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Íåëèíåéíàÿ ìîäåëü ðåãðåññèè

Äàíî: îáó÷àþùàÿ âûáîðêà X ℓ = (xi , yi )
ℓ
i=1, xi ∈ Rn, yi ∈ R

yi = y(xi ), y : X → Y � íåèçâåñòíàÿ ðåãðåññèîííàÿ çàâèñèìîñòü
Íàéòè: ïàðàìåòðû α ∈ Rp ìîäåëè ðåãðåññèè f (x , α)
Êðèòåðèé: ìåòîä íàèìåíüøèõ êâàäðàòîâ (ÌÍÊ)

Q(α,X ℓ) =
ℓ∑

i=1

(
f (xi , α)− yi

)2 → min
α

Ìåòîä Íüþòîíà�Ðàôñîíà:
1. Íà÷àëüíîå ïðèáëèæåíèå α0 = (α0

1, . . . , α
0
p).

2. Èòåðàöèîííûé ïðîöåññ

αt+1 := αt − ht
(
Q ′′(αt)

)−1∇Q(αt),

∇Q(αt)� ãðàäèåíò ôóíêöèîíàëà Q â òî÷êå αt , âåêòîð èç Rp

Q ′′(αt)� ãåññèàí ôóíêöèîíàëà Q â òî÷êå αt , ìàòðèöà èç Rp×p

ht � âåëè÷èíà øàãà (ìîæíî ïîëàãàòü ht = 1).
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Ìåòîä Íüþòîíà-Ðàôñîíà

Êîìïîíåíòû ãðàäèåíòà:

∂Q(α)

∂αj
= 2

ℓ∑
i=1

(
f (xi , α)− yi

)∂f (xi , α)
∂αj

.

Êîìïîíåíòû ãåññèàíà:

∂2Q(α)

∂αj∂αk
= 2

ℓ∑
i=1

∂f (xi , α)

∂αj

∂f (xi , α)

∂αk
−2

ℓ∑
i=1

(
f (xi , α)− yi

)∂2f (xi , α)
∂αj∂αk︸ ︷︷ ︸

ïðè ëèíåàðèçàöèè ïîëàãàåòñÿ = 0

.

Íå õîòåëîñü áû îáðàùàòü ãåññèàí íà êàæäîé èòåðàöèè...

Ëèíåàðèçàöèÿ f (xi , α) â îêðåñòíîñòè òåêóùåãî αt :

f (xi , α) = f (xi , α
t) +

p∑
j=1

∂f (xi , α
t
j )

∂αj

(
αj − αt

j

)
+ o

(
αj − αt

j

)
.
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Ìåòîä Íüþòîíà-Ãàóññà

Ìàòðè÷íûå îáîçíà÷åíèÿ:
Ft =

(
∂f
∂αj

(xi , α
t)
)
ℓ×p

� ìàòðèöà ïåðâûõ ïðîèçâîäíûõ;

ft =
(
f (xi , α

t)
)
ℓ×1

� âåêòîð çíà÷åíèé f .

Ôîðìóëà t-é èòåðàöèè ìåòîäà Íüþòîíà�Ãàóññà:

αt+1 := αt − ht (F
ò
t Ft)

−1F ò
t (ft − y)︸ ︷︷ ︸

β

.

β � ýòî ðåøåíèå çàäà÷è ìíîãîìåðíîé ëèíåéíîé ðåãðåññèè

∥Ftβ − (ft − y)∥2 → min
β

.

Íåëèíåéíàÿ ðåãðåññèÿ ñâåäåíà ê ñåðèè ëèíåéíûõ ðåãðåññèé.

Ñêîðîñòü ñõîäèìîñòè � êàê è ó ìåòîäà Íüþòîíà�Ðàôñîíà,
íî äëÿ âû÷èñëåíèé ìîæíî ïðèìåíÿòü ëèíåéíûå ìåòîäû.
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Çàäà÷à êëàññèôèêàöèè. Ëîãèñòè÷åñêàÿ ðåãðåññèÿ

Y = {−1,+1} � äâà êëàññà, a(x ,w) = sign(w òx), x ,w ∈ Rn.

Ôóíêöèîíàë àïïðîêñèìèðîâàííîãî ýìïèðè÷åñêîãî ðèñêà:

Q(w) =
ℓ∑

i=1

[
Mi (w) < 0

]
⩽

ℓ∑
i=1

L
(
w òxiyi

)
→ min

w
,

ãäå L (M) = log
(
1+ e−M

)
� ëîãàðèôìè÷åñêàÿ ôóíêöèÿ ïîòåðü
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Ìåòîäà Íüþòîíà-Ðàôñîíà

Ìåòîäà Íüþòîíà-Ðàôñîíà äëÿ ìèíèìèçàöèè ôóíêöèîíàëà Q(w):

w t+1 := w t − ht
(
Q ′′(w t)

)−1∇Q(w t),

Ýëåìåíòû ãðàäèåíòà � âåêòîðà ïåðâûõ ïðîèçâîäíûõ ∇Q(w t):

∂Q(w)

∂wj
= −

ℓ∑
i=1

(1− σi )yi fj(xi ), j = 1, . . . , n.

