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MeTtoa HauMeHbLIUX KBaApaToOB

@ X — obbekTbl (vacto R"); Y — oteetnl (yacto R, pexe R™);
X' = (x;,yi)f_, — obyqatowas sbibopka;
yi=y(xi), y: X = Y — HenssecTHas 3aBMCUMOCTb;

@ a(x) = f(x,a) — moaenb 3aBUCMMOCTH,
a € RP — BekTOp napamerpoe mogenu.

© Metog Haumenbwnx kBagpatos (MHK):

L
4 2 .
Qa, X*) = Z wi(f(xi, @) — yi)" — min,
i=1
A€ W; — BEC, CTENeHb BAXKHOCTU i-ro obbekTa.

Q(a*, X*) — ocratounas cymma ksagpatos
(residual sum of squares, RSS).
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Henunelinas perpeccus Henunelinas mopens perpeccun
Jlornctnyeckas perpeccus
Ob606wWeéHHas agaMTUBHaA Moaenb

HenuHeiiHass mogenb perpeccum

Henuneiinas mogens perpeccun f(x,a), « € RP.
DyHKLMOHAN CpefHEKBAAPATUYHOTO OTKIOHEHUS:

)4
A ) AY: .
Qa, X*) = Z(f(x,,a) vi)© = min.
i=1
Metop HbioToHa—PadcoHa:
1. Hauanbhoe npubamxenne o = (af, ... ,ag).

2. VllepaLIMOHHbIVI npouecc
-1
()ét 1 = ()ét — ht(Q”(at)) Q,(()ét),

Q'(a') — rpagneHT dyHkunoHana @ B Touke o, BekTop U3 RP
Q"(a') —reccnan dyHkunonana @ B Touke af, matpuua nz RP*P
hs —Benuunna wara (MoxHo nonaratb hy = 1).
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Henunelinas perpeccus Henunelinas mopens perpeccun
Jlornctnyeckas perpeccus
Ob606wWeéHHas agaMTUBHaA Moaenb

Metop HslotoHa-PadcoHa

KomnoHeHTbI rpagueHTa:

80&] Py 80&]
KomnoHeHTbl reccnana:
92Q Of (xi, ) Of ( x,7 O?f(x;,
22 —22 x,-,a)—y,-)ﬁ.

8041604;( Oa; OajOoy

~
npu nuHeapusayun nonaraetca = 0

He xoTenockb 66l obpaliaTe reccnaH Ha Kaxkaol utepauuu. ..

Nuneapuzauymsa f(x;,a) B okpecTHocTn Tekywero at:

P 0fx,, o e
f(le )—fX,,Oé)—i-Z (aJ aj)+o(aJ af)'
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Henunelinas perpeccus Henunelinas mopens perpeccun
Jlornctnyeckas perpeccus
Ob606wWeéHHas agaMTUBHaA Moaenb

Metog HbioToHa-lMaycca

MaTpuuHsle obozHayeHus:
F = (%(Xi’at))éxp — MaTpuLa NepBbIX NPOU3BOAHbIX;
fi = (f(x,-,of))gXl — BEKTOp 3Ha4eHuin f.
®Popmyna t-ii utepauyun metoga Hetotona—laycca:
aftti=at — h (FIF) R (f — ).
B
[ — 3TO peLueHMe 3aja4nM MHOrOMEPHOU NMHEAHON perpeccun

IFef = (= )| = min.

HenuHeliHaa perpeccus cBefieHa K CEpUM JINHEWHbIX PErPECCUiA.

CkopocTb cxogumocTn — Kak u y metoga HetotoHa—Padbcona,
HO ANS BBIYUCNEHUA MOXHO NPUMEHSITH CTAHAAPTHLIE METOAbI.
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Henunelinas perpeccus Henunelinas mopens perpeccun
Jloructnyeckas perpeccus
Ob606wWeéHHas agaMTUBHaA Moaenb

