHHOﬁ JIEMMBI MOZKHO JIETKO JOKa3aTb
4-oe croiicTBO PamemaxepoBckoro cpeanero. /[jist 9T0r0 Hy:KHO MOKa3aTh, YTO CYyHPEMyM
Hepercs M0 KOHETHOMY YHCJIY MOIY/Ieil cyOraycCOBCKUX CJIyYaHBIX BeJTHINH.

[IycTs MBI mMeeM zieJio ¢ 3ajadeil Kiaccudukanuu ¢ OuHapHoi (pyHKIHed moTeph.
Torpa 4-oe cBOICTBO MOXKHO ILE€pPEIUCATH B BUJIE

21log(257(n)) '

R.(F) <



14

raie HepaBEHCTBO BLIIIOJHCHLI IIOYTH HaBEpHOe. Yro B CcJIydae KOHEYHOI1 Pa3sMEepHOCTHU

Bannuka—Yepsonenkuca paér nopsaok O ( @)

Ocobennocth PajeMaxepoBCKOro MpoIecca 3aKII049aeTes, 9TO €ro MOKHO aHAJII3H-

pPOBATb C MOMOIIBIO TOPaI0 HOJee MOIIHBIX CPEICTB TEOPUU SMIIUPUUECCKUX TPOIECCOB.
n

JeficTBATEIBHO, MOKHO PACCMATPUBATD | Y 0;G;| KaK SMIHUPUICCKHI HPOIECC CO MHOZKE-
crBoM cocrostauii A. B srom caaydae Pa,ZLZel\}[aXGpOBCKOG cpeJHee eCThb HH 9TO HHOE, KaK
OYKMJTAEMBIH CyIpPeMyM 3TOTO Tpolecca. 1eopusi IMIUPHUIECKUX MPOIECCOB MOKA3bIBAET,
9TO BO MHOTHX CJIydasgX MOBEJICHUE IIPOIECca 3aBUCAT OT 'TEOMETPHH IPOCTPAHCTBA CO-
croguuit. B Hatem ciaydae — 9T0 METPHIECKHE CBOHCTBA MHOXKeCTBa A.

Pacemorpnm 3a1a4ay Kiaaccudukamun. B 9ToM ciiydae YCJIOBHO IO O0YIAOIIEH Bbi-
bopke muoKecTBO A = A ((X;,Y;)P ) MOXKHO npencTaBuTh cebe Kak HabOp He HoJiee dem

Sz(n) paznmnanbix OyIeBBIX BEKTOPOB. BBemeM Ha Ha mape BEKTOPOB METDHKY p:

1
P(aa b) = EdH(C% b),

rae dy — MeTpuKa X3MMUHTA.

Bysem rosopurs, uro muoxecrsa B C {0, 1}" aBisiercss e-HOKPBITHEM MHOXKECTBA
A, ecu 00beMHEHNE 3aMKHYTBHIX E-TMapOB ( [0 BBEJEHHON MeTpUKe ) C IEeHTpaMu B
Toukax B comepxkar A.

Ob6osnaunm N(eg, A) — wucao nokpvmus, PaBHOE MOIIHOCTH MHUHHMAJILHOTO -
HOKPBITUS MHOYKecTBa A.

Teopema 2.11. /l1s 3aga4n KjaaccuhuKaiid IOYTH HABEPHOE

12
VI xvn

sup / V10g(2N (g, A))de,

e A=A((X;,Y)r,).

JlokazaTeabCTBO.

SadurcupyeM KOHETHOE MHOYKECTBO PA3JHUYHBIX 7 MEPHBIX OYyJEBBIX BEKTOPOB A.
Badpukenpyem B® = {(0,...,0)} — mMHOXecTBO cocTosimee W3 HYJAEBOTO BEKTOPA, A
By, ..., By nogmuoxkectBa {0, 11", aBasionuecss MUHEMATbHBIMEA 2~k _moxpuITHAME MHO-

xectba A, a M = [log,(v/n)]| + 1.

