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Òåìà II

Òåîðèÿ ïåðå÷èñëåíèÿ Ïîéà
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Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Ðàçäåëû I

Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Ïðèìåíåíèå ëåììû Á¼ðíñàéäà äëÿ ðåøåíèÿ
êîìáèíàòîðíûõ çàäà÷

Ïðèìåíåíèå òåîðåìû Ïîéà äëÿ ðåøåíèÿ êîìáèíàòîðíûõ
çàäà÷

Çàäà÷è ñ ðåøåíèÿìè

×òî åù¼ ïî÷èòàòü
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Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Äåéñòâèå ãðóïïû íà ìíîæåñòâå: äâà îïðåäåëåíèÿ

Ãðóïïà G = 〈G, ◦, e 〉, |G| = n. Ìíîæåñòâî T , |T | = N .

Îïðåäåëåíèå (I)

α ∈ Hom (G, Symm(T ) ).

Äåéñòâèå α ãðóïïû G íà ìíîæåñòâå T : G :
α
T .

Îïðåäåëåíèå (II)

α = 〈G, T ; ◦, ∗, e 〉 ,
ãäå

G×G ◦→ G � ãðóïïîâàÿ îïåðàöèÿ;
G× T ∗→ T � íîâàÿ îïåðàöèÿ.

Àêñèîìû äëÿ îïåðàöèé: e ∗ t = t; (g ◦ h) ∗ t = h ∗ (g ∗ t).

Àêñèîìû: e(t) = t è (g ◦ h)(t) = h(g(t)).
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Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Ïëàòîíîâû òåëà � ïðàâèëüíûå 3-ìåðíûå ìíîãîãðàííèêè

Ïëàòîíîâû òåëà Ãðóïïà âðàùåíèÿ Ïîðÿäîê ãðóïïû

òåòðàýäð T (òåòðàýäðà) 4 · 3 = 12
êóá è îêòàýäð O (îêòàýäðà) 8 · 3 = 24

èêîñàýäð è äîäåêàýäð Y (èêîñàýäðà) 12 · 5 = 60

Îêòàýäð Èêîñàýäð Äîäåêàýäð

Ðàññìàòðèâàåì ãðóïïû âðàùåíèé (ñàìîñîâìåùåíèé)
ïëàòîíîâûõ òåë
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Äåéñòâèå ãðóïïû íà ìíîæåñòâå

T � ãðóïïà âðàùåíèÿ òåòðàýäðà

T = 〈 t, f 〉, t3 = f2 = e, ãäå:

t � âðàùåíèå íà 120◦ âîêðóã îñè,
ïðîõîäÿùåé ÷åðåç âåðøèíó
è öåíòð òåòðàýäðà (M�M);
òàêèõ îñåé 4.

f � âðàùåíèå íà 180◦ âîêðóã îñè,
ïðîõîäÿùåé ÷åðåç öåíòðû äâóõ
ïðîòèâîïîëîæíûõ ð¼áåð (���);
òàêèõ îñåé 3.

|T | = (3− 1) · 4 + (2− 1) · 3 + 1 = 12.
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Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Äåéñòâèå T íà ãðàíè (èëè âåðøèíû) òåòðàýäðà: òèïû
ïåðåñòàíîâîê

2 : Type(t) = Type(t2) = 〈1, 0, 1, 0〉;

M: Type(f) = 〈0, 2, 0, 0〉.

Òåòðàýäð äâîéñòâåíåí ñàìîìó ñåáå ⇒
äåéñòâèå íà ãðàíè =
äåéñòâèå íà âåðøèíû.
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Äåéñòâèå ãðóïïû íà ìíîæåñòâå

O � ãðóïïà âðàùåíèÿ êóáà

O = 〈 t, f, r 〉 , t4 = f2 = r3 = e, ãäå

t � âðàùåíèå íà 90◦ âîêðóã îñè,
ïðîõîäÿùåé ÷åðåç ñåðåäèíû äâóõ
ïðîòèâîïîëîæíûõ ãðàíåé (2�2),

f � âðàùåíèå íà 180◦ âîêðóã îñè,
ïðîõîäÿùåé ÷åðåç ñåðåäèíû äâóõ
ïðîòèâîïîëîæíûõ ð¼áåð (◦�◦),
r � âðàùåíèå íà 120◦ âîêðóã îñè,
ïðîõîäÿùåé ÷åðåç äâå ïðîòèâîïîëîæíûå
âåðøèíû (M�M)

Ñêîëüêî îñåé êàæäîãî òèïà? 3, 6 è 4 ñîîòâåòñòâåííî.

|O| = 3 · 3 + 1 · 6 + 2 · 4 + 1 = 24.
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Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Äåéñòâèå O íà âåðøèíû êóáà: òèïû ïåðåñòàíîâîê

2 : Type(t) = Type(t3) =
= 〈0, 0, 0, 2, 0, . . .〉,
Type(t2) = 〈0, 4, 0, . . .〉;

◦ : Type(f) = 〈0, 4, 0, . . .〉;

M: Type(r) = Type(r2) = 〈2, 0, 2, 0, . . .〉.
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Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Íàïîìèíàíèå: ôèêñàòîð, ñòàáèëèçàòîð è ëåììà Á¼ðíñàéäà

{ t ∈ T | g(t) = t } def
= Fix (g) ⊆ T

{ g ∈ G | g(t) = t } def
= Stab (t) 6 G.

Ïåðâîå ðàâåíñòâî � ëåììà Á¼ðíñàéäà (èëè Êîøè-Ôðîáåíèóñà):

C(G) =
1

|G|
∑
g∈G
|Fix (g)| = 1

|G|
∑
t∈T
|Stab (t)|

:::::::
Ëåììà.

Äëèíà îðáèòû Orb (t) ðàâíà èíäåêñó Stab (t) â ãðóïïå G, ò.å.

|Orb (t)| = |G| : |Stab (t)| = [G : Stab (t)]

Ñëåäñòâèå ëåììû: ÷èñëî ýëåìåíòîâ â ãðóïïå âðàùåíèÿ
ïðàâèëüíîãî ìíîãîãðàííèêà åñòü

∣∣V ∣∣ · ∣∣E0

∣∣, ãäå ∣∣V ∣∣ � ÷èñëî
âåðøèí, à

∣∣E0

∣∣ � ÷èñëî ð¼áåð, âûõîäÿùèõ èç îäíîé âåðøèíû.
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Ïðèìåíåíèå ëåììû Á¼ðíñàéäà äëÿ ðåøåíèÿ êîìáèíàòîðíûõ çàäà÷

Ðàçäåëû I

Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Ïðèìåíåíèå ëåììû Á¼ðíñàéäà äëÿ ðåøåíèÿ
êîìáèíàòîðíûõ çàäà÷

Ïðèìåíåíèå òåîðåìû Ïîéà äëÿ ðåøåíèÿ êîìáèíàòîðíûõ
çàäà÷

Çàäà÷è ñ ðåøåíèÿìè

×òî åù¼ ïî÷èòàòü
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Ïðèìåíåíèå ëåììû Á¼ðíñàéäà äëÿ ðåøåíèÿ êîìáèíàòîðíûõ çàäà÷

Ïðèìåð ïðèìåíåíèÿ ëåììû Á¼ðíñàéäà

Çàäà÷à ïðî ñëîâà

Ñîñòàâëÿþòñÿ ñëîâà äëèíû l > 2 èç àëôàâèòà A = {a1, . . . , aq}.
Ñëîâà ñ÷èòàþòñÿ ýêâèâàëåíòíûìè, åñëè îíè ïîëó÷àþòñÿ îäíî
èç äðóãîãî ïåðåñòàíîâêîé êðàéíèõ áóêâ.

Îïðåäåëèòü ÷èñëî S íåýêâèâàëåíòíûõ ñëîâ.

Ðåøåíèå.
T � ìíîæåñòâî ñëîâ äëèíû l â àëôàâèòå A, |T | = N = ql.

Íàäî ïðåäñòàâèòü ýêâèâàëåíòíîñòè êàê îðáèòû íåêîòîðîãî
äåéñòâèÿ ïîäõîäÿùåé ãðóïïû G íà T .

Î÷åâèäíî, f2 = e è ïîýòîìó ïîäõîäèò G ∼= Z2 = { e, g }.
Äåéñòâèå: f ïåðåñòàâëÿåò â ñëîâå êðàéíèå áóêâû.
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Ïðèìåíåíèå ëåììû Á¼ðíñàéäà äëÿ ðåøåíèÿ êîìáèíàòîðíûõ çàäà÷

Ïðèìåð ïðèìåíåíèÿ ëåììû Á¼ðíñàéäà...

×èñëî S íåýêâèâàëåíòíûõ ñëîâ åñòü ÷èñëî êëàññîâ
ýêâèâàëåíòíîñòè C(G) äåéñòâèÿ Z2 :

α
T �

∣∣Fix (e)∣∣ = ∣∣T ∣∣ = ql ,
∣∣Fix (f)∣∣ = ql−2 · q = ql−1.

S = C(Z2) =
1

2

∑
g∈G

∣∣Fix (g)∣∣ = ql + ql−1

2
=

ql−1(q + 1)

2
.

Äëÿ l = 3, q = 2 ⇒ S = 4·3
2 = 6 (èç âñåãî 8)

Ïóñòü A = {a, b}. Ïîêàçàíû ñëîâà è êëàññû.

aaa baa
aab bab
aba bba
abb bbb
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Ïðèìåíåíèå ëåììû Á¼ðíñàéäà äëÿ ðåøåíèÿ êîìáèíàòîðíûõ çàäà÷

Öèêëîâîé èíäåêñ

Ñóùåñòâóåò óíèâåðñàëüíûé ñïîñîá âû÷èñëåíèÿ ÷èñëà C(G) �
êîëè÷åñòâà êëàññîâ ýêâèâàëåíòíîñòè (= îðáèò).

Ñîïîñòàâèì êàæäîé ïåðåñòàíîâêå g ∈ G âåñ w(g) ïî ïðàâèëó:

Type(g) = 〈ν1, . . . , νN 〉 ⇒ w(g) = xν11 · . . . · x
νN
N︸ ︷︷ ︸

ìîíîì

.

Îïðåäåëåíèå

Ñðåäíèé âåñ ïîäñòàíîâîê â ãðóïïå íàçûâàåòñÿ
öèêëîâûì èíäåêñîì äåéñòâèÿ G :

α
T :

P (G :
α
T, x1, . . . , xN ) =

1

|G|
∑
g∈G

w(g) =
1

|G|
∑
g∈G

xν11 · . . . · x
νN
N .