Ýëåìåíòû ãåññèàíà � ìàòðèöû âòîðûõ ïðîèçâîäíûõ Q ′′(w t):

∂2Q(w)

∂wj∂wk
=

ℓ∑
i=1

(1− σi )σi fj(xi )fk(xi ), j , k = 1, . . . , n,

ãäå σi = σ(yiw
òxi ), σ(z) = 1

1+e−z � ñèãìîèäíàÿ ôóíêöèÿ.
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Ñíîâà ñâåäåíèå ê çàäà÷å ëèíåéíîé ðåãðåññèè

Â ìàòðè÷íûõ îáîçíà÷åíèÿõ F =
(
fj(xi )

)
ℓ×n

, D = diag((1− σi )σi )(
Q ′′(w)

)−1∇Q(w) = −
(
F òDF

)−1
F ò

( yi
σi

)
.

Ýòî ñîâïàäàåò ñ ÌÍÊ-ðåøåíèåì çàäà÷è ëèíåéíîé ðåãðåññèè
ñî âçâåøåííûìè îáúåêòàìè è ìîäèôèöèðîâàííûìè îòâåòàìè:

Q(w) =
ℓ∑

i=1

(1− σi )σi

(
w òxi −

yi
σi

)2

→ min
w

.

Èíòåðïðåòàöèÿ:

σi = P(yi |xi ) � âåðîÿòíîñòü ïðàâèëüíîé êëàññèôèêàöèè xi
÷åì áëèæå xi ê ãðàíèöå, òåì áîëüøå âåñ (1− σi )σi
÷åì âûøå âåðîÿòíîñòü îøèáêè, òåì áîëüøå 1

σi

ÂÛÂÎÄ: íà êàæäîé èòåðàöèè ïðîèñõîäèò áîëåå òî÷íàÿ
íàñòðîéêà íà ¾íàèáîëåå òðóäíûõ¿ îáúåêòàõ.
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ÌÍÊ ñ èòåðàöèîííûì ïåðåâçâåøèâàíèåì îáúåêòîâ

Ìåòîä IRLS � Iteratively Reweighted Least Squares

Âõîä: F , y � ìàòðèöà ¾îáúåêòû�ïðèçíàêè¿ è âåêòîð îòâåòîâ;
Âûõîä: w � âåêòîð êîýôôèöèåíòîâ ëèíåéíîé êîìáèíàöèè.

1: w := (F òF )−1F òy � íóëåâîå ïðèáëèæåíèå, îáû÷íûé ÌÍÊ;
2: äëÿ t := 1, 2, 3, . . .
3: σi = σ(yiw

òxi ) äëÿ âñåõ i = 1, . . . , ℓ;

4: γi :=
√
(1− σi )σi äëÿ âñåõ i = 1, . . . , ℓ;

5: F̃ := diag(γ1, . . . , γℓ)F ;

6: ỹi := yi
√
(1− σi )/σi äëÿ âñåõ i = 1, . . . , ℓ;

7: âûáðàòü ãðàäèåíòíûé øàã ht ;

8: w := w + ht(F̃
òF̃ )−1F̃ òỹ ;

9: åñëè {σi} ìàëî èçìåíèëèñü òî âûéòè èç öèêëà;
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Îáîáù¼ííàÿ àääèòèâíàÿ ìîäåëü (Generalized Additive Model)

Ðåãðåññèÿ c íåëèíåéíûìè ïðåîáðàçîâàíèÿìè ïðèçíàêîâ φj :

f (x , α) =
n∑

j=1

φj(fj(x), αj)

Â ÷àñòíîñòè, ïðè φj(fj(x), αj) = αj fj(x) ýòî ëèíåéíàÿ ìîäåëü

Èäåÿ 1: ïîî÷åð¼äíî óòî÷íÿòü φj ïî âûáîðêå
(
fj(xi ), zi

)ℓ
i=1

:

ℓ∑
i=1

(
φj(fj(xi ), αj)−

(
yi −

∑
k ̸=j

φk(fk(xi ), αk)
)

︸ ︷︷ ︸
zi

)2

+ τR(αj) → min
αj

Èäåÿ 2: ïîñòåïåííî óìåíüøàòü τ ó ðåãóëÿðèçàòîðà ãëàäêîñòè

R(αj) =
∫ (

φ′′
j (ζ, αj)

)2
dζ

Â êà÷åñòâå φj èñïîëüçîâàòü ñïëàéíû èëè ÿäåðíîå ñãëàæèâàíèå
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Ìåòîä back�tting [Õàñòè, Òèáøèðàíè, 1986]

Âõîä: F , y � ìàòðèöà ¾îáúåêòû�ïðèçíàêè¿ è âåêòîð îòâåòîâ;
Âûõîä: φj(fj , αj) � îáó÷àåìûå ïðåîáðàçîâàíèÿ ïðèçíàêîâ.