[TycrTb s KOHKpeTHO peasu3anuu o; BeKTOp b* € A 10CTaB/iaseT MAKCUMYM Bbi-
n
pazkenusi | 0;b;|, cpean Beex sexropos A. O6osnaunm bF—6amkaiimmii Kk Hemy BeKTOD
i=1
B Bj. I3 HepaBeHcTBa TpeyToJIbHUKA TaK KaK p(b(k), b*) < 27F Mb1 umeem

p(b(k’)’ b(k—l)) S 2—k‘ + 2—k‘+1 =3 x 2—]6‘

Torma
M n

Zn: oiby =3 (b — oY),
i=1

k=1 i=1
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Uz b(k k 1))
=1

Yol

bEBy,,cEBj;— 1,p<b <3k

} |

MaremaTru4ecKoe 0zKUIaHue MO CyMMO MOXKHO IIPEJICTABATH KaK MATEMATHIECKOe OXKHU-
Janue MakcuMyMa Mouyaeit |By||Br_1] < N(27%, A)? sk3eMIiapoB cybrayccoBcKux CIy-
qaiiHbIX BeJUYnH ¢ mapameTpoM o2 = n(3/2F)2. Venosus na napamerp o momydaiorcs u3
Hezapucumoctu o; u jieMmbl 2.1. [lpumenss reneps jiemmy 2.10 nosydaem

E max ,
bEBy,c€EBy 1 7p(b,C)§2‘ik
A 3mHauwmT

max E oib;
beA

3%22*’“\/2 log(2N (27, A)?) <

n

Z (b(kz bk 1))

=1

} < 3v/n27%\/2log(2N (27F, A)2).

12Viry 24 VIogON G ) <

12\/5/ V10g(2N (g, A))de.

[Tonydennas Teopema roBoput, 4To PajiemaxepoBckoe cpejHee KOHTPOJIUPYeTCs He Jora-
?
prud>MOM MOITHOCTH MHOYXKeCTBa A, a HEKOTOPOI BeJIMIMHO, KOTOPasi CYIMECTBEHHO YUl-

1
ThIBaeT CTPYKTYpy A. ByjieM HaspiBaTh Besinaumy f V010g(2N (e, A))de mempuneckots on-
0

mponueti MHOKeCTBa, A.
BarkHOCTD 110J1Iy4EHHOIO pe3y/ibraTa CBS3HA ¢ UCIOJIb30BAHUEM CJIe/YIomeil Teope-
MBI

Teopema 2.12 (Haussler [7]). Eciu mHOkecTBO 6y/eBbIX BEKTOPOB A COCTOHT U3
DPAa3JIMIHBIX BEKTOPOB OHIMOOK CeMEHcTBa KJIacCH(DUKATOPOB ¢ pa3MepHOCThI0 BanHuka-
Yepponenkuca pasaoit V', To qisa 0 < e < 1:

N(e, A) < e(V +1) (26)

e2
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[IpuMmensist JAHHYIO TEOPEMY MOXKHO TIOJTYYIUTD, UTO /1711 HEKOTOPOit aDCOTIOTHON KOHCTAaH-
el C' 1715 331291 KAaccuUKAIAE TOYTH HABEPHOE

R(F) < C\/g.

IIpumep 2.4 (Teopema IBopenkoro-Kudepa-Boabdosurna). C nomompio 1aH-
HOT'O Pe3y/IbTaTa MOXKHO TOJYUUTh yCuaenue TeopeMbl LiinBenko-Kanreann o paBHOMep-
HO CXOMUMOCTH SMIUPUIECKON (DYHKIINT pacCTpeIeeHns K HACTOAMIeH hyHKITHT Pacpe-
neqenud. [lyers F(x) — dyukius pacupenenenust, a F,(z) — smmupnveckas QyHKIns
pacupegeserausd. MokHO cuutarh, 4T0 ¢ € R HHIEKCHPYET HEKOTOPbIE KAACCU(DUKATOPHI,
KOTOpBIe ommbatoTcst Ha Beex obbekTax (X, Y') Torma u tosbko torma, korga X < z, 1o
ectb ((f(2), X,Y) = I{X < z}. Takue xiaaccudukaTopbl 00IaJA0T €IHHUIHONR pa3Mep-
HocThbio Banmuuka—Yepsonenkuca. Takum obpasom, mist nHekotopoit C' > 0