(Ýòî ïðîèçâîäÿùèé ïîëèíîì ìíîãèõ ïåðåìåííûõ)
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Ïðèìåíåíèå ëåììû Á¼ðíñàéäà äëÿ ðåøåíèÿ êîìáèíàòîðíûõ çàäà÷

Öèêëîâîé èíäåêñ: îáîçíà÷åíèÿ è ñâîéñòâà

Äðóãèå îáîçíà÷åíèÿ: PG(x1, . . . , xN ) è PG, P (G).

PG = PG ′
?⇒ G ∼= G ′ � íåò, åñòü êîíòðïðèìåð.

Êàê ïðèìåíÿòü ëåììó ¾íå-Á¼ðíñàéäà?¿

Äëÿ ïðèìåíåíèÿ óíèâåðñàëüíîãî ñïîñîáà âû÷èñëåíèÿ C(G)
íàäî ïðåäñòàâèòü ýêâèâàëåíòíûå ýëåìåíòû ìíîæåñòâà êàê
êëàññû ýêâèâàëåíòíîñòè äåéñòâèÿ íåêîòîðîé ãðóïïû G íà
ýòîì ìíîæåñòâå.
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Ïðèìåíåíèå ëåììû Á¼ðíñàéäà äëÿ ðåøåíèÿ êîìáèíàòîðíûõ çàäà÷

×èñëî íåýêâèâàëåíòíûõ ðàñêðàñîê

Ïóñòü çàäàíî äåéñòâèå G :
α
T ãðóïïû G íà ìíîæåñòâå T .

I Ïðèïèøåì êàæäîìó ýëåìåíòó T îäíî èç r çíà÷åíèé
(íåôîðìàëüíî: ïîêðàñèì â îäèí èç r öâåòîâ).
Âñåãî, î÷åâèäíî, èìååòñÿ rN ðàñêðàñîê.

I Íå áóäåì ðàçëè÷àòü ðàñêðàñêè, åñëè ïðè ïðåîáðàçîâàíèè
g : t→ t′ t′ ðàñêðàøåí òàêæå êàê è t. Íàïðèìåð, ïîâîðîò
íà 90◦ � • • • •

• • • •
íå äà¼ò íîâîãî ðàñêðàøèâàíèÿ âåðøèí êâàäðàòà.

Âîïðîñ: Ñêîëüêî ñóùåñòâóåò íåýêâèâàëåíòíûõ ðàñêðàñîê =
êëàññîâ ýêâèâàëåíòíîñòè C(G)?
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Ïðèìåíåíèå ëåììû Á¼ðíñàéäà äëÿ ðåøåíèÿ êîìáèíàòîðíûõ çàäà÷

Âû÷èñëåíèå C(G :
α
T ) ÷åðåç öèêëîâîé èíäåêñ

I Êàæäûé êëàññ ýêâèâàëåíòíîñòè ýòî g-öèêë; èõ
C(g) = ν1 + . . .+ νN øòóê.

I Êàæäàÿ ïåðåñòàíîâêà g ∈ G ñ òèïîì 〈 ν1, . . . , νN 〉 áóäåò
èìåòü |Fix (g)| = rC(g) íåïîäâèæíûõ òî÷åê: êàæäûé
êëàññ ýêâèâàëåíòíîñòè ýòî g-öèêë, èõ C(g) è

|Fix (g)| = xν11 · . . . · x
νN
N

∣∣∣
x1=...=xN=r

= rC(g).

Ñëåäîâàòåëüíî, ïî ëåììå Á¼ðñàéäà, ÷èñëî ïîëó÷åííûõ êëàññîâ
ýêâèâàëåíòíîñòè, ò.å. íåýêâèâàëåíòíûõ ðàñêðàñîê

::::::::
Òåîðåìà

C(G :
α
T ) = P (G :

α
T, x1, . . . , xN )

∣∣∣
x1=...=xN=r

.

Íàïðèìåð, PG(1, . . . , 1) = 1: åñëè âñå ýëåìåíòû ïîêðàñèòü â
îäèí öâåò, òî òàêèõ ðàñêðàñîê îäíà.
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Çàäà÷à ïðî ñëîâà

Ñîñòàâëÿþòñÿ ñëîâà äëèíû l > 2 èç àëôàâèòà { a1, . . . , am }.
Ñëîâà ñ÷èòàþòñÿ ýêâèâàëåíòíûìè, åñëè îíè ïîëó÷àþòñÿ îäíî
èç äðóãîãî ïåðåñòàíîâêîé êðàéíèõ áóêâ.
Îïðåäåëèòü ÷èñëî S íåýêâèâàëåíòíûõ ñëîâ.

Áûëî ðåøåíèå: S =
ml +ml−1

2
.

Äðóãîå ðåøåíèå: G = { e, g } ∼= Z2; T : ©
l−2︷ ︸︸ ︷

© . . .©©︸ ︷︷ ︸
l

.

Ýëåìåíò g ãðóïïû G Type(g) w(g) # ìîíîìîâ

e 〈 l, 0, . . . , 0 〉 xl1 1

g 〈 l − 2, 1, 0, . . . , 0 〉 xl−21 x12 1

Öèêëîâîé èíäåêñ: P (x1, . . . , xl) =
1

2

[
xl1 + xl−21 x12

]
.

S = P (m, . . . , m).
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Ïðèìåíåíèå ëåììû Á¼ðíñàéäà äëÿ ðåøåíèÿ êîìáèíàòîðíûõ çàäà÷

Êëàññè÷åñêàÿ êîìáèíàòîðíàÿ çàäà÷à îá îæåðåëüÿõ

Îæåðåëüå � îêðóæíîñòü, íà êîòîðîé íà ðàâíûõ ðàññòîÿíèÿõ ïî
äóãå (â âåðøèíàõ ïðàâèëüíîãî ìíîãîóãîëüíèêà) ðàñïîëàãàþòñÿ
¾áóñèíû¿.

Çàäà÷à îá îæåðåëüÿõ. Ñêîëüêî ðàçëè÷íûõ îæåðåëèé ìîæíî
ñîñòàâèòü èç N áóñèí r öâåòîâ?

Âàðèàíòû. Îæåðåëüÿ íåðàçëè÷èìû, åñëè îäíî ïîëó÷àåòñÿ èç
äðóãîãî ñàìîñîâìåùåíèåì:

1. ïîâîðîòîì â ïëîñêîñòè (áóñèíû ïëîñêèå,
îêðàøåíû ñ îäíîé ñòîðîíû) �
ñàìîäåéñòâèå öèêëè÷åñêîé ãðóïïû ZN ;

2. ïîâîðîòîì è ïåðåâîðîòîì â ïðîñòðàíñòâå
(áóñèíû êðóãëûå) � ñàìîäåéñòâèå ãðóïïû äèýäðà (äâîéíîé
ïèðàìèäû) DN .
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Çàäà÷à îá îæåðåëüÿõ: N = 5, r = 3

Ñêîëüêî ðàçíûõ îæåðåëèé ìîæíî ñîñòàâèòü èç 5 áóñèí 3
öâåòîâ?

T � âåðøèíû ïðàâèëüíîãî ïÿòèóãîëüíèêà. #Col(3) =?

¬ Îæåðåëüÿ îäèíàêîâû, åñëè îäíî ïîëó÷àåòñÿ èç äðóãîãî
ïîâîðîòîì.

Ðåøåíèå. G ∼= Z5 = 〈t〉, t5 = e, n = 5.

Ýëåìåíò ãðóïïû Type(g) w(g) # ìîíîìîâ

e 〈 5, 0, 0, 0, 0 〉 x51 1
t, t2, t3, t4 〈 0, 0, 0, 0, 1 〉 x5 4

Öèêëîâîé èíäåêñ: P (x1, x2, x3, x4, x5) = 1
5

[
x51 + 4x5

]
.

#Col(3) = P (3, . . . , 3) =
35 + 4 · 3

5
=

3 · 85
5

= 3 · 17 = 51.
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Ïðèìåíåíèå ëåììû Á¼ðíñàéäà äëÿ ðåøåíèÿ êîìáèíàòîðíûõ çàäà÷

Çàäà÷à Îëèìïèàäû ¾Ïîêîðè Âîðîáü¼âû ãîðû � 2009¿

Äëÿ 50 äåòåé äåòñêîãî ñàäà çàêóïëåíû 50 îäèíàêîâûõ
òàðåëîê. Ïî êðàþ êàæäîé òàðåëêè ðàâíîìåðíî ðàñïîëîæåíî 5
áåëûõ êðóæî÷êîâ. Âîñïèòàòåëè õîòÿò ïåðåêðàñèòü êàêèå-ëèáî
èç ýòèõ êðóæî÷êîâ â äðóãîé öâåò òàê, ÷òîáû âñå òàðåëêè ñòàëè
ðàçëè÷íûìè.
Êàêîå íàèìåíüøåå ÷èñëî äîïîëíèòåëüíûõ öâåòîâ ïîòðåáóåòñÿ
èì äëÿ ýòîãî?
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Êàê äîëæíû áûëè ðåøàòü øêîëüíèêè

Ðåøåíèå.
Ïóñòü òðåáóåòñÿ r öâåòîâ.
Îòáðîñèì r âàðèàíòîâ ðàñêðàñêè â îäèí öâåò.

×èñëî îñòàëüíûõ âàðèàíòîâ �

áåç ó÷¼òà âîçìîæíîñòè ïîâîðîòà òàðåëêè: r5 − r;

ñ ó÷¼òîì ïîâîðîòà:
r5 − r

5
(êàæäûé âàðèàíò ïîâòîðÿåòñÿ 5 ðàç).

Èòîãî: #Col(r) =
r5 − r

5
+ r =

r5 + 4r

5
;

Ïðè 2 äîïîëíèòåëüíûõ öâåòàõ #Col(3) = 51.
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Çàäà÷à îá îæåðåëüÿõ: N = 5, r = 3, 2-é âàðèàíò

­ Îæåðåëüÿ îäèíàêîâû, åñëè îäíî ïîëó÷àåòñÿ èç äðóãîãî
ïîâîðîòîì è/èëè ïåðåâîðîòîì.

G � ãðóïïà äèýäðà D5 = 〈t, f〉, t5 = f2 = e, n = |D5| = 10.