3apaya knaccudukaumu. JlormcTuyeckas perpeccus

Y = {-1,4+1} — pea knacca, a(x, w) = sign(w'x), x,w € R".
DyHKLYMOHAN anMPOKCMMUPOBAHHOIO SMMNPUYHECKOrO PUCKa:

l l

Q(w) = Z [Mi(w) < 0] < ZX(WTX,-y,) — mMi/n7

i=1 i=1

rae (M) = Iog(l + e_M) — norapudmuyeckas yHKLMSE NOTEPD

35
30

— T
30 25 20 15 10 05 0 05 10 15 20 25 30 /\/]’- = wXy;
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Henunelinas perpeccus Henunelinas mopens perpeccun
Jloructnyeckas perpeccus
Ob606wWeéHHas agaMTUBHaA Moaenb

Metopa HeloTtoHa-Padcona

Metopa HetotoHa-PadpcoHa ans munumusauun dyrkumonana Q(w):

Wt+1 = wt— ht(Q”(Wt))_lQl(Wt),

DnemeHTbI rpafMeHTa — BEKTOpa NepBbix Npou3sogHbix Q'(w?):

0 S :
SEVJW) — I;(l _ O'i)yif)'(xi)a J = ]_, ..., n.

DnemeHTbI reccmaHa — MaTpuLbl BTOpbIX npoussogHbix Q”(w?):
0?Q(w) ¢
A A — 1 —o0j)oifi(xi)fk(xi i k=1,....n
Ow;Owy ,;1( ai)oifi(xi)fu(xi), J, yeees Ny

1
14+e— 2

rae o = o(yiw'x;), o(z) = — curmongHas dyHKLMA.
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Henunelinas perpeccus Henunelinas mopens perpeccun
Jloructnyeckas perpeccus
Ob606wWeéHHas agaMTUBHaA Moaenb

MaTpuuHblie 0603Ha4eHNs

F= (G(Xi))ﬁxn — MaTpuLa «ODBEKTLI—MPU3HAKNY;

M= diag( (1- a,-)a,-) — AnaroHanbHas {x/{-maTpuua;
F = I'F — B3BelueHHas MaTpuLa «0BBbEKTbI-NPU3HAKMY ;
Vi=vi/ (1 —0i)/oi, ¥ = (Ji)ix1 — B3BELUEHHbIi BEKTOP OTBETOB.

Toraa B metoge HbtoToHa-Padcona:
(Q"(w) @ (w) = —(FT?F) LTy = —(FTF) ' FTy = —F 5.

70 coenagaet ¢ MHK-peweHunem nuHeliHoii 3agadm perpeccum
CO B3BELWEHHbIMNA O6'beKTaMVI n MOp,MCbMLI,MpOBaHHbIMM OTBETAMMN:

4 2
Q(w) = ||Fw—7|? = Z(l - U;)U;(WTX,- - ﬁ) — min.

; gj w
i=1
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Henunelinas perpeccus Henunelinas mopens perpeccun
Jloructnyeckas perpeccus
Ob606wWeéHHas agaMTUBHaA Moaenb

NHtepnpeTtayuns

Ha kaxgom ware metoga HetoToHa-Padcona pelnaetca
3aa4a MHOTOMEPHOW NIMHEHON perpeccun:

¢ 2
Q(w) = Z(l — O',')O','(WTX,' — £> — min.
, o w
i=1
NHTepnpetayus:
@ 0; = P(yi|x;) — BeposTHOCTb npaBuAbHOI Kiaccudnkayum x;

@ yem bnmxe x; K rpaHuue, Tem bonbwe Bec (1 — o;)o;
1

@ YeMm BbllE BEPOATHOCTb OWNbKM, TeM Bonblue =
1

BbIBO/: na kaxaoili utepauumn npoucxoaut bonee To4Has
HacTpoiika Ha «Haumbonee TPyaHbIX» obbekTax.
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Henunelinas perpeccus Henunelinas mopens perpeccun
Jloructnyeckas perpeccus
Ob606wWeéHHas agaMTUBHaA Moaenb

MHK c nrepauuoHHbiMm nepee3BelinBaHneM 00bEKTOB
IRLS — Iteratively Reweighted Least Squares

Bxop: F,y — maTpuua «0bbeKTbI—NPU3HAKN» U BEKTOP OTBETOB;
Bobixog: w — BekTop K03hhULNEHTOB NNHENHON KOMBUHALMK.