1: íà÷àëüíîå ïðèáëèæåíèå:
α := ðåøåíèå çàäà÷è ÌËÐ ñ ïðèçíàêàìè fj(x);
φj(fj , αj) := αj fj(x), j = 1, . . . , n;

2: ïîâòîðÿòü
3: äëÿ j = 1, . . . , n

4: zi := yi −
n∑

k=1,k ̸=j

φk(fk(xi ), αk), i = 1, . . . , ℓ;

5: αj := argmin
α

ℓ∑
i=1

(
φ(fj(xi ), α)− zi

)2
+ τR(α);

6: óìåíüøèòü êîýôôèöèåíò ðåãóëÿðèçàöèè τ ;
7: ïîêà Q(α,X ℓ) è/èëè Q(α,X k) çàìåòíî óìåíüøàþòñÿ;
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Ëîãèñòè÷åñêàÿ ðåãðåññèÿ êàê ÷àñòíûé ñëó÷àé GLM

Âåðîÿòíîñòíàÿ ïîñòàíîâêà çàäà÷è ðåãðåññèè

Äàíî: âûáîðêà (xi , yi )
ℓ
i=1, xi ∈ Rn, yi ∈ R

Íàéòè: ïàðàìåòð w ìîäåëè ðåãðåññèè ñ ãàóññîâñêèì øóìîì:

yi ∼ N (µi , σ
2
i ), µi = a(xi ,w) = Eyi , i = 1, . . . , ℓ.

Ýêâèâàëåíòíàÿ çàïèñü: yi = a(xi ,w) + εi , εi ∼ N (0, σ2
i ).

Êðèòåðèé ìàêñèìóìà ïðàâäîïîäîáèÿ ýêâèâàëåíòåí ÌÍÊ:

p(ε1, . . . , εℓ|w) =
ℓ∏

i=1

1

σi
√
2π

exp

(
− 1

2σ2
i

ε2i

)
→ max

w

− ln p(ε1, . . . , εℓ|w) = const+
1

2

ℓ∑
i=1

1

σ2
i

(
a(xi ,w)− yi

)2 → min
w

×òî èñïîëüçîâàòü âìåñòî ìåòîäà íàèìåíüøèõ êâàäðàòîâ, åñëè
yi íå ãàóññîâñêèå, â ÷àñòíîñòè, åñëè yi äèñêðåòíîçíà÷íûå?
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Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM
Ëîãèñòè÷åñêàÿ ðåãðåññèÿ êàê ÷àñòíûé ñëó÷àé GLM

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü (Generalized Linear Model, GLM)

Äàíî: âûáîðêà (xi , yi )
ℓ
i=1, xi ∈ Rn, yi ∈ R

Íàéòè: ïàðàìåòð w îáîáù¼ííîé ëèíåéíîé ìîäåëè (GLM):

yi ∼ Exp(θi , ϕi ), θi = g(Eyi ) = a(xi ,w) = ⟨xi ,w⟩,

âìåñòî ïðåäïîëîæåíèÿ î ãàóññîâîñòè yi , òåïåðü ââîäèòñÿ Exp �
ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé (exponential family)
ñ ïàðàìåòðîì θi , ïàðàìåòðîì ìàñøòàáà ϕi (scale)
è ïàðàìåòðàìè-ôóíêöèÿìè c(θ), h(y , ϕ):

p(yi |xi ) = exp

(
yiθi − c(θi )

ϕi
+ h(yi , ϕi )

)
Êðèòåðèé ìàêñèìóìà ïðàâäîïîäîáèÿ:

Q(w) = ln
ℓ∏

i=1

p(yi |xi ) =
ℓ∑

i=1

yi ⟨xi ,w⟩ − c
(
⟨xi ,w⟩

)
ϕi

→ max
w ,{ϕi}
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Íåëèíåéíàÿ ðåãðåññèÿ
Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Âåðîÿòíîñòíûå ìîäåëè êëàññèôèêàöèè

Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé
Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM
Ëîãèñòè÷åñêàÿ ðåãðåññèÿ êàê ÷àñòíûé ñëó÷àé GLM

Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé

Exp � ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé

ñ ïàðàìåòðàìè θi , ϕi è ïàðàìåòðàìè-ôóíêöèÿìè c(θ), h(y , ϕ):

p(yi |θi , ϕi ) = exp

(
yiθi − c(θi )

ϕi
+ h(yi , ϕi )

)
Ñâîéñòâà ýêñïîíåíöèàëüíûõ ðàñïðåäåëåíèé
Ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåðñèÿ ñ.â. yi ∼ Exp(θi , ϕi ):

µi = Eyi = c ′(θi ) ⇒ θi = [c ′]−1(µi ) = g(Eyi )

Dyi = ϕic
′′(θi )

g(µ) = [c ′]−1(µ) � ìîíîòîííàÿ ôóíêöèÿ ñâÿçè (link function)

Íîðìàëüíàÿ ëèíåéíàÿ ìîäåëü � ÷àñòíûé ñëó÷àé GLM:

yi ∼ N (µi , σ
2
i ), µi = ⟨xi ,w⟩ = Eyi g(µi ) = µi
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Íåëèíåéíàÿ ðåãðåññèÿ
Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Âåðîÿòíîñòíûå ìîäåëè êëàññèôèêàöèè

Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé
Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM
Ëîãèñòè÷åñêàÿ ðåãðåññèÿ êàê ÷àñòíûé ñëó÷àé GLM

Ïðèìåðû ðàñïðåäåëåíèé èç ýêñïîíåíöèàëüíîãî ñåìåéñòâà

Íîðìàëüíîå (ãàóññîâñêîå) ðàñïðåäåëåíèå, yi ∈ R:

p(yi |µi , σ
2
i ) =

1√
2πσi

exp
(
− 1

2σ2
i

(yi − µi )
2
)
=

= exp

(
yiµi − 1

2
µ2
i

σ2
i

−
y2i
2σ2

i

− 1

2
ln(2πσ2

i )

)
;

θi = g(µi ) = µi , c(θi ) =
1
2
µ2
i =

1
2
θ2i , ϕi = σ2

i .