B {sgpm(x) - F<x>|} <2

Bosee obiuii BapuaHT TeopeMbl IaéT HeyaydIaeMylo gBHy koHcranty C' = 1 [11], a
TaKzKe 3aJaeT XBOCTHI pacupejenenus sup |F,(x) — F(x)].
x

Pacemorpum sup | L(f)— L, (f)| kax dbyukmuio ot Habroaemoit Bei6opku (X;, Y;)™ ;.
feFr

[IpocThIM yHpazKHEeHUEM SBJISETCS J0KA3aTeIbCTBO TOTO hakTa, u9To, ecau (DYHKIUS M0-

Tepb PABHOMEPHO OTpaHWYEHA eJIUHUIECH, TO BBeJeHHass (DYHKIHS sBasgeTcsd (hyHKIuei ¢

OrPAHUIEHHBIMU TPUPATIEHUSIMHE C ¢; = % Amnamornuno, paccmarpuBast yceaoBHyoo Pae-

MaXepOBCKY CJIOKHOCTH KaK (DYHKIMIO OT HAD/II0/1aeMOoil BBIOOPKH, JIOKA3bIBaEM JIJIs Hee,
2

9TO OHA TAKZKe ABJIACTCA (DYyHKIMEH ¢ OrPAHUICHHBIMA PA3HOCTAMH C C; = =.

Teopema 2.13. C BepositHOCTHIO HE MeHbIIeH 1 — O

1

sup [L(f) = La(f)] < 2R(F) + | 2285,

feF n
Tax>ke

2

up |L(f) — Lo(f)] < 2R, (F) + 3y 22805

feF n
lokazaTeabCTBO.

JloKa3aTebCTBO EPBOr0 HEPABEHCTBA 3aKJ/I0YAETCsl B IPUMEHEHHH HEePABEHCTBA
orpanmaenubix pasuocreit 2.9 qs sup |L(f) — L, (f)| n 3amene E{sup |L(f) — L,(f)|} na
fer fer

2R(F).
JloKa3aTebeTBO BTOPOTO HEPABEHCTBA 3AKII0UACTCS B UCIOJIB30BAHIN HEPABEHCTBA
OrpaHWYeHHbIX pasHocTell 11 R, (F) u yuére Toro, uro ER, (F) = R(F). ]

SameruM, 9TO 1IpaBas YaCTb BTOPOIO HEPABEHCTBA SIBJISETCS MOJHOCTHIO BBIUKC-
JIMOI 1o HabJomaeMoil BBIOOpKe. DTO Hallla mmepBas Tak HasbiBaemas data-dependent
onenka. [logo0HbIE pe3yIbTATHI BO MHOTOM OIIPAB/IBIBAIOT, UCIOIb30BaHNe yCJI0BHON Pa-
JIEMaXepPOBCKOIl CTI0KHOCTH KaK MepbI CJI0YKHOCTH KJacca (PYHKINI HAa TPAKTHKE, B aCT-
HOCTH, B 33/I1a49aX BBIOOpA MOJETH.
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§2.5 JlokanunzosaHHas PagemaxepoBcKasi C/IOXKHOCTb

Bcnomuum BapuaHT camoii MpOCTOil ONEHKY B Caydae OaHOil (pyHKIMM:

L(f) < La(f) +

B cayuae, manpumep, 3a1a9n KIaccuUKAIMY JAHHOE HEPABEHCTBO JAET CKOPOCTD CXOIH-
MOCTH CPEJIHEr0 K MaTeMaTHIeCKOMY OXKUIAHUIO B CXeMe HCIbiTannit Bepuysm. 3amernm,
9TO JAHHBIH ITOPSI0K TOUYEH TOIJA U TOJILKO TOIJA, KOIA p = 5. [IpH 9TOM JI0CTHraeTCs
MaKCHMAaJIbHAsT JUCHepcus. Takum 06pa3oM, i yTOIHEHUsI OIEHOK HYZKHO CYIeCTBEHHO
YVUUTHIBATH JUCIEPCHUIO 3HAYEHUH (PYHKIMH OIMUOOK.