: w:= (FTF)"'FTy — nynesoe npubnuxenne, obbiunbiii MHK;
canat:=123 ...

oi=o(yiw'x;) pns scex i = 1,...,¢;

vi:=+/(1—0j)o; pnsiscex i =1,...,¢;

F .= diag(v1,-..,v)F;

Vii=yin/(1—0j)/oi pnsaecex i =1,...,¢;

BbIbpaTh rpagueHTHbIN war hy;

w=w+ h(FTF)"1Fy;

ecnn {o;} Mano M3MeHNINCb TO BLIATA U3 LUKNA;

e @ N o g B w2
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Henunelinas perpeccus Henunelinas mopens perpeccun
Jlornctnyeckas perpeccus
Ob6obweéHHas agaMTUBHaA Moaenb

O06obwénHaa apauTusHaa mogens (Generalized Additive Model)

Perpeccusi ¢ HenuHeliHbiMu cbyHKLMAMYU NpusHakos ¢;: R — R:

M:

fx,a) = > ¢i(fi(x), ).

Il
—

J
B wactHocTu, npu ¢;(fi(x), aj) = ajf;(x) aTo nuneiinas mogens.

. 1
NOEA: noouepénHo yToUHATE ¢ No Bbibopke (rj-(x,-),z,-)l.zl,
nocTeneHHo ocnabnsisi perynsipusatop rnagkoctu R(oy)
(MOXHO NCMONBL30BaTh CRNAliHLI UAN AAEPHOE CrNAXKNBAHUE):

Q(a;)) —i—TR(aJ) — m|n

Qo) = Z(% (xi) 041) — (vi— Igjtﬂk(fk(xi)ﬂk))f?

R(ej) = [(£1(C,a5)) % d¢
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Henunelinas perpeccus Henunelinas mopens perpeccun
Jlornctnyeckas perpeccus
Ob6obweéHHas agaMTUBHaA Moaenb

Metop backfitting [Xactu, Tubwupanu, 1986]

Bxog: F,y — maTpuua «0bBHEKTbI—MPU3HAKM» N BEKTOP OTBETOB;
Boeixoa: ¢;(f;, aj) — Bce cyHkunm npeobpasosaHnst Npu3HaKos.

1: HayanbHOE NpubnKeHue:
« = pewenne 3aga4un MJIP ¢ npusnakamu f;(x);
oj(fj, o)) == ajfi(x), j=1,...,nm

2: NOBTOPATH

33 phaj=1...,n

n

4: zir=yi— Yo or(fe(xi),ak), i=1,...,¢
k=1,k+j
4

5: aj = arg moin > (p(fi(xi), @) — z,-)2 + 7R(a);

i=1
6:  YMEHbLIUTL KO3(DPULNEHT perynsipusauim 7,
7: noka Q(o, X*) w/unn Q(a, X¥) 3ametHo ymeHbiuatoTcs;
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- O6ob6wEnHas nuHeliHas mopens
O606weéHHas nuHeliHas Mogenb DKcnoHeHUManbHoe cemMecTBo pacnpegeneHuii
Makecumusauyums npasgonogobus gna GLM

Hanomunaxue: ceazs MMI1T n MHK

Mogenb faHHbIX C HEKOPPEINPOBAHHBLIM FAyCCOBCKUM LUYMOM:
yi=f(xj,a) +ei, e ~N(00?), i=1,...,10
DkemeanenTHas sanuce: y; ~ N (ui,0?), pi = Eyi = f(x;, ).