Ðàñïðåäåëåíèå Áåðíóëëè, yi ∈ {0, 1}:

p(yi |µi ) = µyi
i (1− µi )

1−yi = exp
(
yi ln

µi
1−µi

+ ln(1− µi )
)
;

θi = g(µi ) = ln µi
1−µi

, c(θi ) = − ln(1− µi ) = ln(1+ eθi ).
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Íåëèíåéíàÿ ðåãðåññèÿ
Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Âåðîÿòíîñòíûå ìîäåëè êëàññèôèêàöèè

Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé
Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM
Ëîãèñòè÷åñêàÿ ðåãðåññèÿ êàê ÷àñòíûé ñëó÷àé GLM

Ïðèìåðû ðàñïðåäåëåíèé èç ýêñïîíåíöèàëüíîãî ñåìåéñòâà

Áèíîìèàëüíîå ðàñïðåäåëåíèå, yi ∈ {0, 1, . . . , ni}:

p(yi |µi , ni ) = C yi
ni

(µi
ni

)yi (1− µi
ni

)ni−yi =

= exp
(
yi ln

µi
ni−µi

+ ni ln(ni − µi ) + lnC yi
ni
− ni ln ni

)
;

θi = g(µi ) = ln µi
ni−µi

, c(θi ) = −ni ln(ni − µi ) = ni ln
1+eθi
ni

.

Ïóàññîíîâñêîå ðàñïðåäåëåíèå, yi ∈ {0, 1, 2, . . . }:

p(yi |µi ) =
e−µiµyi

i

yi !
= exp

(
yi ln(µi )− µi

1
− ln yi !

)
;

θi = g(µi ) = ln(µi ), c(θi ) = µi = eθi , ϕi = 1.
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Íåëèíåéíàÿ ðåãðåññèÿ
Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Âåðîÿòíîñòíûå ìîäåëè êëàññèôèêàöèè

Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé
Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM
Ëîãèñòè÷åñêàÿ ðåãðåññèÿ êàê ÷àñòíûé ñëó÷àé GLM

Ïðèìåðû ðàñïðåäåëåíèé èç ýêñïîíåíöèàëüíîãî ñåìåéñòâà

íîðìàëüíîå (ãàóññîâñêîå)

ðàñïðåäåëåíèå Ïóàññîíà

áèíîìèàëüíîå è ìóëüòèíîìèàëüíîå

ãåîìåòðè÷åñêîå

χ2-ðàñïðåäåëåíèå

áåòà-ðàñïðåäåëåíèå

ãàììà-ðàñïðåäåëåíèå

ðàñïðåäåëåíèå Äèðèõëå

ðàñïðåäåëåíèå Ëàïëàñà ñ ôèêñèðîâàííûì ìàòîæèäàíèåì

Êîíòð-ïðèìåðû íå ýêñïîíåíöèàëüíûõ ðàñïðåäåëåíèé:

t-ðàñïðåäåëåíèå Ñòüþäåíòà, Êîøè, ãèïåðãåîìåòðè÷åñêîå
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Íåëèíåéíàÿ ðåãðåññèÿ
Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Âåðîÿòíîñòíûå ìîäåëè êëàññèôèêàöèè

Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé
Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM
Ëîãèñòè÷åñêàÿ ðåãðåññèÿ êàê ÷àñòíûé ñëó÷àé GLM

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM

Ïðèíöèï ìàêñèìóìà ïðàâäîïîäîáèÿ:

Q(w) = ln
ℓ∏

i=1

p(yi |θi , ϕi ) =
ℓ∑

i=1

yiθi − c(θi )

ϕi
→ max

w
,

ãäå θi ëèíåéíî çàâèñèò îò w : θi = ⟨xi ,w⟩ =
∑n

j=1 wj fj(xi ).

Ìåòîä Íüþòîíà-Ðàôñîíà: w t+1 := w t + ht
(
Q ′′(w t)

)−1∇Q(w t)

Êîìïîíåíòû âåêòîðà ãðàäèåíòà ∇Q(w):

∂Q(w)

∂wj
=

ℓ∑
i=1

yi − c ′(θi )

ϕi
fj(xi ).

Êîìïîíåíòû ìàòðèöû Ãåññå Q ′′(w):

∂2Q(w)

∂wj∂wk
= −

ℓ∑
i=1

c ′′(θi )

ϕi
fj(xi )fk(xi ).
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Íåëèíåéíàÿ ðåãðåññèÿ
Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Âåðîÿòíîñòíûå ìîäåëè êëàññèôèêàöèè

Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé
Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM
Ëîãèñòè÷åñêàÿ ðåãðåññèÿ êàê ÷àñòíûé ñëó÷àé GLM

Ìàòðè÷íûå îáîçíà÷åíèÿ

F =
(
fj(xi )

)
ℓ×n

� ìàòðèöà ¾îáúåêòû�ïðèçíàêè¿;

F̃ = WtF , Wt = diag
(√

1
ϕi
c ′′(θi )

)
� âåñà îáúåêòîâ,

θi = ⟨xi ,w t⟩;
ỹ =

(
ỹi
)
ℓ×1

, ỹi =
yi−c ′(θi )√
ϕic ′′(θi )

� ìîäèôèöèðîâàííûé âåêòîð îòâåòîâ.