BTopbiM BazKHBIM MOMEHTOM SIBJISIETCS TO, YTO Sup OEpercst Mo BceMy OOJIBIIOMY
MHOZKECTBY DPENIAIONIUX HPABUJ, B TO BPeMsi KakK PeajbHbIe MHHUMHU3ATODBI SMIIHPUIe-
CKOT'O PHCKA BHIOMPAIOT W3 Y3KOI'O KJIACCA JOCTATOTHO XOPOITHX PEITAOIIIX MTPABUI. DTO
¥ TPWBOANT K HJee JIOKAJU3AIMNNA: MHOYKECTBO PEIMAOIInX TPABUJ CIEHATbHBIM 00pa-
30M pacCJIamBaeTCsl Ha KOMIIOHEHTHI ¢ PA3HBIME JUCIEPCUHSIME, 3aTeM IS KaXKI0TO CJI0sT
MOKHO CUHUTATh y2Ke cOOCTBeHHBIe PajeMaxepoBCKue CJI0KHOCTH.

B upejpiayiiem pasjiesie B cjy4dae 3a/a4n KJjaaccuduKaluu HaMu OblJIU 110JIY Y€HbI
HOPSIIKE PABHOMEDPHOI CXOIUMOCTH YaCTOT K BEPOSTHOCTSIM TOPSIKA, O(\/iﬁ) B peaib-
HOCTH MOYKHO JTIOOMTHCsI 9TOOBI PUCK MHHUMHU3ATOPA IMIUPHIECKOTO PUCKA CTPEMUJICS K
MUHEMAJIBHOMY B KJIACCE CPEHeMy PHCKY € Hopsaxkamu BIioth 1o O(L) [15].

B panHOM pasiene Mbl MPOJEMOHCTPHPYEM OJHH U3 COMOCODOB MOJTYIeHUsT OIEHOK
C TIOPSJIKOM, JIYUIITAM YeM O(\/Lﬁ)

Oyukuuo ¢ : Ry — R, Gymem HasbiBaTh nodkopennol (subroot function) , ecim
OHa O0JIAZIET CJIeIYIONIME CBORCTBAME:

o He yOniBaer.

o A dbyukiusa r — 1{%) HE BO3PaCTaer.

o He apigerca TOXKJAECTBEHHLIM HYJICM.

N3 onpeaentus cienyer HEPEPBIBHOCTH HA 00JIACTH ONMPE/IEIEHUSI, a TAK¥Ke CyIIe-
CTBOBaHWe W €MHCTBEHHOCTH pellleHust ypasHeHus (1) = r.
CdopmymupyeM HEKOTOpPOe OYeHb 00ITee YTBEPKICHHE:

Teopema 2.14. Ilycrp ¢pyHKIHS 01IO0K ¢ paBHOMEPHO OrpaHHYICHA ¢AHHUICH H CYIIe-
cTByer HeKoTOphli ¢pyaknuonan T : F — RY u koucranra B > 0, Takas 410

DU/, X,Y) < T(f) < BEL(f, X.Y),

rae cumBos D obozrnavaer jgucniepcuto. [lycto st HEKOTOPO# MOJKOPEHHOH (hyHKI[HST 1)
Jtst Beex 1 > 1, rie r* = (r*), BbImoIHEeHO

Y(r) > BER,(f € F:T(f) <r).

Torma omrOBpeMeHHO 11 Beex [ € JF ¢ BEPOITHOCTBIO He MeHbIei 1 — § u I Bcex
K>1

K 704K , log(})(11 + 26BK)
Ko -

L(f) <
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A6cTparupysch moka oT jietajieit U yCJIOBHH, Cpa3y 3aMETHM, UTO JIJIsT JOCTATOTHO
Goubix K mbr uveem L(f) — Ly (f) =~ L(f) — 225 La(f) = O(max(%,7*)). Ecan ynacres
MOKA3aTh yIaYHY0 ACHMITOTHKY /s CTAHIMOHAPHON TOYKH 7, TO ecTh pererust (r) =
= 7, TO MOYXKHO Oy/IeT CyIeCTBEHHO YIYyJIIIHTh ACHMIITOTUKY B HAIIUX OINEHKAX.

o obcyxKaeHnus T0Ka3aTeJbCTBA W MOJYIeHUs CJIEJICTBUN PACCMOTPUM HEKOTODBIE
obIre BOIPOCHL:

Buwbop dpynrkuyuu 1. leiicrBureibHO, B yTBepKAeHIEN (DUTYPUDPYET HEKOTOPAS HOIKO-
perHast (DYyHKIHS 1), KOTOPAs OTPAHUINBAET CBepXy PajeMaxepoBCKyIO CJIOKHOCTD KJTACCa
dyHKIMI ¢ OrpaHUYeHHBIM JucHepcusMu. [lepBolit BApUAHT 3aKII0YAETCS B TTOCTPOSHUT
BEPXHUX OIEHOK Yepe3 MeTPHYEeCKYI0 SHTPONHUIO, 0O KOTOPO#l yxKe TJIa pedb B TeopeMe
2.11. Ilpm 3TOM MOTYT BO3ZHUKHYTBH MpPOOJIEMBI, CBI3aHHBIE C JIOKA3aTEJIBCTBOM TOTO, YTO
noJiyueHHas pyHkinust Oy/er nojakopennoii. [losromy Oyer ucioib30BaThCs JApPyras KOH-
CTPYKIMsI, olucanHasi, Hanpumep B [1]. BBegem na permarormux npasuiax u3 F omepariio
YMHOKEHUST Ha JIeHCTBUTEIbHOE 9nci0. 110 onpemeneHnio af ecTh HEKOTOPOE PEIaoIiee
IPABUIIO €O cBoicTBOM st Beex (X, Y):

laf,(X,Y)) = al(f, (X,Y)).

AHaJIOruIHO, ¢ MOMOIIBIO (DYHKIUU OMMUOOK, MOYKHO ONPEIETNTh U CYMMY DEIIAONuX
npasui. BaxkHo, 94T0 onepalys yMHOKEHUS U CYMMbI MOTYT HE COXPaHITh CBOWCTB HEOT-
PHUIUTETHHOCTH WU PABHOMEPHOH OTPAHUYEHHOCTH € TOH 2Ke KOHCTAHTOH (DYHKITUH OIIIH-
OOK.

CewmeiictBo F* Oy/eM HA3bIBATH 36€30HBIM 3aMbikaHUEM JF ¢ HEHTPOB B fy, eciu

Fo={fo+alf~fo):feFacl1]}.

Penent mocrpoenunsd Hy:KHO# HaM IOJAKOPEHHONW (DYHKIUU CTPOUTHCS Telepb U3 JIBYX
JIEMM:

JlemMma 2.15. Ilycte F* sBjsteTcst 3Be3THBIM 3aMbIKAHHEM C IEHTPOM f ( 31€CH MOYKHO
CYHTATH, UTO f SIBJISIETCS CJIYYAHHBIM H 3aBHCHT OT BbIOOpKH ). Ilyers ¢pyakmuonar T :
F — R, yaosaersopser T(af) < o?T(f), aist Beex f € F* u a € [0,1]. Torma dpynkuun
W, 1, omnpejeasemMbie

1 (r) =Ru(f € F*: T(f — f) <r) (upu srom ¢ — caayuaiinas bynxnns );
2. Y1(r) = E¢(r),

ABJIAKOTCA HOJKOPEHHDBIMHA.

JlemMma 2.16. Ilycts F* aBiasercst 3Be3JHBIM 3aMBbIKAHHEM € IMEHTPOM f cemeticTBa JF,
TOTJIa B YCJOBHSIX TPEJBLAYIIEH JeMMbl JJst Bcex 1 > 0

Ru(f €F :T(f—f)<r) = Rulf €F:T(f—f) <)

Orcrosa moyyaercs KOHCTPYKIIUS JJ1st HOJAKOPEHHBIX (DYHKIHIH, 001 /IAI0NIX yCII0-
BUsIMHU U3 TeopeMbl 2.14. HyKHO Jijis1 JIAaHHOTO ceMelCcTBa CTPOUTH 3BE3/IHOE 3aMblKaHKe
C TIPOU3BOJILHBIM IIEHTPOM U HCIOJIB30BATH COOTBETCTBYIONIYIO PaeMaxepoBeKyo Crox-
HOCTH ( KakK (DYHKIHIO OT 7" ).