MHK skBuBaneHTen metogy makcumyma npasgonogobus (MMI):

¢
1 1
L(e1,...,e = —e ———e? ) = max;
N | Pr Xp( 7)o
1 1 2 .
—InL(e1,...,epla) = const(a +§ ? f(xi, @) — yi) — min;
i=1 i

Kak ncnonb3osaTb ANHERHbIE Moaenn, ecan y; He rayCCoBCKUE,
B HaCTHOCTuK, ecan y; AVICerTHO3Ha'-IHbIe?
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O6ob6wEnHas nuHeliHas mopens
O606weéHHas nuHeliHas Mogenb DKcnoHeHUManbHoe cemMecTBo pacnpegeneHuii
Makecumusauyums npasgonogobus gna GLM

O606wénHaa nuHeiiHas mopens (Generalized Linear Model, GLM)

HopmansHas nuHeitHas Mogens ANS MaTEMaTUHECKOrO OXKUAAHUSA:
2 T
yl'NN(:ui’O-i)’ ,u;:Ey,-:xia,

ObobiyéHHas nuHeliHas Mogeab AN MaTEMaTUYECKOr0 OXKNAAHNS:

yi ~ Exp(ui, ¢i), pi = EByi,  g(wi) =0i =xa,
g(1) — monoTonHas ¢pyHkyusi cesizm (link function),
Exp — akcnonenymansHoe cemericTBo pacnpegeneHmii
c napametpamu 6;, ¢; n napamerpamu-cbyHkunsmu c(6), h(y, ¢):
yibi — c(6;
p(yildi, i) = eXP(”T(') + h(yi, ¢i)>-

1

3amMeuaTenbHble CBONCTBA SKCMOHEHLMANIBHOIO CEMENCTBA:
pi=Eyi=c0:) = gp)=[1"(n)
Dy; = ¢ic”(6:).
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O606WEHHas nuHeliHaa Mogens
O606weéHHas nuHeliHas Mogenb DKcnoHeHUnanbHoe ceMencTBo pacnpegeneHuii
T Makecumusauyums npasgonogobus gna GLM

Mpumepsbl pacnpegeneHnii N3 3KCNOHEHLMANIbLHOIO CeMelicTBa

HopmansHoe (rayccosckoe) pacnpegenetue, y; € R:

2y _ . )2) —
p(yilpi,o7) = mexp(*ﬁ(% — 1) ) =
2 2
o; 207

Gi=g(u)=pi,  cO)=hd =160  i=ot

Myacconosckoe pacnpegenenne, y; € {0,1,2,... }:

e/J'/M ylnM — L
plyilpi) = —+— = eXP(% —Inyil );

0 = g(wi) =In(w), (@) =p=¢€"  ¢i=1
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MAH O606WEHHas nuHeliHaa Mogens
O606weéHHas nuHeliHas Mogenb DKcnoHeHUnanbHoe ceMencTBo pacnpegeneHuii

T Makecumusauyums npasgonogobus gna GLM

Mpumepsbl pacnpegeneHnii N3 3KCNOHEHLMANIbLHOIO CeMelicTBa

BuHomuansHoe pacnpegenenue, y; € {0,1,...,n;}:

P ) = L= ) =
iIn(1 — i) +1In Cy')'

= exP()//
0i = g(pi) = In $55- c(6;) = —niIn(1 — ;) = n;In(1 + &%),

1—pi»

Pacnpeaenexune Beprynnn, y; € {0,1}:

p(yilpi) = pf (1 — i) y'—eXp(yll (1*%))

0;i = g(ui) = In g2, c(6;) = —In(1 — ;) = In(L 4 &”).
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O606WEHHas nuHeliHaa Mogens
O606weéHHas nuHeliHas Mogenb DKcnoHeHUnanbHoe ceMencTBo pacnpegeneHuii
Makecumusauyums npasgonogobus gna GLM

Mpumepsbl pacnpegeneHnii N3 3KCNOHEHLMANIbLHOIO CeMelicTBa

@ HopmanbHoe (rayccoBCKOE)
pacnpegeneHue lNlyaccoHa
6|/|HOMVIaJ'IbHO€ N MynbTUHOMMANBHOE
reOMeTpUYECKOe

X2-pacnpegaenenue
beTa-pacnpenenerue

raMMa-pacnpegenexme

e ¢ © 6 ¢ ¢ ¢

pacnpegenedne dupuxne
@ pacnpegeneHue Jlannaca ¢ pnkCUpoBaHHBIM MaTOXULAHUEM
KOHTp-npumepbl He 3KCMOHEHLMANBHBIX pacnpeseneHnii:

@ t-pacnpegenerune CrbtogeHTa, Kown, runepreomeTtpryeckoe
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O606WEHHas nuHeliHaa Mogens
O606weéHHas nuHeliHas Mogenb DKcnoHeHUManbHoe cemMecTBo pacnpegeneHuii
Makcumusauyms npasgonogobus gna GLM

Makcumusauyua npasgonogobusa gna GLM

MpuHumn Makcumyma npaBp,onop,06m9|

_Ian yilbi, i) Zyl i—c )—>max
rae 0; 3aBucut ot v 0 = xTa = Zf:l ozjlj-(x;).