Òîãäà ìåòîä Íüþòîíà-Ðàôñîíà ñíîâà ïðèâîäèò ê IRLS:

w t+1 := w t − ht
(
F òWtWtF

)−1
F òWt︸ ︷︷ ︸

(F̃ òF̃ )−1F̃ ò

(√
ϕi

c ′′(θi )
yi−c ′(θi )

ϕi︸ ︷︷ ︸
ỹi

)
ℓ×1

Ýòî ñîâïàäàåò ñ ÌÍÊ-ðåøåíèåì ëèíåéíîé çàäà÷è ðåãðåññèè
ñî âçâåøåííûìè îáúåêòàìè è ìîäèôèöèðîâàííûìè îòâåòàìè:

Q(w) = ∥F̃w − ỹ∥2 → min
w
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Íåëèíåéíàÿ ðåãðåññèÿ
Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Âåðîÿòíîñòíûå ìîäåëè êëàññèôèêàöèè

Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé
Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM
Ëîãèñòè÷åñêàÿ ðåãðåññèÿ êàê ÷àñòíûé ñëó÷àé GLM

ÌÍÊ ñ èòåðàöèîííûì ïåðåâçâåøèâàíèåì îáúåêòîâ
IRLS � Iteratively Reweighted Least Squares

Âõîä: F , y � ìàòðèöà ¾îáúåêòû�ïðèçíàêè¿ è âåêòîð îòâåòîâ;
Âûõîä: w � âåêòîð êîýôôèöèåíòîâ ëèíåéíîé êîìáèíàöèè.

1: w := (F òF )−1F òy � íóëåâîå ïðèáëèæåíèå, îáû÷íûé ÌÍÊ;
2: äëÿ t := 1, 2, 3, . . .
3: θi = ⟨xi ,w t⟩ äëÿ âñåõ i = 1, . . . , ℓ;

4: γi :=
√

1
ϕi
c ′′(θi ) äëÿ âñåõ i = 1, . . . , ℓ;

5: F̃ := diag(γ1, . . . , γℓ)F ;

6: ỹi :=
yi−c ′(θi )

ϕiγi
äëÿ âñåõ i = 1, . . . , ℓ;

7: âûáðàòü ãðàäèåíòíûé øàã ht ;

8: w := w + ht(F̃
òF̃ )−1F̃ òỹ ;

9: åñëè {θi} ìàëî èçìåíèëèñü òî âûéòè èç öèêëà;
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Íåëèíåéíàÿ ðåãðåññèÿ
Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Âåðîÿòíîñòíûå ìîäåëè êëàññèôèêàöèè

Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé
Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM
Ëîãèñòè÷åñêàÿ ðåãðåññèÿ êàê ÷àñòíûé ñëó÷àé GLM

Äâóõêëàññîâàÿ ëîãèñòè÷åñêàÿ ðåãðåññèÿ

Ðàñïðåäåëåíèå Áåðíóëëè, yi ∈ {0, 1}: p(yi |µi ) = µyi
i (1− µi )

1−yi

θi = g(µi ) = ln µi
1−µi

Eyi = µi = g−1(θi ) =
1

1+exp(−θi )
≡ σ(θi )

Äàíî: âûáîðêà (xi , yi )
ℓ
i=1, xi ∈ Rn, yi ∈ {0, 1} ∼ p(yi |µi )

Íàéòè: âåðîÿòíîñòíóþ ìîäåëü E(y |x) = p(y=1|x) = σ
(
⟨x ,w⟩

)
Êðèòåðèé: ìàêñèìóì log-ïðàâäîïîäîáèÿ (log-loss)

Q(w) =
ℓ∑

i=1

ln p(yi |µi ) =
ℓ∑

i=1

yi lnµi + (1− yi ) ln(1− µi ) → max
w

Óäîáíàÿ ïåðåêîäèðîâêà: yi ∈ {0, 1} → ỹi = 2yi−1 ∈ {−1, 1}

−
ℓ∑

i=1

ln p(ỹi |xi ) =
ℓ∑

i=1

ln
(
1+ exp(−⟨w , xi ⟩ỹi︸ ︷︷ ︸

margin

)
)

→ min
w
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Íåëèíåéíàÿ ðåãðåññèÿ
Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Âåðîÿòíîñòíûå ìîäåëè êëàññèôèêàöèè

Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé
Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM
Ëîãèñòè÷åñêàÿ ðåãðåññèÿ êàê ÷àñòíûé ñëó÷àé GLM

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ êàê ÷àñòíûé ñëó÷àé GLM

Âñåãî ëèøü èç äâóõ ïðåäïîëîæåíèé:

yi � áåðíóëëèåâñêèå ñëó÷àéíûå âåëè÷èíû ñ Eyi = µi

ïàðàìåòð ñâÿçàí ñ ëèíåéíîé ìîäåëüþ: θi = g(µi ) = ⟨xi ,w⟩

ñëåäóþò âàæíåéøèå ñâîéñòâà ëîãèñòè÷åñêîé ðåãðåññèè:

ëîãàðèôìè÷åñêàÿ ôóíêöèÿ
ïîòåðü ln

(
1+ exp(−⟨xi ,w⟩ỹi )

)
;

ñèãìîèäíàÿ ôóíêöèÿ ñâÿçè
P(yi |xi ) = σ(⟨xi ,w⟩ỹi );
ñâÿçü ëèíåéíîé ìîäåëè ñ
îòíîøåíèåì øàíñîâ (odds ratio):