Ýëåìåíò ãðóïïû g Type(g) w(g) # ìîíîìîâ

e 〈 5, 0, 0, 0, 0 〉 x51 1
t, t2, t3, t4 〈 0, 0, 0, 0, 1 〉 x5 4
f, tf, . . . , t4f 〈 1, 2, 0, 0, 0 〉 x1x

2
2 5

Âñåãî 10

Öèêëîâîé èíäåêñ: P =
1

10

[
x51 + 4x5 + 5x1x

2
2

]
.

#Col(3) = P (x1, . . . , x5)|x1=...=x5=3 =
35 + 4 · 3 + 5 · 33

10
=

39.
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Çàäà÷à î ðàñêðàñêå ñòîðîí êâàäðàòà

Ñòîðîíû êâàäðàòà ðàñêðàøèâàþò â r öâåòîâ.
Ñêîëüêî ñóùåñòâóåò ðàçëè÷íî îêðàøåííûõ êâàäðàòîâ?

Ðåøåíèå. Ãðóïïà ñàìîñîâìåùåíèÿ êâàäðàòà â ïðîñòðíñòâå �
ãðóïïà äèýäðà D4 = 〈 t, f, s 〉, êîòîðàÿ ïîðîæäàåòñÿ òðåìÿ
îáðàçóþùèìè:

t : âðàùåíèå íà 90◦ âîêðóã öåíòðà ñèììåòðèè (â âûáðàííîì
íàïðàâëåíèè � ïî èëè ïðîòèâ ÷àñîâîé ñòðåëêè);

f : ñèììåòðèÿ îòíîñèòåëüíî îñè, ïðîõîäÿùåé ÷åðåç
ñåðåäèíû ïðîòèâîïîëîæíûõ ñòîðîí � 2 îñè;

s : ñèììåòðèÿ îòíîñèòåëüíî îñè, ïðîõîäÿùåé ÷åðåç
ñåðåäèíû ïðîòèâîïîëîæíûõ âåðøèí � 2 îñè.

t4 = f2 = s2 = e, |D4| = 8.



ÊÎÌÁ. È ËÎÃ. ÌÅÒÎÄÛ ÀÍÀËÈÇÀ ÄÀÍÍÛÕ. ×àñòü II: Òåîðèÿ ïåðå÷èñëåíèÿ Ïîéà 24 / 93

Ïðèìåíåíèå ëåììû Á¼ðíñàéäà äëÿ ðåøåíèÿ êîìáèíàòîðíûõ çàäà÷

Çàäà÷à î ðàñêðàñêå ñòîðîí êâàäðàòà...

Ïðè ñàìîäåéñòâèè ãðóïïû D4 (N = 4) å¼ ýëåìåíòû áóäóò
èìåòü ñëåäóþùèå âåñà:

e : åäèíè÷íàÿ ïåðåñòàíîâêà îñòàâèò âñå ñòîðîíû íà ìåñòå,
ò.å. èìåþòñÿ 4 öèêëà äëèíû 1, âåñ x41 (1 ïåðåñòàíîâêà);

t, t3 : ñòîðîíû öèêëè÷åñêè ïåðåõîäÿò äðóã â äðóãà ïî è ïðîòèâ
÷àñîâîé ñòðåëêå, äëèíà öèêëà 4, âåñ x14 (2 ïåðåñòàíîâêè);

t2 : ñòîðîíû ïåðåõîäÿò â ïðîòèâîïîëîæíûå, ÷òî äà¼ò äâà
öèêëà äëèíû 2, âåñ � x22 (1 ïåðåñòàíîâêà);

f : äâå ïðîòèâîïîëîæíûå ñòîðîíû íà ìåñòå, îñòàëüíûå äâå
ìåíÿþòñÿ ìåñòàìè, ò.å. èìåþòñÿ äâà åäèíè÷íûõ öèêëà è
îäèí äëèíû 2, âåñ � x21x

1
2 (1 ïåðåñòàíîâêà, 2 îñè);

s : â äâóõ ïàðàõ ñìåæíûõ ñòîðîí ýëåìåíòû ìåíÿþòñÿ
ìåñòàìè, ÷òî äà¼ò äâà öèêëà äëèíû 2, âåñ � x22 (1
ïåðåñòàíîâêà, 2 îñè).
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Ïðèìåíåíèå ëåììû Á¼ðíñàéäà äëÿ ðåøåíèÿ êîìáèíàòîðíûõ çàäà÷

Çàäà÷à î ðàñêðàñêå ñòîðîí êâàäðàòà...

Öèêëîâîé èíäåêñ ñàìîäåéñòâèÿ D4:

PD4(x1, . . . , x4) =
1

8

[
x41 + 2x4 + 3x22 + 2x21x2

]
.

×èñëî ðàñêðàñîê êâàäðàòà â r öâåòîâ:

PD4(r, . . . , r) =
1

8

[
r4 + 2r + 3r2 + 2r3

]
.

Â ÷àñòíîñòè, â äâà è òðè öâåòà:

#Col(2) =
24 + 4 · 22 + 24

23
= 2 + 2 + 2 = 6,

#Col(3) =
34 + 2 · 3 + 34

8
=

81 + 6 + 81

8
=

80 + 8 + 80

8
= 21.
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Ïðèìåíåíèå ëåììû Á¼ðíñàéäà äëÿ ðåøåíèÿ êîìáèíàòîðíûõ çàäà÷

Çàäà÷à î ðàñêðàñêå êóáà

Çàäà÷à (ðàñêðàñêà ãðàíåé êóáà â äâà öâåòà).
Ãðàíè êóáà ðàñêðàøèâàþò â 2 è 3 öâåòà.
Ñêîëüêî ñóùåñòâóåò ðàçëè÷íî îêðàøåííûõ êóáîâ?

Ðåøåíèå. Íàïîìèíàíèå: G = O = 〈 t, f, r 〉, |O| = 24.

t � âðàùåíèå íà 90◦ âîêðóã îñè,
ïðîõîäÿùåé ÷åðåç ñåðåäèíû äâóõ
ïðîòèâîïîëîæíûõ ãðàíåé (2�2, 3 îñè);

f � âðàùåíèå íà 180◦ âîêðóã îñè,
ïðîõîäÿùåé ÷åðåç ñåðåäèíû äâóõ
ïðîòèâîïîëîæíûõ ð¼áåð (◦�◦, 6 îñåé);

r � âðàùåíèå íà 120◦ âîêðóã îñè, ïðîõîäÿùåé ÷åðåç äâå
ïðîòèâîïîëîæíûå âåðøèíû (M�M, 4 îñè).
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Çàäà÷à î ðàñêðàñêå êóáà: îáîçíà÷åíèÿ ýëåìåíòîâ

Îáîçíà÷èì ÷åðåç F ìíîæåñòâî ãðàíåé êóáà; |F | = N = 6.
Âûáåðåì íåêîòîðóþ ãðàíü êóáà (êâàäðàò) è îáîçíà÷èì å¼ ¬,
à ïàðàëëåëüíóþ åé � ­.
Ïåðåíóìåðóåì ïîñëåäîâàòåëüíî âåðøèíû ãðàíè ¬ ÷èñëàìè
1, . . . , 4, à âåðøèíû ãðàíè ­ � ÷èñëàìè 5, . . . , 8 òàê, ÷òî
âåðøèíà ñ íîìåðîì i ñìåæíà ñ âåðøèíîé ñ íîìåðîì
i+ 4, i = 1, 2, 3, 4.

Ïåðåñòàíîâêè äàëåå óêàçàíû äëÿ ñëó÷àÿ, êîãäà îñü âðàùåíèÿ

〈t〉 ïðîõîäèò ÷åðåç ñåðåäèíû ãðàíåé ¬ è ­,
〈f〉 ïðîõîäèò ÷åðåç ñåðåäèíû ð¼áåð ( 3-7 ) è ( 1-5 ),
〈s〉 ïðîõîäèò ÷åðåç âåðøèíû (1) è (7),

à ãðàíè îáîçíà÷åíû:
(1-2-6-5) ÷åðåç ®, ïàðàëëåëüíàÿ åé ãðàíü � °,
ãðàíü (2-3-7-6) � ÷åðåç ¯, ïàðàëëåëüíàÿ åé ãðàíü � ±.
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Çàäà÷à î ðàñêðàñêå êóáà: îáîçíà÷åíèÿ âåðøèí è ãðàíåé
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Çàäà÷à î ðàñêðàñêå êóáà: îáîçíà÷åíèÿ îñåé

t4 = f2 = r3 = e
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Çàäà÷à î ðàñêðàñêå êóáà: ðàñêðàñêà ãðàíåé |F | = N = 6

g ∈ O ïåðåñòàíîâêà Type(g) w(g) #

e (¬). . . (±) 〈 6, 0, . . . 〉 x61 1
t, t3 (¬)(­)(®¯°±) 〈 2, 0, 0, 1, 0, 〉 x21x4 3 · 2 = 6
t2 (¬)(­)(®°)(¯±) 〈 2, 2, 0, . . . 〉 x21x

2
2 3

f (¬­)(®±)(¯°) 〈 0, 3, 0, . . . 〉 x32 6
r, r2 (¬®±)(­¯°) 〈 0, 0, 2, 0, . . . 〉 x23 4 · 2 = 8

Âñåãî 24

P (x1, . . . , x6) =
1

24

[
x61 + 6x21x4 + 3x21x

2
2 + 6x32 + 8x23

]
.

#Col(2) = P (2, . . . , 2) =
1

24

[
26 + 12 · 23 + 3 · 24 + 8 · 22

]
= 10,

#Col(3) = P (3, . . . , 3) =
1

24

[
36 + 12 · 33 + 3 · 34 + 8 · 32

]
= 48.