OJHEM U3 KJIIOYEBBIX MOMEHTOB J[OKA3aTeJbCTBA TeopeMbl 2.14 gBigercs HUCHOIb-
30BaHue HepaBeHcTBa Tanmarpana |[11] B dopme Bycke [1]:
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Teopema 2.17. Ilycts ¢ > 0, X; — HezaBucHMBIE CIyIaiiHble BETHIHHBI, PACIIPEIe/TeH-
HbIE COIVIACHO HEHU3BECTHOMY pacupejesnenuio P, 3agannomy wa X. F — cueTHblii Kjaacc
dyukmmii, orobpaxkaomux X — R (kouaukT obo3Hadennii, He MyTaTh ¢ KJIACCOM De-
maomux npasui). Ilyers g eex f € F pemmonmeno Ef(X;) = 0 u || f||w < c¢. Iycrp

o? > sup Df(X;), Torma arsa seex x > 0
feF

P{Z>EZ+z} <exp (—vh (%)) )

rne Z =sup Y f(X;), h(z) = (1 +2)log(l + ) —z, v = no? + 2cEZ.
feFi=1

2
Hemnonpsyro srementaproe HepaBeHCTBO h(x) > 312z, HOMy9aeM ¢ BEPOATHOCTHIO He
3
menpineii 1 — exp(—x):
cx
ZSEZ‘I‘\/QIU‘I“?.

[IpsiMbIM ciieICTBHEM JAHHOTO YTBEPXKICHUAA OYIAET CJIeIyIonas TeopeMa;

Teopema 2.18. Ilycrp F — KJjacc pemammmux nNpaBui, a (PyHKud ommboK { nmpuHm-
mator 3uadennst B [a,b]. Ilycre s v > 0 gust Beex f € F omomrerno DO(f, X, Y) < r.
Tora ¢ BeposiTHOCTH He MeHBHIeH 1 — §:

sup(L(f) — Ln(f)) < inf | 2(1+ «)R(F) +

feF a>0 n

2rlog(35) 4y o (1 1) los()

37a) n

H ¢ BEPOSITHOCTHIO He MeHbImeid 1 — 20

sup(L(f) — La(f)) <

feF
, 1+a 2r log(3) 1 1 L+a \ log(3)
f 2 R, SR RS b— -4+ — 0
ozé%),l) j Y (F) + n +(b—a) 3 + o + 2a(1 — ) n

Bouee toro, takme ke HepaBeHncTBa BoimoHEHb 1 st Bemanabl sup (L, (f) — L(f)).
fer

3ameTnM, 9TO BTOPOE HEPABEHCTBO JIAET ONEHKY, MOJTHOCTHIO BHIYHCIUMYIO 110 HAOIIO1a-

eMOil BHIOODKE W SIBJISIETCST aHAJIOTOM HepaBeHCTBa u3 TeopeMbl 2.13. O1HAKO HA MPAMYIO

BbIUI'DbIIIIa OT HOBOI'O HEPABEHCTBaA IIOJYYUTL HE YIaCTC. XoTs 'ieH IIopdaKa \/Lﬁ CO-

JEPKAT MHOXKHUTEb /T B BUJIE JUCIEPCHH, B ODIIEM CJIyYae HeJb3sl TApAHTUPOBATH €ro
MaJIOCTh, TaK KaK B 60JIbIIOM Kjiacce (DyHKIIHIT MaKCUMaJ/IbHasl JIMCIIEPCHs ONTUOKN MOZKeT
ObITH G0JIBION. BoJiee XUTPHI TPpHeM 3aKJTI0UAeTCH B PACCIOEHHN BCeX KjacCupuKaTopoB
MO WX JUCTIEPCHSAM W TPUMEHeHUN TeopeMbl 2.18.