⟨xi ,w⟩ = ln
µi

1−µi
= ln

P(yi =1|xi )
P(yi =0|xi )

-3,0 -2,5 -2,0 -1,5 -1,0 -0,5 0 0,5 1,0 1,5 2,0 2,5 3,0

0

0,5

1,0

1,5

2,0

2,5

3,0

3,5

M

L(M)

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6

0

0,2

0,4

0,6

0,8

1,0

M

σ(M)
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Íåëèíåéíàÿ ðåãðåññèÿ
Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Âåðîÿòíîñòíûå ìîäåëè êëàññèôèêàöèè

Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé
Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM
Ëîãèñòè÷åñêàÿ ðåãðåññèÿ êàê ÷àñòíûé ñëó÷àé GLM

Ìíîãîêëàññîâàÿ ëîãèñòè÷åñêàÿ ðåãðåññèÿ

Äàíî: âûáîðêà (xi , yi )
ℓ
i=1, xi ∈ Rn, yi ∈ Y , 2 ⩽ |Y | < ∞

Íàéòè: ëèíåéíóþ ìîäåëü êëàññèôèêàöèè

a(x) = argmax
y∈Y

⟨wy , x⟩, x ,wy ∈ Rn

è âåðîÿòíîñòü òîãî, ÷òî îáúåêò x îòíîñèòñÿ ê êëàññó y :

P(y |x ,w) =
exp⟨wy , x⟩∑

z∈Y
exp⟨wz , x⟩

= SoftMax
y∈Y

⟨wy , x⟩,

ôóíêöèÿ SoftMax : RY → RY ïåðåâîäèò ïðîèçâîëüíûé âåêòîð
â íîðìèðîâàííûé âåêòîð äèñêðåòíîãî ðàñïðåäåëåíèÿ.

Êðèòåðèé: ìàêñèìóì log-ïðàâäîïîäîáèÿ (log-loss)

Q(w) =
ℓ∑

i=1

logP(yi |xi ,w) → max
w
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Íåëèíåéíàÿ ðåãðåññèÿ
Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Âåðîÿòíîñòíûå ìîäåëè êëàññèôèêàöèè

Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé
Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM
Ëîãèñòè÷åñêàÿ ðåãðåññèÿ êàê ÷àñòíûé ñëó÷àé GLM

Êàëèáðîâêà Ïëàòòà (classi�er with probabilistic output)

Äàíî: âûáîðêà (xi , yi )
ℓ
i=1, xi ∈ Rn, yi ∈ {−1,+1};

ðàíåå ïîñòðîåííàÿ ìîäåëü êëàññèôèêàöèè a(x) = sign g(x ,w)

Íàéòè: âåðîÿòíîñòíóþ ìîäåëü êëàññèôèêàöèè P(y |x)

Ìîäåëü óñëîâíîé âåðîÿòíîñòè:

π(x ; a, b) = P(y=1|x) = σ
(
ag(x ,w) + b

)
ãäå σ(z) = 1

1+e−z � ñèãìîèäíàÿ ôóíêöèÿ
-6 -4 -2 0 2 4 6

0

0.5

1.0

z

σ(z)

Êðèòåðèé: ìàêñèìóì log-ïðàâäîïîäîáèÿ äëÿ êàëèáðîâêè
êîýôôèöèåíòîâ a, b ïî êîíòðîëüíîé âûáîðêå:∑

yi=−1

log
(
1− π(xi ; a, b)

)
+

∑
yi=+1

log π(xi ; a, b) → max
a,b

Ê.Â. Âîðîíöîâ (k.v.vorontsov@phystech.edu) ÌÌÌÎ: íåëèíåéíûå ìîäåëè ðåãðåññèè 24 / 32



Íåëèíåéíàÿ ðåãðåññèÿ
Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Âåðîÿòíîñòíûå ìîäåëè êëàññèôèêàöèè

Âåðîÿòíîñòíûå ôóíêöèè ïîòåðü
Âåðîÿòíîñòíûé ñìûñë ðåãóëÿðèçàöèè
Ïðèìåð: êðåäèòíûé ñêîðèíã

Çàäà÷à êëàññèôèêàöèè è ïðèíöèï ìàêñèìóìà ïðàâäîïîäîáèÿ

Äàíî: ïðîñòàÿ âûáîðêà X ℓ = (xi , yi )
ℓ
i=1, ïîðîæäàåìàÿ

íåèçâåñòíîé ïëîòíîñòüþ p(x , y) íà â.ï. X × Y , |Y | < ∞
Íàéòè: ïàðàìåòð w ìîäåëè óñëîâíîé âåðîÿòíîñòè P(y |x ,w)

p(x , y ;w) = P(y |x ,w)p(x) � ìîäåëü ñîâìåñòíîé ïëîòíîñòè,
p(x) � íåèçâåñòíîå è íåïàðàìåòðèçóåìîå ðàñïðåäåëåíèå íà X

Êðèòåðèé: ìåòîä ìàêñèìóìà ïðàâäîïîäîáèÿ (ÌÌÏ)

p(X ℓ;w) =
ℓ∏

i=1

p(xi , yi ;w) =
ℓ∏

i=1

P(yi |xi ,w)HHHp(xi ) → max
w

Ìàêñèìóì ëîãàðèôìà ïðàâäîïîäîáèÿ (log-likelihood, log-loss):