ÊÎÌÁ. È ËÎÃ. ÌÅÒÎÄÛ ÀÍÀËÈÇÀ ÄÀÍÍÛÕ. ×àñòü II: Òåîðèÿ ïåðå÷èñëåíèÿ Ïîéà 31 / 93

Ïðèìåíåíèå ëåììû Á¼ðíñàéäà äëÿ ðåøåíèÿ êîìáèíàòîðíûõ çàäà÷

Öèêëîâîé èíäåêñ äåéñòâèÿ ãðóïïû îêòàýäðà �

� íà ìíîæåñòâî R ð¼áåð êóáà ( |R| = N = 12):

g ∈ O Type(g) w(g) #

e 〈 12, 0, . . . 〉 x121 1
t, t3 〈 0, 0, 0, 3, 0, 0 〉 x34 3 · 2 = 6
t2 〈 0, 6, 0, . . . 〉 x62 3
f 〈 2, 5, 0, . . . 〉 x21x

5
2 6

r, r2 〈 0, 0, 4, 0, . . . 〉 x43 4 · 2 = 8

Âñåãî 24

Öèêëîâîé èíäåêñ:

P (O :
α
R) =

1

24

[
x121 + 6x34 + 3x62 + 6x21x

5
2 + 8x43

]
.
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Ïðèìåíåíèå ëåììû Á¼ðíñàéäà äëÿ ðåøåíèÿ êîìáèíàòîðíûõ çàäà÷

Öèêëîâîé èíäåêñ äåéñòâèÿ ãðóïïû îêòàýäðà �

� íà ìíîæåñòâî V âåðøèí êóáà ( |V | = N = 8):

g ∈ O Type(g) w(g) #

e 〈 8, 0, . . . 〉 x81 1
t, t3 〈 0, 0, 0, 2, 0, 0 〉 x24 3 · 2 = 6
t2 〈 0, 4, 0, . . . 〉 x42 3
f 〈 0, 4, 0, . . . 〉 x42 6
r, r2 〈 2, 0, 2, 0, . . . 〉 x21x

2
3 4 · 2 = 8

Âñåãî 24

Öèêëîâîé èíäåêñ:

P (O :
α
V ) =

1

24

[
x81 + 6x24 + 9x42 + 8x21x

2
3

]
.
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Ïðèìåíåíèå ëåììû Á¼ðíñàéäà äëÿ ðåøåíèÿ êîìáèíàòîðíûõ çàäà÷

Çàäà÷à (ïåðå÷èñëåíèå ãðàôîâ).

Ñêîëüêî èìååòñÿ íåîðèåíòèðîâàííûõ íåïîìå÷åííûõ ãðàôîâ (áåç
ïåòåëü è êðàòíûõ ð¼áåð) ñ òðåìÿ âåðøèíàìè?

Ðåøåíèå. T � ñòîðîíû òðåóãîëüíèêà, N = 3.

G ∼= S3 � âñå ïåðåñòàíîâêè ñòîðîí,

n = 3! = 6.

G :
α
T � ñàìîäåéñòâèå ãðóïïû S3

Ãðàôû íåîðèåíòèðîâàííûå �
r = 2 � ïîìåòêè ¾åñòü ðåáðî/íåò ðåáðà¿

S3 = { e, (abc), (acb), ((a)(bc)), ((b)(ac)), ((c)(ab)) }
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Ïåðå÷èñëåíèå ãðàôîâ...

S3 =
{
e, (abc)︸ ︷︷ ︸

t

, (acb)︸ ︷︷ ︸
t2

, ((a)(bc))︸ ︷︷ ︸
f

, ((b)(ac))︸ ︷︷ ︸
tf

, ((c)(ab))︸ ︷︷ ︸
t2f

}
= 〈 t, f 〉

g ∈ S3 Type(g) w(g) #

e = (a)(b)(c) 〈 3, 0, 0 〉 x31 1
t, t2 〈 0, 0, 1 〉 x13 2
f, tf, t2f 〈 1, 1, 0 〉 x11x

1
2 3

Âñåãî 6

P (S3) =
1

6

[
x31 + 2x13 + 3x11x

1
2

]
,

� öèêëîâîé èíäåêñ ñàìîäåéñòâèÿ ãðóïïû S3, èëè, ÷òî òî æå,
ãðóïïû ñèììåòðèè òðåóãîëüíèêà.

P (2, 2, 2) = 4.
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Ïåðå÷èñëåíèå ãðàôîâ...

Ïåðå÷èñëèì ýòè ãðàôû:

◦ ◦

◦ ◦ ◦ ◦

◦ ◦

◦ ◦ ◦ ◦

[
[

[
[

[
[�

�
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Öèêëîâûå èíäåêñû ñàìîäåéñòâèÿ Sn, Zn, Dn è
äåéñòâèÿ O íà ýëåìåíòû êóáà

P (Sn) =
∑

(j1,...,jn)∈Nn
0

1j1+2j2+...+njn=n

xj11 x
j2
2 . . . xjnn

(1j1j1!)(2j2j2!) . . . (njnjn!)
,

P (Zn) =
1

n

∑
d|n

ϕ(d)x
n/d
d , ϕ � ôóíêöèÿ Ýéëåðà,

P (Dn) =
1

2
P (Zn) +

{
1
2x1x

(n−1)/2
2 , åñëè n íå÷¼òíî,

1
4

[
x
n/2
2 + x21x

n/2−1
2

]
, åñëè n ÷¼òíî,

P (O :
α
V ) =

1

24

[
x81 + 9x42 + 6x24 + 8x21x

2
3

]
(íà âåðøèíû),

P (O :
α
E) =

1

24

[
x121 + 3x62 + 8x43 + 6x24 + 8x21x

5
2 + 6x34

]
(íà ð¼áðà),

P (O :
α
F ) =

1

24

[
x61 + 3x21x

2
2 + 6x21x4 + 6x32 + 8x23

]
(íà ãðàíè).
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Ðàçäåëû I

Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Ïðèìåíåíèå ëåììû Á¼ðíñàéäà äëÿ ðåøåíèÿ
êîìáèíàòîðíûõ çàäà÷

Ïðèìåíåíèå òåîðåìû Ïîéà äëÿ ðåøåíèÿ êîìáèíàòîðíûõ
çàäà÷

Çàäà÷è ñ ðåøåíèÿìè

×òî åù¼ ïî÷èòàòü
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Òåîðåìà Ïîéà

Ê ìíîæåñòâó T , |T | = N , ãðóïïå G, |G| = n è äåéñòâèþ
G :

α
T äîáàâèì ìíîæåñòâî R = {c1, . . . , cr}, ìåòîê (¾êðàñîê¿),

è ñîâîêóïíîñòü ôóíêöèé F = RT � ïðèïèñûâàíèÿ ìåòîê
(ðàñêðàøèâàíèé) ýëåìåíòàì T .

G, äåéñòâóÿ íà T , äåéñòâóåò è íà RT � ◦ : RT ×G ◦
= RT .

Ïðèäàäèì âåñ ýëåìåíòàì R : w(ci) = yi, i = 1, r.

::::::::
Òåîðåìà (Ðåäôèëäà-Ïîéà; 1927, 1937)

Öèêëîâîé èíäåêñ äåéñòâèÿ ãðóïïû G íà RT åñòü

P (G :
α
RT ) = P (G :

α
T, x1, . . . , xN )

∣∣∣∣
xk=y

k
1+...+y

k
r , k=1,N
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Òåîðåìà Ïîéà...

Ñëåäñòâèå

Åñëè âñå âåñà âûáðàíû îäèíàêîâûìè (y1 = . . . yr = 1), òî
x1 = . . . xN = r è W (F ) � ÷èñëî êëàññîâ ýêâèâàëåíòíîñòè

C(G :
α
RT ) = C(G :

α
T ) = P (G :

α
T, r, . . . , r) .

� ëåììà Á¼ðíñàéäà.

×òî ìîæíî îïðåäåëèòü (ïîäñ÷èòàòü) ñ ïîìîùüþ:

ëåììû Á¼ðíñàéäà � îáùåå ÷èñëî íåýêâèâàëåíòíûõ
ðàçìåòîê (ðàñêðàñîê);

òåîðåìà Ðåäôèëäà-Ïîéà � ÷èñëî ðàçìåòîê äàííîãî òèïà,
ò.å. ñîäåðæàùèõ äàííîå êîëè÷åñòâî ýëåìåíòîâ
êîíêðåòíîãî öâåòà.
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Ä. Ïîéà

Äü¼ðäü Ïîéà (P�olya Gy�orgy, 1887�1985)
� âåíãåðñêèéìàòåìàòèê.

Ïîñëå îêîí÷àíèÿ Áóäàïåøòñêîãî
óíèâåðñèòåòà ðàáîòàë â

Âûñøåé òåõíè÷åñêîé øêîëå â Öþðèõå,
à ñ 1940 ã. � â Ñòýíôîðäñêîì

óíèâåðñèòåòå (ÑØÀ).

Âí¼ñ çàìåòíûé âêëàä â òåîðèþ ÷èñåë, ôóíêöèîíàëüíûé àíàëèç,
ìàòåìàòè÷åñêóþ ñòàòèñòèêó (ðàñïðåäåëåíèå Ïîéà) è
êîìáèíàòîðèêó (òåîðåìà Ðåäôèëäà�Ïîéà).
Ïîéà ìíîãî ðàáîòàë ñî øêîëüíûìè ó÷èòåëÿìè ìàòåìàòèêè è
âí¼ñ áîëüøîé âêëàä â ïîïóëÿðèçàöèþ íàóêè.
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Óñëîæíèì çàäà÷ó îá îæåðåëüÿõ N = 5, r = 3

Çàäà÷à îá îæåðåëüÿõ ( 5 áóñèí 3 öâåòîâ).
Öâåòà � êðàñíûé, ñèíèé, çåë¼íûé. Îæåðåëüÿ îäèíàêîâû, åñëè
îäíî ïîëó÷àåòñÿ èç äðóãîãî ïîâîðîòîì è/èëè ïåðåâîðîòîì.
Ñêîëüêî èìååòñÿ îæåðåëèé, èìåþùèõ ðîâíî 2 êðàñíûå áóñèíû?

Ðåøåíèå. Áûëî: G = D5,
öèêëîâîé èíäåêñ P = 1

10

[
x51 + 4x5 + 5x1x

2
2

]
,

âñåãî îæåðåëèé P (3, . . . , 3) = 39 (òîëüêî ïîâîðîò � 51).

x1 = y1 + y2 + y3, x2 = y21 + y22 + y23, . . . , x5 = y51 + y52 + y53.
w(êðàñíûé) = y1,
w(ñèíèé) = y2,
w(çåë¼íûé) = y3,

⇒
{
y1 = y,
y2 = y3 = 1,

⇒


x1 = y + 2,
x2 = y2 + 2,
. . .
x5 = y5 + 2.
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Çàäà÷à îá îæåðåëüÿõ: 5 áóñèí 3 öâåòîâ...

P (x1, . . . , x5) =
1

10

[
x51 + 4x5 + 5x1x

2
2

]
xk 7→ yk + 2, k = 1, 5; P (y) =

5∑
i=1

uiy
i, u2 =?