Onuirem mojpobHee IMard J0Ka3aTeIbCTBa TeopeMbl 2.14:

e Ha nepBom mrare BBOAUTCS HEKOTOPHIH (byHKIMOHAT w( f), 3HAYEHUST KOTOPOTO T10-
psiika DO(f, X,Y). C momomipio BBeIeHHONH HaMU ’aare6pbl’ Ha PeIafolinX MpaBH-
Jax s r > 0 mepexoauM K KJIacCy ¢ MaJIBIMU JTUCIIEPCUSIMHU {% : feF}

e Ha BTOpOM mmTare Jjid BBeJIEHHOT'O KJIacca IpUMeHdAeTCd MePBOe N3 HEPABEHCTB TEO-
pembr 2.18.
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e C moOMOIIbIO BBEIEHHOrO (byHKIHOHATA T, IO MOPSAKY PABHOTO JHCIEPCHH (PYHK-
UK omubOK, MOCTPOEHHBIH KJIACC ClieluaabHbIM 00pa3oM paszbuBaercs: Ha 00J1acTH,
B 3aBucuMocT ot 3uadenuii T(f).

e llcuosib3ys 1nojakopeHnyo (PyHKIMIO U3 yCja0BUs TeopeMmbl 2.14, MOXKHO 1IOKa3aTh,
4TO BBEJEHHAS HA BTOPOM Ilare JioKaJbHas PageMaxepoBcKas CI0XKHOCTH OTaHU-
YeHa BEJIMYMHON, MPOMOPIUOHAIBHON 3TOI nmoaKopeHnoit pynknuu. Boioupas na-
paMeTp r Kak CTAIMOHAPHYIO TOYKY ypaBHeHHs ¢)(r) = 7 W BO3BpAINAsCh K W3-
HadaIbHOMY KJIAacCy, MOJydaeM YTBepzKIeHne TeopeMbl. BaKHBIM MOMEHTOM 3/1eCh
SIBJISIETCST TO, UTO BBIOOP 7* TO3BOJIsIET M30ABUTHCS OT WIEHA MOPSIKA \/Lﬁ

Bamerum, aro ycaosue DO(f, X,Y) < BE((f, X,Y) saBiagerca abcoaoTHO HeM30eKHBIM
B Teopeme 2.14. OnHaKO, B 9aCTHBIX CJAyYasX ero Jerko MpoBepuTh: HampuMep, ecan £ €
0,1]. Torga ynobuo seibpars T(f) = EL(f, X,Y).

[IpuMmenum mosydeHHbIE pe3yabTaThl K 3a1ade Kiaaccudukanun. [lycts ¢ — ecth uH-
JjmaxTop ommbdbku. Torja BepHO ciejyloliee ciejacTBue reopembl 2.14.

Teopema 2.19. FEciau F umeer koHednyio pazmepHocrb Bannuka—YepBonenkuca, pas-
myo V', To g Bcex K > 1, 6 > 0 ogHOBpemernHo s Bcex [ € F ¢ BepOATHOCTHIO He
MeHbIei 1 — §:

K-1

Vlog(3) + log(%))

L(f) < -2 L.(f) + O (

rqe C' > 0 — abcorroTHAsT KOHCTAHTA.

Urnopupyst MHOMXKHTEIb 5, mOJydaeM IpH (DUKCHPOBAHHON Pa3MEPHOCTH st

K—1>
log(n) 1
L(f) — Ln(f) mopamox O(=5") BMeCTO paHee HOJTydaBIOIerocs O(\/—ﬁ)
JlokazaTeabCTBO CJIEJICTBHS OCHOBAHO HA MPSIMOM IOCTPOCHHH IMOAKOPEHHON (PYHK-
muu. leiicTBUTEIBHO, JeMMBI 2.15, 2.16 yKa3bIBaIOT Ha cII0cOD eé mocTpoenns. OKa3bIBaeT-

cst, 9T0 it PasieMaxepoBCKOil CJI0KHOCTH 3BE3HOIO 3aMBbIKAHUS KJ1acca (B Cydae KJac-
rVlog(%) )
’

cuUKAIUK) MOXKHO HOCTPOUTH ONEHKY MOJAKOPEHHON (DYHKIMH HODsiIKA O( -

YTO OYeHb HAllOMHHAET Pe3y/bTaT TeopeMmbl 2.11, mogy4deHHBIH ¢ UCIOJIB30BAHUEM MeT-
pudeckoit suTponun. OTCIONa, A1 CTAIMOHAPHONW TOYKH 1", TO ecThb pemtenus Y(r) = r
BBIITOJIHEHO

*

< C’Vlog(%)'

n
[ToacTanoBka naHHON OIEHKH B TeopeMmy 2.14 maéT HEOOXOIMMOE YTBEpP2KIeHHE.
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