L(w) =
ℓ∑

i=1

lnP(yi |xi ,w) → max
w
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Íåëèíåéíàÿ ðåãðåññèÿ
Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Âåðîÿòíîñòíûå ìîäåëè êëàññèôèêàöèè

Âåðîÿòíîñòíûå ôóíêöèè ïîòåðü
Âåðîÿòíîñòíûé ñìûñë ðåãóëÿðèçàöèè
Ïðèìåð: êðåäèòíûé ñêîðèíã

Ñâÿçü ïðàâäîïîäîáèÿ è àïïðîêñèìàöèè ýìïèðè÷åñêîãî ðèñêà

Ìàêñèìèçàöèÿ ëîãàðèôìà ïðàâäîïîäîáèÿ,

P(y |x ,w) � ìîäåëü óñëîâíîé âåðîÿòíîñòè êëàññà:

L(w) =
ℓ∑

i=1

lnP(yi |xi ,w) → max
w

Ìèíèìèçàöèÿ àïïðîêñèìèðîâàííîãî ýìïèðè÷åñêîãî ðèñêà,

g(x ,w) � ìîäåëü ðàçäåëÿþùåé ïîâåðõíîñòè, Y = {±1}:

Q(w) =
ℓ∑

i=1

L
(
yig(xi ,w)

)
→ min

w
;

Ýòè äâà ïðèíöèïà ýêâèâàëåíòíû, åñëè ïîëîæèòü

− lnP(yi |xi ,w) = L
(
yig(xi ,w)

)
.

ìîäåëü P(y |x ,w) ⇄ ìîäåëü g(x ,w) è L (M) .
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Íåëèíåéíàÿ ðåãðåññèÿ
Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Âåðîÿòíîñòíûå ìîäåëè êëàññèôèêàöèè

Âåðîÿòíîñòíûå ôóíêöèè ïîòåðü
Âåðîÿòíîñòíûé ñìûñë ðåãóëÿðèçàöèè
Ïðèìåð: êðåäèòíûé ñêîðèíã

Âåðîÿòíîñòíûé ñìûñë ðåãóëÿðèçàöèè

Äàíî: ïðîñòàÿ âûáîðêà (xi , yi )
ℓ
i=1 ∼ p(x , y),

p(w ; γ) � àïðèîðíîå ðàñïðåäåëåíèå ïàðàìåòðîâ ìîäåëè,
γ � âåêòîð ãèïåðïàðàìåòðîâ

Íàéòè: ïàðàìåòð w ìîäåëè óñëîâíîé âåðîÿòíîñòè P(y |x ,w)

Òåïåðü ñëó÷àéíà êàê âûáîðêà X ℓ, òàê è ìîäåëü w ∼ p(w ; γ)
Ñîâìåñòíîå ïðàâäîïîäîáèå äàííûõ è ìîäåëè:

p(X ℓ,w) = p(X ℓ|w) p(w ; γ)

Êðèòåðèé ìàêñèìóìà àïîñòåðèîðíîé âåðîÿòíîñòè

(Maximum a Posteriori Probability, MAP):

ln p(X ℓ,w) =
ℓ∑

i=1

lnP(yi |xi ,w)︸ ︷︷ ︸
log ïðàâäîïîäîáèÿ

+ ln p(w ; γ)︸ ︷︷ ︸
ðåãóëÿðèçàòîð,

íå çàâèñèò îò X ℓ

→ max
w
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Íåëèíåéíàÿ ðåãðåññèÿ
Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Âåðîÿòíîñòíûå ìîäåëè êëàññèôèêàöèè

Âåðîÿòíîñòíûå ôóíêöèè ïîòåðü
Âåðîÿòíîñòíûé ñìûñë ðåãóëÿðèçàöèè
Ïðèìåð: êðåäèòíûé ñêîðèíã

Ïðèìåðû: àïðèîðíûå ðàñïðåäåëåíèÿ Ãàóññà è Ëàïëàñà

Ëèíåéíàÿ ìîäåëü a(x ,w) = sign⟨x ,w⟩ èëè ⟨x ,w⟩
Îãðàíè÷åíèÿ íà ïàðàìåòðû: Ewj = 0, Ewjwk = 0, Dwj = C

Ðàñïðåäåëåíèå Ãàóññà è êâàäðàòè÷íûé (L2) ðåãóëÿðèçàòîð:

p(w ;C ) =
1

(2πC )n/2
exp

(
−∥w∥2

2C

)
, ∥w∥2 =

n∑
j=1

w2
j ,

− ln p(w ;C ) = 1
2C ∥w∥2 +���const

Ðàñïðåäåëåíèå Ëàïëàñà è àáñîëþòíûé (L1) ðåãóëÿðèçàòîð:

p(w ;C ) =
1

(2C )n
exp

(
−∥w∥

C

)
, ∥w∥ =

n∑
j=1

|wj |,

− ln p(w ;C ) = 1
C ∥w∥+���const

C � ãèïåðïàðàìåòð, τ= 1
C � êîýôôèöèåíò ðåãóëÿðèçàöèè.
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Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Âåðîÿòíîñòíûå ìîäåëè êëàññèôèêàöèè

Âåðîÿòíîñòíûå ôóíêöèè ïîòåðü
Âåðîÿòíîñòíûé ñìûñë ðåãóëÿðèçàöèè
Ïðèìåð: êðåäèòíûé ñêîðèíã

Ñêîðèíã � ëèíåéíàÿ âåðîÿòíîñòíàÿ ìîäåëü ïðèíÿòèÿ ðåøåíèé

Ïðèìåð. Êðåäèòíûé ñêîðèíã:

xi � çà¼ìùèêè

yi = −1 (bad),+1 (good)

Áèíàðèçàöèÿ ïðèçíàêîâ fj(x):

bjk(x) =
[
fj(x) èç k-ãî èíòåðâàëà

]
Ëèíåéíàÿ ìîäåëü êëàññèôèêàöèè:

a(x ,w) = sign
∑
j ,k

wjkbjk(x).