P (y) =
1

10

[
u0 + u1y + u2y

2 + . . .+ u5y
5
]
=

=
1

10

[
(y + 2)5 + 4(y5 + 2) + 5(y + 2)(y2 + 2)2

]
=

=
1

10

[
. . .+ C2

52
3y2 + . . .+ 5(y + 2)(y4 + 4y2 + 4)

]
=

=
1

10

[
. . .+ (10 · 8 + 5 · 2 · 4)y2 + . . .

]
.

u2 =
80 + 40

10
= 12.
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Çàäà÷à î ðàñêðàñêå êóáà

Âåðøèíû êóáà ïîìå÷àþò êðàñíûìè è ñèíèì öâåòàìè.
Ñêîëüêî ñóùåñòâóåò

1) ðàçíîïîìå÷åííûõ êóáîâ (#Col(3));

2) êóáîâ, ó êîòîðûõ ïîëîâèíà âåðøèíû êðàñíûå (#Col(4, 4));

3) êóáîâ, ó êîòîðûõ íå áîëåå 2 êðàñíûõ âåðøèí?

Ðåøåíèå. Öèêëîâîé èíäåêñ äåéñòâèÿ O íà âåðøèíû êóáà

P (O :
α
V ; x1, . . . x8) =

1

24

[
x81 + 6x24 + 9x42 + 8x21x

2
3

]
.

1) #Col(2) = P |x1=...=x8=2 =
28 + 6 · 22 + 9 · 24 + 8 · 4 · 4

3 · 23
=

=
32 + 3 + 18 + 16

3
=

69

3
= 23.



ÊÎÌÁ. È ËÎÃ. ÌÅÒÎÄÛ ÀÍÀËÈÇÀ ÄÀÍÍÛÕ. ×àñòü II: Òåîðèÿ ïåðå÷èñëåíèÿ Ïîéà 44 / 93

Ïðèìåíåíèå òåîðåìû Ïîéà äëÿ ðåøåíèÿ êîìáèíàòîðíûõ çàäà÷

Çàäà÷à î ðàñêðàñêå êóáà... ( 1
24

[
x81 + 6x24 + 9x42 + 8x21x

2
3

]
)

2) w(êðàñíûé) = y, w(ñèíèé) = 1, xk = yk + 1, k = 1, 8:

#Col(4, 4) =
1

24

[
(y + 1)8 + 9 · (y2 + 1)4 + 6 · (y4 + 1)2+

+ 8 · (y + 1)2(y3 + 1)2
]
=

=
1

24

[
. . .+ 28y2 + C4

8y
4 + . . .+ 9(. . . 4y2 + 6y4 + . . .)+

. . .+ 6 · 2y4 . . .+ 8(. . .+ 2y + y2 + . . .)(. . .+ 2y3 + . . .)
]
.

u4 =
1

24
[ 70 + 9 · 6 + 6 · 2 + 8 · 2 · 2 ] = 168

24
= 7.

3) #Col(6 2, ∗) = u0 + u1 + u2, u0 = u1 = 1.

u2 =
1

24

[
. . .+28y2+ . . .+9(. . .+4y2 . . .)+8(. . .+y2+ . . .)

]
=

=
28 + 36 + 8

24
=

72

24
= 3. #Col(6 2, ∗) = 1+1+3 = 5.
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Çàäà÷à î ÷èñëå ìîëåêóë

Ðàññìîòðèì ìîëåêóëû 4-âàëåíòíîãî óãëåðîäà C:

× CH3

× C × Cl C CH3

× Cl

ãäå íà íà ìåñòå × ìîãóò íàõîäèòñÿ CH3 (ìåòèë), C2H5 (ýòèë),
H (âîäîðîä) èëè Cl (õëîð). Íàïðèìåð � äèõëîðáóòàí.
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Çàäà÷à î ÷èñëå ìîëåêóë...

(ïðîäîëæåíèå)

Íàéòè

1) îáùåå ÷èñëî M âñåõ ìîëåêóë;

2) ÷èñëî ìîëåêóë ñ H = 0, 1, 2, 3, 4 àòîìàìè âîäîðîäà.
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Çàäà÷à î ÷èñëå ìîëåêóë...

Ðåøåíèå. Êàêàÿ ãðóïïà äåéñòâóåò è íà êàêîì ìíîæåñòâå?
T = 〈 t, f 〉 , t3 = f2 = e, ãäå

t � âðàùåíèå íà 120◦ âîêðóã îñè,
ïðîõîäÿùåé ÷åðåç âåðøèíó
è öåíòð òåòðàýäðà (M�M);
f � âðàùåíèå íà 180◦ âîêðóã îñè,
ïðîõîäÿùåé ÷åðåç öåíòðû äâóõ
ïðîòèâîïîëîæíûõ ð¼áåð (���).
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Çàäà÷à î ÷èñëå ìîëåêóë... (ãðóïïà âðàùåíèÿ òåòðàýäðà)

Öèêëîâîé èíäåêñ äåéñòâèÿ ãðóïïû T íà âåðøèíû òåòðàýäðà �

g ∈ T Type(g) w(g) #

e 〈 4, 0, 0, 0 〉 x41 1

t, t2 〈 1, 0, 1, 0 〉 x1x3 4 · 2 = 8

f 〈 0, 2, 0, 0 〉 x22 3

P (T :
α
V ) =

1

12

[
x41 + 8x1x3 + 3x22

]
� öèêëîâîé èíäåêñ äåéñòâèÿ ãðóïïû âðàùåíèÿ

òåòðàýäðà íà åãî âåðøèíû (= ãðàíè).
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Çàäà÷à î ÷èñëå ìîëåêóë... (ãðóïïà âðàùåíèÿ òåòðàýäðà)...

1) Ïîëó÷åíî

P (x1, . . . , x4) =
1

12

[
x41 + 8x1x3 + 3x22

]
.

Âñåãî ìîëåêóë (4 ðàäèêàëà, x1 = . . . = x4 = 4) �

M = P (x1, . . . , x4) =
44 + 8 · 4 · 4 + 3 · 42

3 · 4
=

64 + 32 + 12

3
=

=
96 + 12

3
= 32 + 4 = 36.

2) Âåñà: y1 = H, y2 = y3 = y4 = 1.
Ïîäñòàíîâêà â P : xk = Hk + 3, k = 1, 4.
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Çàäà÷à î ÷èñëå ìîëåêóë... (ãðóïïà âðàùåíèÿ òåòðàýäðà)...

P (x1, x2, x3) = 1
12

[
x41 + 8x1x3 + 3x22

]
.

Ïðîâîäèì ïîäñòàêîâêó � xk 7→ Hk + 3, k = 1, 2, 3.

P (H) =
1

12

[
(H + 3)4 + 8 (H + 3)

(
H3 + 3

)
+ 3

(
H2 + 3

)2 ]
=

=
1

12

[ (
H4 + 4 ·H3 · 3 + 6 ·H2 · 9 + 4 ·H · 27 + 81

)
+

+8
(
H4 + 3H3 + 3H + 9

)
+ 3

(
H4 + 6H2 + 9

) ]
=

= 1 ·H4 + 3 ·H3 + 6 ·H2 + 11 ·H+ 15.

Èòîãî èìååòñÿ ìîëåêóë ñ ÷èñëîì àòîìà âîäîðîäà:
ñ 4-ìÿ � 1 øò., ñ 3-ìÿ � 3 øò., ñ 2-ìÿ � 6 øò.,
ñ 1-ì � 11 øò., áåç àòîìîâ âîäîðîäà � 15 øò.,
âñåãî � 1 + 3 + 6 + 11 + 15 = 36.
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Ðàçäåëû I

Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Ïðèìåíåíèå ëåììû Á¼ðíñàéäà äëÿ ðåøåíèÿ
êîìáèíàòîðíûõ çàäà÷

Ïðèìåíåíèå òåîðåìû Ïîéà äëÿ ðåøåíèÿ êîìáèíàòîðíûõ
çàäà÷

Çàäà÷è ñ ðåøåíèÿìè

×òî åù¼ ïî÷èòàòü
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Çàäà÷à ÒÏ-0-1 I

Íàéäèòå ïîðÿäîê ñòàáèëèçàòîðîâ ïðîèçâîëüíîé

(a) âåðøèíû, (á) ðåáðà, (â) ãðàíè

êóáà ïðè äåéñòâèè ãðóïïû îêòàýäðà O íà ñîîòâåòñòâóþùèå
ýëåìåíòû.
Êàêèå ïåðåñòàíîâêè â íèõ ñîäåðæàòñÿ?

Ðåøåíèå.
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Çàäà÷à ÒÏ-0-1 II

(a) Ïóñòü O äåéñòâóåò íà âåðøèíû êóáà è v � íåêîòîðàÿ
âåðøèíà.
Òîãäà Stab (v) = { e, s, s2 } 6 O � ãðóïïà âðàùåíèé íà
120◦ (â âûáðàííîì íàïðàâëåíèè) âîêðóã äèàãîíàëè êóáà,
ïðîõîäÿùåé ÷åðåç äàííóþ âåðøèíó, Stab (v) ∼= Z3.

(á) Ïóñòü O äåéñòâóåò íà ð¼áðà êóáà è r � íåêîòîðîå ðåáðî.
Òîãäà Stab (r) = { e, f } 6 O � ãðóïïà âðàùåíèé íà 180◦

âîêðóã îñè, ïðîõîäÿùåé ÷åðåç ñåðåäèíû ð¼áåð (äàííîãî è
åìó ïðîòèâîïîëîæíîãî) êóáà, Stab (r) ∼= Z2.

(â) Ïóñòü O äåéñòâóåò íà ãðàíè êóáà è f � íåêîòîðàÿ ãðàíü.
Òîãäà Stab (f) = { e, t, t2, t3 } 6 O � ãðóïïà âðàùåíèé íà
90◦ (â âûáðàííîì íàïðàâëåíèè) âîêðóã âîêðóã îñè,
ïðîõîäÿùåé ÷åðåç ñåðåäèíû ãðàíåé (äàííîé è åé
ïðîòèâîïîëîæíîé) êóáà, Stab (f) ∼= Z4.
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Çàäà÷à ÒÏ-0-2

Íàéòè öèêëîâîé èíäåêñ äëÿ ñëåäóþùèì îáðàçîì
îïðåäåë¼ííîãî ñàìîäåéñòâèÿ ÷åòâåðíîé ãðóïïû Êëåéíà
V4 =

{
e, a, b, ab | a2 = b2 = (ab)2 = e2 = e, ab = ba

}
:

1)
e :

(
e a b ab
e a b ab

)
, a :

(
e a b ab
a e ab b

)
,

b :

(
e a b ab
b ab e a

)
, ab :

(
e a b ab
ab b a e

)
;

2)
e :

(
e a b ab
e a b ab

)
, a :

(
e a b ab
a e b ab

)
,

b :

(
e a b ab
e a ab b

)
, ab :

(
e a b ab
a e ab b

)
.
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Çàäà÷à ÒÏ-0-2...