MeTog Hutotona-Padbcona: aftl :=al + ht(L”(at))flL’(at).

KomnoneHTsl BekTOpa rpaguenta L'(«):
¢ o
0) Gy c(xa)
= Z ! ) ! f_}(X,)
i=1 Z
KomnonenTsl matpuys lecce L (a):

L) =),
dajdar ,Z:; Tﬂ(xl)fk(x,)-
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O606WEHHas nuHeliHaa Mogens
DKCnoHeHUManLHoe CeMelicTBO pacnpepeneHuii

O606weéHHas nuHeliHas Mogenb
Makcumusauyms npasgonogobus gna GLM

MaTpuuHblie 0603Ha4eHNs

F = (fi(xi)) ., — MaTpuua «obbekTbi—NpusHaku»;

F=WF, W= diag( %c”(@;)), 6; = xTat;

y= (y,-)le, Vi = % — MOANULNPOBaHHbI BEKTOP OTBETOB.

Toraa metoa HbtoToHa-Padcona cHosa npusogut k IRLS:

. ) (.
afftti=at — h, (FTWtWtF) FT Wt( C”d()bi)%i(m )ZX]..

(FrF) 1 ;

970 coenagaetr ¢ MHK-pewwennem nuneiinoli 3agaun perpeccun
CO B3BELUEHHbLIMU OOBEKTAMU U MOAUDULMPOBAHHBIMI OTBETAMM:

Qe) = [|For = 7 — min.
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- O6o6wéHHas nuHeliHas mMopens
O606weéHHas nuHeliHas Mogenb DKcnoHeHUManbHoe cemMecTBo pacnpegeneHuii
Makcumusauyms npasgonogobus gna GLM

JlorucTtnyeckas perpeccusi Kak 4acTHbiii cny4daii GLM

Pacnpepenenne Beprynnm, y; € {0,1}: p(yilui) = (1 — pi)t=

0 =g(pi) =g, c(0;) = —In(l - p;) = In(1+ €%).

MpuHumMn Mmakcumyma npaap,onop,o6v|9| npusogut K log-loss:

l
Zln:uii(lf = Z%In,ul 1*)/i)|n(1*,ui)
i=1

BoipaxxeHue gnsi aHOCTepmopHoﬁ BeposaTHOCTM knacca +1:

1
Pi:]-i:Ef: =< = 6,-: T
0 =116) = B3 = s = gy = 7(0) = o(fe)
Jnneiinbin knaccndpukaTtop n otHowerue warcos (odds ratio):
i Plyi=1lxi
o= 0 = In i _jp PUi=1ba)
1—pj P(yi=0lx;)
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KeaHTunbHas perpeccus
PobactHasa perpeccus
HeksagpaTtudHsie dyHkunmn noteps SVM-perpeccus

Metop HanmeHbLUNX MOaynei

i = (a(x ) ¥i) — owubka
ZL(e ) yHKLMS noTepb

Q= Z Z(gi) — min — kputepuii 0by4eHns mogenu no Bbibopke
: a

MeTtoa HaumeHbLIX KBaapaToB, .Z () = 2
L

¢
Z(a—yl')2 — main, a= %Zy,-.
i=1

i=1
MeTop HaumeHbLlnx mopyneii, Z(c) = |e|:
Z]a—)/i‘ — min, a=median{y1, ...y} = y“/?),
— a

roe y(l)7 .. ,y(e) — BapMALVOHHbLIA psf 3HaYeHU y;
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HekBagpaTtu4iHbie pyHkummn noteps