Âåñ ïðèçíàêà wjk ðàâåí åãî âêëàäó
â îáùóþ ñóììó áàëëîâ (score).

ïðèçíàê j èíòåðâàë k wjk
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Íåëèíåéíàÿ ðåãðåññèÿ
Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Âåðîÿòíîñòíûå ìîäåëè êëàññèôèêàöèè

Âåðîÿòíîñòíûå ôóíêöèè ïîòåðü
Âåðîÿòíîñòíûé ñìûñë ðåãóëÿðèçàöèè
Ïðèìåð: êðåäèòíûé ñêîðèíã

Îöåíèâàíèå ðèñêîâ â ñêîðèíãå

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ íå òîëüêî
îïðåäåëÿåò âåñà w , íî è îöåíèâàåò
àïîñòåðèîðíûå âåðîÿòíîñòè êëàññîâ:

P(y |x) = σ
(
⟨w , x⟩y

)
=

1

1+ e−⟨w ,x⟩y -6 -4 -2 0 2 4 6

0

0.5

1.0

z

σ(z)

Îöåíêà ðèñêà (ìàòåìàòè÷åñêîãî îæèäàíèÿ) ïîòåðü îáúåêòà x :

R(x) =
∑
y∈Y

Dxy P(y |x),

ãäå Dxy � âåëè÷èíà ïîòåðè äëÿ îáúåêòà x ñ èñõîäîì y , ïðè÷¼ì
åñëè y=−1 (bad), òî Dxy > 0; åñëè y=+1 (good), òî Dxy < 0

Îöåíêà R(x) ãîâîðèò î òîì, ñêîëüêî ìû ïîòåðÿåì â ñðåäíåì.
Íî ñêîëüêî ìû ðèñêóåì ïîòåðÿòü â 1% õóäøèõ ñëó÷àåâ?
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Âåðîÿòíîñòíûå ôóíêöèè ïîòåðü
Âåðîÿòíîñòíûé ñìûñë ðåãóëÿðèçàöèè
Ïðèìåð: êðåäèòíûé ñêîðèíã

Ìåòîäèêà VaR (Value at Risk)

Ñòîõàñòè÷åñêîå ìîäåëèðîâàíèå: N = 104 ðàç

äëÿ êàæäîãî xi ðàçûãðûâàåòñÿ èñõîä yi ∼ P(y |xi );
âû÷èñëÿåòñÿ ñóììà ïîòåðü ïî ïîðòôåëþ V =

∑ℓ
i=1Dxiyi ;

99%-êâàíòèëü ýìïèðè÷åñêîãî ðàñïðåäåëåíèÿ ïîòåðü
îïðåäåëÿåò âåëè÷èíó ðåçåðâèðóåìîãî êàïèòàëà

Распределение возможных потерь по портфелюРаспределение возможных потерь по портфелю

-2000 -1500 -1000 -500 0 500 1000 1500 2000

0.0005

0.0010

сумма потерь

плотность вероятности

VaR

Ê.Â. Âîðîíöîâ (k.v.vorontsov@phystech.edu) ÌÌÌÎ: íåëèíåéíûå ìîäåëè ðåãðåññèè 31 / 32



Ðåçþìå â êîíöå ëåêöèè

Íåëèíåéíàÿ ðåãðåññèÿ
� ñâîäèòñÿ ê ïîñëåäîâàòåëüíîñòè ëèíåéíûõ ðåãðåññèé
� ìåòîä Íüþòîíà-Ðàôñîíà ïðèâîäèò ê IRLS

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ
� íå ðåãðåññèÿ, à êëàññèôèêàöèÿ
� ìåòîä Íüþòîíà-Ðàôñîíà ïðèâîäèò ê IRLS

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü (GLM)
� ìîùíî îáîáùàåò îáû÷íóþ è ëîãèñòè÷åñêóþ ðåãðåññèþ
� ìåòîä Íüþòîíà-Ðàôñîíà ïðèâîäèò ê IRLS

Îáîáù¼ííàÿ àääèòèâíàÿ ðåãðåññèÿ (GAM, back�tting)
� ñâîäèòñÿ ê ñåðèè îäíîìåðíûõ ñãëàæèâàíèé

Âåðîÿòíîñòíûé ñìûñë ôóíêöèè ïîòåðü

� ýòî −ln âåðîÿòíîñòíîé ìîäåëè äàííûõ

Âåðîÿòíîñòíûé ñìûñë ðåãóëÿðèçàöèè

� ýòî −ln àïðèîðíîãî ðàñïðåäåëåíèÿ ïàðàìåòðîâ ìîäåëè
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