Ðåøåíèå. Âåçäå ãðóïïà Êëåéíà V4 äåéñòâóåò íà ñâîè æå
ýëåìåíòû.

1)

g Type(g) w(g)

e 〈 4, 0, 0, 0 〉 x41
a, b, ab 〈 0, 2, 0, 0 〉 x22

PV4 =
1

4

[
x41 + 3x22

]

2)

g Type(g) w(g)

e 〈 4, 0, 0, 0 〉 x41
a, b 〈 2, 1, 0, 0 〉 x21x2
ab 〈 0, 1, 0, 0 〉 x2

P ′V4 =
1

4

[
x41 + 2x21x2 + x2

]

Ïåðâàÿ ãðóïïà ïåðåñòàíîâîê åñòü íîðìàëüíàÿ ïîäãðóïïà S4, à
âòîðàÿ � íåò.
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Çàäà÷à ÒÏ-0-3

Íàéòè öèêëîâîé èíäåêñ òðàíçèòèâíîãî ñàìîäåéñòâèÿ ãðóïïû Z6.

Ðåøåíèå. Îáîçíà÷èì ïîñëåäîâàòåëüíî âåðøèíû ïðàâèëüíîãî
øåñòèóãîëüíèêà áóêâàìè A, . . . , F , Z6 = 〈t〉, t � ïîâîðîò íà 60◦.

g ∈ Z6 Type(g) w(g)

e = (A) . . . (F ) 〈 6, 0, 0, 0, 0, 0 〉 x61
g = (ABCDEF ) 〈 0, 0, 0, 0, 0, 1 〉 x6
g2 = (ACE)(BDF ) 〈 0, 0, 2, 0, 0, 0 〉 x23
g3 = (AD)(BE)(CF ) 〈 0, 3, 0, 0, 0, 0 〉 x32
g4 = (AEC)(BFD) 〈 0, 0, 2, 0, 0, 0 〉 x23
g5 = (AFEDCB) 〈 0, 0, 0, 0, 0, 1 〉 x6

PZ6 =
1

6

[
x61 + x32 + 2x23 + 2x6

]
=

1

6

∑
d|6

ϕ(d)x
6/d
d ;

D(6) = { 1, 2, 3, 6 }, ϕ(1) = ϕ(2) = 1, ϕ(3) = ϕ(6) = 2
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Çàäà÷à ÒÏ-0-5

Íàéòè öèêëîâîé èíäåêñ äåéñòâèÿ ãðóïïû ñèììåòðèè
ïðàâèëüíîãî n -óãîëüíèêà (ãðóïïû äèýäðà) Dn íà åãî âåðøèíû
(ñòîðîíû).

Ðåøåíèå. |Dn| = 2n, n > 2.

1. Ïðè íå÷¼òíûõ n: Dn = 〈 t, f 〉, ãäå

t � âðàùåíèå íà 360◦/n âîêðóã öåíòðà êâàäðàòà,
〈t〉 ∼= Zn;
r � ñèììåòðèÿ îòíîñèòåëüíî ïðÿìîé, ïðîõîäÿùåé ÷åðåç
âåðøèíó è öåíòð ìíîãîóãîëüíèêà, 〈r〉 ∼= Z2, n îñåé.

P (Dn) =
1

2n

∑
d|n

ϕ(d)x
n /d
d + nx1x

(n−1)/2
2

 .
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Çàäà÷à ÒÏ-0-5...

2. Ïðè ÷¼òíûõ n: Dn = 〈 t, f, s 〉, ãäå

t � òî æå;
f � ñèììåòðèÿ îòíîñèòåëüíîå ïðÿìîé, ïðîõîäÿùåé ÷åðåç
ñåðåäèíû ïðîòèâîïîëîæíûõ ñòîðîí, 〈f〉 ∼= Z2, n/2 îñåé;
s � ñèììåòðèÿ îòíîñèòåëüíîå ïðÿìîé, ïðîõîäÿùåé ÷åðåç
ïðîòèâîïîëîæíûå âåðøèí, 〈s〉 ∼= Z2, n/2 îñåé.

P (Dn) =
1

2n

∑
d|n

ϕ(d)x
n/d
d +

n

2
x
n /2
2 +

n

2
x21x

n/2−1
2

 .
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Çàäà÷à ÒÏ-1-1

Íà ñòåêëÿííûõ ïëàñòèíàõ ðèñóþò îäèíàêîâûå ïðÿìîóãîëüíèêè (íå
êâàäðàòû) è ðàñêðàøèâàþò èõ ñòîðîíû â r öâåòîâ.
Ñêîëüêî ìîæíî íàðèñîâàòü òàêèõ ðàçëè÷íûõ ïðÿìîóãîëüíèêîâ?
Êîíêðåòíî, ïðè r = 2?

Ðåøåíèå. Íàéä¼ì öèêëîâîé èíäåêñ R :
α
S äåéñòâèÿ ãðóïïû R

ñàìîñîâìåùåíèé ïðÿìîóãîëüíèêà â ïðîñòðàíñòâå íà åãî ñòîðîíû.
Ãðóïïà R = 〈 t, f 〉 ïîðîæäàåòñÿ îáðàçóþùèìè: t � âðàùåíèå
âîêðóã öåíòðà ñèììåòðèè íà 180◦, f � îòðàæåíèå âîêðóã îñè,
ïðîõîäÿùåé ÷åðåç ñåðåäèíû ïðîòèâîïîëîæíûõ ñòîðîí, 2 îñè.

g ∈ R Type(g) w(g) #

e 〈 4, 0, 0, 0 〉 x41 1
t 〈 0, 2, 0, 0 〉 x22 1
f 〈 2, 1, 0, 0 〉 x21x2 2

P (R :
α
S; x1, x2, x3, x4) =

1

4

[
x41 + x22 + 2x21x2

]
.
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Çàäà÷à ÒÏ-1-1...

P (R :
α
S; r, . . . r) =

1

4

[
r4 + r2 + 2r3

]
.

×èñëî 2-öâåòíûõ ïðÿìîóãîëüíèêîâ �

#Col(2) = P (R :
α
S; 2, . . . , 2) =

16 + 4 + 16

4
=

36

4
= 4+1+4 = 9 :
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Çàäà÷à ÒÏ-1-2

Íà ñòåêëÿííûõ ïëàñòèíàõ ðèñóþò îäèíàêîâûå ïðÿìîóãîëüíèêè
(íå êâàäðàòû) è ðàñêðàøèâàþò èõ âåðøèíû â 3 öâåòà.
Ñêîëüêî ìîæíî íàðèñîâàòü òàêèõ ðàçëè÷íûõ ïðÿìîóãîëüíèêîâ?

Ðåøåíèå. Íàéä¼ì öèêëîâîé èíäåêñ P (R :
α
V ) äåéñòâèÿ ãðóïïû

R ñàìîñîâìåùåíèé ïðÿìîóãîëüíèêà â ïðîñòðàíñòâå íà åãî
âåðøèíû.

g ∈ R Type(g) w(g) #

e 〈 4, 0, 0, 0 〉 x41 1
t 〈 0, 2, 0, 0 〉 x22 1
f 〈 0, 2, 0, 0 〉 x22 2

P (R :
α
V ; x1, x2, x3, x4) =

1

4

[
x41 + 3x22

]
×èñëî ïðÿìîóãîëüíèêîâ:

#Col(3) = P (R :
α
V ; 3, . . . , 3) =

81 + 27

4
=

108

4
= 27
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Çàäà÷à ÒÏ-1-3 I

Êâàäðàòíàÿ ñòåêëÿííàÿ ïëàñòèíà ðàçäåëåíà íà 9 ðàâíûõ
êâàäðàòîâ, êîòîðûå ðàñêðàøèâàþòñÿ â îäèí èç r öâåòîâ.
Ñêîëüêî ñóùåñòâóåò ðàçíîîêðàøåííûõ ïëàñòèí?
Êîíêðåòíî, ïðè r = 2?

Ðåøåíèå. Ãðóïïà D4 = 〈 t, f, s 〉, t4 = f2 = s2 = e, |D4| = 8
äåéñòâóåò íà 9 ýëåìåíòîâ ñòåêëÿííîé ïëàñòèêè.

t � âðàùåíèå íà 90◦ âîêðóã öåíòðà êâàäðàòà;
f � ñèììåòðèÿ îòíîñèòåëüíîå ïðÿìîé, ïðîõîäÿùåé ÷åðåç
ñåðåäèíû ïðîòèâîïîëîæíûõ ñòîðîí;
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Çàäà÷à ÒÏ-1-3 II
s � ñèììåòðèÿ îòíîñèòåëüíîå ïðÿìîé, ïðîõîäÿùåé ÷åðåç
ïðîòèâîïîëîæíûå âåðøèí.

T � ìíîæåñòâî êâàäðàòîâ, ñîñòàâëÿþùèõ ïëàñòèíó, |T | = 9.
Îïðåäåëÿåì öèêëîâîé èíäåêñ äåéñòâèÿ D4 íà T .

g ∈ D4 ïåðåñòàíîâêà Type(g) w(g) #

e (1) . . . (9) 〈 9, 0, . . . 〉 x91 1
t, t3 (5)(1397)(2684) 〈 1, 0, 0, 2, . . . 〉 x1x

2
4 2

t2 (5)(19)(37)(28)(79) 〈 1, 4, 0, . . . 〉 x1x
4
2 1

s, f, . . . (2)(5)(8)(13)(48)(79) 〈 3, 3, 0, . . . 〉 x31x
3
2 4

8

Öèêëîâîé èíäåêñ: P =
1

8

[
x91 + 2x1x

2
4 + x1x

4
2 + 4x31x

3
2

]
.