KeaHTunbHas perpeccus
PobactHasa perpeccus
SVM-perpeccus

Mpumep. 3agaya nporHo3mpoBaHus 0OBHLEMOB Npogax

CrroyToTane Tosapa

HaugHxa
NOANEHOCTE

MNorepu

HononHvrensHeie
WMABpkKA CHNana

Cpok

cpeq TOAHOCTH

JaKyncuHan
CTOMMODCTE

CToMMOCTE
XPEHEHWA

Cr

A XOBOA

anac

OwibeM NporHoaa, obwem
Cropovka
nnaresa

nuHeliHas perpeccumn
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KeaHTunbHas perpeccus
PobactHasa perpeccus
HeksagpaTtudHsie dyHkunmn noteps SVM-perpeccus

KBaHTunbHaa perpeccus

Cylel, >0
KBaHTinbHas perpeccus, £ (c) = +lel, e ;
C_le|, e<0;
¢
. (C_
;f(ayi)%mam, 2=y, q:7C7+C+
roe y(l)7 .. ,y(e) — BapMaLVOHHbLIA psf 3HaYeHU y;

Juneiinas mogens perpeccun: a(x;) = (xj, w).
CeepeHne k 3ajaye ANHEHOrO NPOrpaMMUPOBaHUSI:

3amena nepementbix € = (a(x;) —yi),, & = (vi — a(x)) .
¢

_ + - o
Q_ZCJrsI. + C_¢; %mvln,
i=1
X,',W>7y,':€7r*€,-7;
5,* >0;, e >=0.

1
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KeaHTunsHas perpeccus
PobactHas perpeccus
HeksagpaTtudHsie dyHkunmn noteps SVM-perpeccus

PobactHas perpeccus

Mogensb perpeccuu: a(x) = f(x, a)

®yHkuma MewankuHa: Z(e) = b(l — exp(—%€2))

o : 7

39 /

04

-5 -4 -3 -2 -1 0 1 2 3 4 5
— b=1 — b=2 — b=3 —— KBagpatMyHas

MocraHoBka 3agayn:
¢
Zexp(—%(f(x,-,a) — yi)z) — max.
i=1

DTa 3ajaya Takxke pewaetcs metogoM HetoToHa-PadbcoHa.
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KeaHTunsHas perpeccus
PobactHasa perpeccus
HeksagpaTtudHsie dyHkunmn noteps SVM-perpeccus

SVM-perpeccus (HanomuHaHue)

Mopenb perpeccun: a(x) = (x,w) —wy, w € R", wg € R.

®yHkuyms notepe: £ (c) = (Je| — 5)+

3

3 2 - 0 1 2 3
MocTaHoBka 3agayu:

¢
1 2
E ({w,x;) — wo — yil = 6)  + —||WH — min .
w,wo
=1
3agava pewaertcs NyTéM 3ameHbl NepeMeHHbIX
n CBep,eHVISI K 3ap,al-le KBaApaTVl'-IHOrO nporpaMMVIpOBaHVIﬂ

K. B. BopoHuos (voron®forecsys.ru) HenuHeiiHaa perpeccun

26 /27



Pe3siome B kKoHUEe nekuuun

Henuneiinasa perpeccus

— CBOAUTCS K MOCIEL0BAaTENbHOCTYN JIMHEAHbIX perpecculii
— ncnons3yetcst Mmetog Hetotona-Padcona

@ Jloructunyeckas perpeccus

— He perpeccus, a knaccudukauus
— uncnonb3yetcsi metog HetotoHa-Padbcona

(]

ObobwéHHas nuHeliHasa perpeccust
— 06061aeT 0BbIYHYIO 1 JTIOrNCTUYECKYHO PErpeccuto
— uncnonb3yetcsi metog HetotoHa-Padhcona

(]

O606wWéHHas agauTUBHANA perpeccus
— CBOAMTCS K CEpAN OAHOMEPHbIX CrAaXKuBaHWii

(]

HekeagpaTuuHsle dpyHkuum notepb
— npobaeMHO-0pMEHTUPOBaHHbIE (3aBUCAT OT 3aja4n)
— NPUBOASAT K pa3HbiM MeTogaM, oTanyHeiM oT MHK
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