#Col(2) =
29 + 2 · 23 + 25 + 4 · 23 · 23

23
= 64+2+4+32 = 102 .
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Çàäà÷à ÒÏ-1-4 (î êîìïîñòåðå) I

Êîìïîñòåðîì íàçîâ¼ì êâàäðàòíóþ òàáëèöó 4× 4, â êîòîðîé
êàæäàÿ êëåòêà ìîæåò áûòü ëèáî ïóñòîé, ëèáî ñîäåðæàòü â
öåíòðå ñèìâîë •.
Ñêîëüêî ñóùåñòâóåò ðàçëè÷íûõ êîìïîñòåðîâ, åñëè íå ðàçëè÷àòü
òå, êîòîðûå ìîãóò áûòü ïîëó÷åíû îäèí èç äðóãîãî
ñàìîñîâìåùåíèÿìè â ïðîñòðàíñòâå?

Ðåøåíèå.
Íàéä¼ì öèêëîâîé èíäåêñ äåéñòâèÿ ãðóïïû äèýäðà D4 íà 16
êëåòîê êîìïîñòåðà.
D4 = 〈 t, f, s 〉, t4 = f2 = s2 = e, |D4| = 8,
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Çàäà÷à ÒÏ-1-4 (î êîìïîñòåðå) II

g ∈ D4 ïåðåñòàíîâêà Type(g) w(g) #

e (1) . . . (16) 〈 16, 0, . . . 〉 x41 1

t, t3 (1, 4, 16, 13) . . . (6, 7, 11, 10) 〈 0, 0, 0, 4, . . . 〉 x44 2

t2 (1, 16) . . . (6, 11) 〈 0, 8, 0 . . . 〉 x82 1

f (1, 4) . . . (10, 11) 〈 0, 8, 0, . . . 〉 x82 2

s (1) . . . (16)(2, 5) . . . (12, 15) 〈 4, 6, 0, . . . 〉 x41x
6
2 2
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Çàäà÷à ÒÏ-1-4 (î êîìïîñòåðå) III

Öèêëîâîé èíäåêñ äåéñòâèÿ ãðóïïû D4 íà ýëåìåíòû êîìïîñòåðà
åñòü

P (x1, . . . , x4) =
1

8

[
x161 + 2x44 + 3x82 + 2x41x

6
2

]
.

Íàëè÷èå/îòñóòñòâèå â êëåòêå ñèìâîëà • îïèñûâàåòñÿ èõ
îòîáðàæåíèåì â äâóõýëåìåíòíîå ìíîæåñòâî (ðàñêðàñêå â äâà
öâåòà), ïîýòîìó ÷èñëî C ðàçëè÷íûõ êîìïîñòåðîâ åñòü

C = P (2, 2, . . .) =
216 + 25 + 3 · 28 + 211

23
=

= 8192 + 4 + 3 · 32 + 256 = 8196 + 96 + 256 = 8548.

Ê àíàëîãè÷íîé çàäà÷å ñâîäèòñÿ çàäà÷à î ÷èñëå ôîòîøàáëîíîâ
ðèñóíêîâ ñîåäèíåíèé äëÿ èíòåãðàëüíûõ ñõåì.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-1-5

Íàéòè ÷èñëî ðàçëè÷íûõ âàðèàíòîâ ðàñêðàñêè ãðàíåé êóáà â 2 è
3 öâåòà.

Ðåøåíèå. Öèêëîâîé èíäåêñ:

P (O :
α
F ) =

1

24

[
x61 + 6x21x4 + 3x21x

2
2 + 6x32 + 8x23

]
.

#Col(2) =
26 + 12 · 23 + 3 · 24 + 25

3 · 23
=

8 + 12 + 6 + 4

3
= 10.

#Col(3) =
36 + 12 · 33 + ·35 + 8 · 32

3 · 8
=

3 · (81 + 36 + 27 + 8)

8
=

=
3 · (80 + 64 + 8)

8
= 3 · (10 + 8 + 1) = 3 · 19 = 57.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-1-6

Îïðåäåëèòü ÷èñëî ðàçëè÷íûõ ðàñêðàñîê âñåõ ãðàíåé
ïðàâèëüíîé 4-óãîëüíîé ïèðàìèäû Ï â 3 öâåòà.

Ðåøåíèå. Çàíóìåðóåì ïîñëåäîâàòåëüíî áîêîâûå ãðàíè Ï
÷èñëàìè 1, . . . 4, à îñíîâàíèå � 5.
G ∼= Z4 = 〈 t 〉, t � âðàùåíèå íà 90◦.

g ∈ Z4 Type(g) w(g) #

e = (1)(2)(3)(4)(5) 〈 5, 0, 0, 0, 0 〉 x51 1
t, t3 = (1234)(5) 〈 1, 0, 0, 1, 0 〉 x1x4 2
t2 = (12)(34)(5) 〈 1, 2, 0, 0, 0 〉 x1x

2
2 1

P (x1, . . . , x5) =
1

4

[
x51 + 2x1x4 + x1x

2
2

]
,

P (3, . . . , 3) =
35 + 2 · 32 + 33

4
=

9 · (27 + 2 + 3)

4
=

9 · 32
4

= 72.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-1-7

Íàéòè ÷èñëî ðàñêðàñîê âñåõ ãðàíåé óñå÷¼ííîé ïðàâèëüíîé
4-óãîëüíîé ïèðàìèäû â 3 öâåòà.

Ðåøåíèå. Ïðîíóìåðóåì ãðàíè Ï: áîêîâûå � ñ 1 ïî 4 ïî
÷àñîâîé ñòðåëêå, îñíîâàíèÿ � 5 è 6. Ãðóïïà, äåéñòâóþùàÿ íà
Ï � Z4 = 〈 t 〉, t � ïîâîðîò íà 90◦ ïî ÷àñîâîé ñòðåëêå.

g ∈ Z4 ïåðåñòàíîâêà Type(g) w(g) #

e (1) . . . (6) 〈 6, 0, . . . 〉 x61 1
t, t3 (1234)(5)(6) 〈 2, 0, 0, 1, 0, 0 〉 x21x4 2
t2 (12)(34)(5)(6) 〈 2, 2, 0, . . . 〉 x21x

2
2 1

Öèêëîâîé èíäåêñ P = 1
4

[
x61 + 2x21x4 + x21x

2
2

]
.

#Col(3) =
36 + 2 · 32 + 34

4
=

33(27 + 2 + 3)

4
= 27·8 = 216.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-1-8

Íàéòè ÷èñëî ðàçëè÷íûõ âàðèàíòîâ ðàñêðàñêè ãðàíåé òåòðàýäðà
â 2 è 3 öâåòà.

Ðåøåíèå. Öèêëîâîé èíäåêñ:

P (T :
α
F, x1, . . . , x4) =

1

12

[
x41 + 8x1x3 + 3x22

]
.

#Col(2) =
24 + 11 · 22

3 · 22
=

4 + 11

3
= 5 .

#Col(3) =
34 + 11 · 32

3 · 4
=

27 + 33

4
=

60

4
= 15.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-1-9 I

Íàéòè ÷èñëî ðàçëè÷íûõ âàðèàíòîâ ðàñêðàñêè ð¼áåð òåòðàýäðà â
2 è 3 öâåòà.

Ðåøåíèå. Ãðóïïà T = 〈 t, f 〉, t3 = f2 = e, |T | = 12, ãäå

t � âðàùåíèå íà 120◦ âîêðóã îñè, ïðîõîäÿùåé ÷åðåç
âåðøèíó è öåíòð ñèììåòðèè, 4 îñè;
f � âðàùåíèå íà 180◦ âîêðóã îñè, ïðîõîäÿùåé ÷åðåç
ñåðåäèíû ïðîòèâîïîëîæíûõ ð¼áåð, 3 îñè.

Îáîçíà÷èì ÷åðåç E ìíîæåñòâî ð¼áåð òåòðàýäðà � |E| = 6 � è
îáîçíà÷èì èõ öèôðàìè îò 1 äî 6, ñ÷èòàÿ, ÷òî ð¼áðà 1, 2 è 3
èíèöèäåíòíû îäíîé âåðøèíå, à îñü âðàùåíèÿ, çàäàâàåìîãî
ýëåìåíòîì f , ïðîõîäèò ÷åðåç ñåðåäèíû ð¼áåð 1 è 6.
Íàéä¼ì öèêëîâîé èíäåêñ.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-1-9 II
g ∈ T Type(g) w(g) #

e = (1) . . . (6) 〈 6, 0, . . . 〉 x61 1
t, t2 = (123)(456) 〈 0, 0, 2, 0, . . . 〉 x23 8
f = (1)(23)(45)(6) 〈 2, 2, 0, . . . 〉 x21x

2
2 3

12

P (T :
α
E, x1, . . . , x6) =

1

12

[
x61 + 8x23 + 3x21x

2
2

]
.

#Col(2) =
26 + 8 · 22 + 3 · 24

3 · 22
=

15 + 9 + 12

3
= 5+3+4 = 12,

#Col(3) =
36 + 8 · 32 + 3 · 34

3 · 4
=

3 · (81 + 8 + 27)

4
=

=
3 · (80 + 8 + 28)

4
= 3 · (20 + 2 + 7) = 3 · 29 = 87.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-1-10

Íàéòè ÷èñëî ðàçëè÷íûõ âàðèàíòîâ ðàñêðàñêè ð¼áåð êóáà â 2
öâåòà.

Ðåøåíèå. Öèêëîâîé èíäåêñ:

P (O :
α
R) =

1

24

[
x121 + 6x34 + 3x62 + 6x21x

5
2 + 8x43

]

#Col(2) =
212 + 6 · 23 + 3 · 26 + 7 · 27

3 · 23
=

=
2 · (28 + 3 + 12 + 7 · 8)

3
=

2 · (256 + 3 + 12 + 56)

3
=

=
2 · (252 + 3 + 12 + 60)

3
= 2·(84+11+4+20) = 2·109 = 218.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-1-11

Íàéòè ÷èñëî ðàçëè÷íûõ âàðèàíòîâ ðàñêðàñêè âåðøèí êóáà â 2
è 3 öâåòà.

Ðåøåíèå. Öèêëîâîé èíäåêñ:

P (O :
α
V ) =

1

24

[
x81 + 6x24 + 9x42 + 8x21x

2
3

]

#Col(2) =
28 + 6 · 22 + 9 · 24 + 27

3 · 23
=

32 + 3 + 18 + 16

3
=

=
30 + 3 + 18 + 18

3
= 10 + 1 + 12 = 23.

#Col(3) =
38 + 6 · 32 + 9 · 34 + 8 · 34

3 · 8
=

9 · (35 + 2 + 27 + 24)

8
=

=
9 · 296

8
= 9 · 37 = 333.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-2-1

Ñêîëüêèìè ãåîìåòðè÷åñêè ðàçëè÷íûìè ñïîñîáàìè òðè àáñîëþòíî
îäèíàêîâûå ìóõè ìîãóò óñåñòüñÿ â âåðøèíàõ ïðàâèëüíîãî
ñåìèóãîëüíèêà, íàðèñîâàííîãî íà ëèñòå áóìàãè?

Ðåøåíèå. Ìíîæåñòâî T � âåðøèíû ñåìèóãîëüíèêà, íà êîòîðûå
äåéñòâóåò ãðóïïà Z7 = 〈 t 〉, t7 = e.

g ∈ Z7 Type(g) w(g) êîë-âî

e 〈 7, 0, . . . 〉 x71 1
t, t2, . . . , t6 〈 0, . . . , 0, 1 〉 x7 6

Âñåãî 7
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-2-1...

Öèêëîâîé èíäåêñ ñàìîäåéñòâèÿ Z7:

PZ7(x1, . . . , x7) =
1

7

[
x71 + 6x7

]
=

1

7

∑
d|7

ϕ(d)x
7/d
d .

×èñëî ðàçëè÷íûõ ðàñêðàñîê â 2 öâåòà (ìóõà åñòü/íåò),
ïðè óñëîâèè îêðàñêè ðîâíî 3 âåðøèí èç 7 åñòü êîýôôèöèåíò
u3 ïðè y3 ïîñëå ïîäñòàíîâêè x1 7→ y + 1, x7 7→ y7 + 1 â PZ7 :

P (y) =
1

7

[
(y + 1)7 + 6(y + 1)

]
=

1

7

[
. . .+ C3

7y
3 + . . .

]
.

u3 =
7!

7 · 3! · 4!
=

5 · 6
2 · 3

= 5.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-2-2

Áîêîâûå ãðàíè ïðàâèëüíîé 6-óãîëüíîé ïèðàìèäû
îêðàøèâàþòñÿ â êðàñíûé, ñèíèé è çåë¼íûé öâåòà.
Îïðåäåëèòü

(à) ÷èñëî ðàçëè÷íûõ 2- è 3-öâåòíûõ ïèðàìèä;

(á) ÷èñëî ïèðàìèä ñ îäíîé êðàñíîé ãðàíüþ;

(â) ÷èñëî ïèðàìèä, ó êîòîðûõ íå ìåíåå òð¼õ êðàñíûõ ãðàíåé.

Ðåøåíèå. Èìååì òðàíçèòèâíîå ñàìîäåéñòâèå Z6.

(à) Îáùåå ÷èñëî ïèðàìèä.

P (Z6) =
1

6

∑
d|6

ϕ(d)x
6/d
d =

1

6

[
x61 + x32 + 2x23 + 2x6

]
.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-2-2...

P (Z6) =
1

6

[
x61 + x32 + 2x23 + 2x6

]
.

#Col(2) =
26 + 23 + 2 · 22 + 2 · 2

2 · 3
=

2 · (16 + 2 + 2 + 1)

3
= 14.

#Col(3) =
36 + 33 + 2 · 32 + 2 · 3

2 · 3
=

243 + 9 + 6 + 2

2
=

=
242 + 10 + 6 + 2

2
= 121 + 5 + 3 + 1 = 130.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-2-2...

(á, â) ×èñëî ïèðàìèä ñ 1 è 3 6 êðàñíûìè ãðàíÿìè.
Ïîëàãàåì y1 = y, y2 = y3 = 1 (ñëåäèì òîëüêî çà êðàñíûìè
ãðàíÿìè), x1 = y + 2, x2 = y2 + 2, x3 = y3 + 2.

P (y) =
1

6

[
(y + 2)6 + (y2 + 2)3 + 2(y3 + 2)2 + 2(y6 + 2)

]
=

=
1

6

[
u0 + u1y + u2y

2 + . . .+ u6y
6
]
=

=
1

6

[ (
26 + 23 + 23 + 4

)
+ 6 · 25y +

(
16 · 15 + 2 · 3 · 22

)
y2 + . . .

]
.

u0 = 84/6 = 14, u1 = 25 = 32, u2 = (240+24)/6 = 44.

×èñëî ïèðàìèä ñ:
(á) îäíîé êðàñíîé ãðàíüþ � u1 = 32,
(â) íå ìåíåå, ÷åì 3 êðàñíûìè ãðàíÿìè �
#Col(3)− (u0+u1+u2) = 130− (14+32+44) = 130−90 = 40.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-2-3

Èìåþòñÿ ïëîñêèå áóñèíû, îêðàøåííûå ñ îäíîé ñòîðîíû â
êðàñíûé, ñèíèé è çåë¼íûé öâåòà. Èç íèõ ñîñòàâëÿþò îæåðåëüÿ,
ñîäåðæàùèå ïî 8 â ðàâíîîòñòîÿùèõ òî÷êàõ îêðóæíîñòè.
Îïðåäåëèòü

à) ÷èñëî ðàçëè÷íûõ 3-öâåòíûõ îæåðåëèé;
á) ÷èñëî îæåðåëèé, ó êîòîðûõ íå ìåíåå òð¼õ êðàñíûõ áóñèí?

Ðåøåíèå. Çäåñü âåçäå � òðàíçèòèâíîå ñàìîäåéñòâèå
öèêëè÷åñêîé ãðóïïû Z8.

D(8) = { 1, 2, 4, 8 }, ϕ(1) = ϕ(2) = 1, ϕ(4) = 2, ϕ(8) = 4,

P (Z8) =
1

8

∑
d|8

ϕ(d)x
8/d
d =

1

8

[
x81 + x42 + 2x24 + 4x8

]
.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-2-3... I

à) Îáùåå ÷èñëî îæåðåëèé:

#Col(3) =
38 + 34 + 2 · 9 + 4 · 3

8
=

6561 + 81 + 18 + 12

8
=

=
6560 + 80 + 32

8
= 820 + 10 + 4 = 834.

á) Ïîäñ÷èòàåì ÷èñëî X îæåðåëèé, â êîòîðûõ ÷èñëî êðàñíûõ
áóñèí íå áîëåå 3 (ò.å. 0, 1 è 2) è âû÷òåì ïîëó÷åííîå
êîëè÷åñòâî èç 834.
Ïîëàãàåì y1 = y, y2 = y3 = 1 (ñëåäèì òîëüêî çà áóñèíàìè
êðàñíîãî öâåòà).

Íàéä¼ì êîýôôèöèåíòû u0, u1, u2 ïðè y0, y1, y2 â
ïðîèçâîäÿùåì ìíîãî÷ëåíå W ïðè ïîäñòàíîâêå
xk = yk + 2, k = 1, . . . , 8.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-2-3... II

P (Z8) =
1

8

[
x81 + x42 + 2x24 + 4x8

]
W =

1

8

[
(y + 2)8 + (y2 + 2)4 + 2(y4 + 2)2 + 4(y8 + 2)

]
=

= u0 + u1y + u2y
2 + . . .+ u8y

8 =

=
1

23
[
(28 + 24 + 2 · 22 + 8) + 8 · 27y + (C2

8 · 26 + 4 · 23)y2 + . . .
]
.

u0 = 25 + 2 + 1 + 1 = 36, u1 = 128,

u2 = 28 · 8 + 4 = 224 + 4 = 228.

Îòñþäà
#Col(3 6) = 834− (36 + 128 + 228) = 834− 392 = 442.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-2-4 I

Ãðàíè êóáà ðàñêðàøèâàþò â äâà öâåòà � êðàñíûé è ñèíèé.
Ñêîëüêî ñóùåñòâóåò êóáîâ

1) ðàçëè÷íî îêðàøåííûõ?
2) ó êîòîðûõ íå ìåíåå 4 ãðàíåé êðàñíûå (#Col(> 4))?

Ðåøåíèå. Öèêëîâîé èíäåêñ:

P (O :
α
F ) =

1

3 · 23
[
x61 + 6x21x4 + 3x21x

2
2 + 6x32 + 8x23

]
.

1) #Col(2) = 26+12·23+3·24+25

3·23 = 23+12+6+4
3 = 30

3 = 10.

2) Ïîëàãàåì w(1) = y, w(2) = 1, xk = yk + 1, k = 1, 6.

W =
1

24

[
(y + 1)6 + 6(y + 1)2(y4 + 1) + 3(y + 1)2(y2 + 1)2+

+6(y2 + 1)3 + 8(y3 + 1)2
]
.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-2-4 II

#Col(> 4) = u4 + u5 + u6 � ÷èñëî êóáîâ ñ 4, 5 è 6
êðàñíûìè ãðàíÿìè ñîîòâåòñòâåííî. Î÷åâèäíî u5 = u6 = 1.

Ðàñêðûâàÿ W , íàõîäèì:

W =
1

24

[
. . .+ C4

6y
4 + . . .+ 6(y2 + 2y + 1)(y4 + 1)+

+3(y2 + 2y + 1)(y4 + 2y2 + 1)+

+6(y6 + 3y4 + 3y2 + 1) + 8(y6 + 2y3 + 1)
]
.

Îòêóäà u4 =
15 + 6 + 9 + 18

3 · 8
=

5 + 2 + 3 + 6

8
=

16

8
= 2.

Èòîãî #Col(> 4) = 1 + 1 + 2 = 4.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-2-5 I

Äëÿ ðàñêðàñêè ñòîðîí êâàäðàòà íà ñòåêëÿííîé ïëàñòèíêå
èñïîëüçóþò 3 öâåòà � êðàñíûé, ñèíèé è çåë¼íûé.
Ñêîëüêî ìîæíî ïîëó÷èòü

1) ðàçíîðàñêðàøåííûõ êâàäðàòîâ?
2) êâàäðàòîâ ñ 1 êðàñíûì ðåáðîì è íå áîëåå 2 ñèíèõ?

Ðåøåíèå. Öèêëîâîé èíäåêñ:

P (D4) =
1

8

[
x41 + 2x4 + 3x22 + 2x21x2

]
1)
#Col(3) =

1

8
[ 34+2·3+3·32+2·32 ·3 ] = 81 + 6 + 27 + 54

8
=

=
168

8
=

87 + 81

8
= 21.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-2-5 II

2) Ïðè ðàñêðàñêå â 3 öâåòà: xk = yk1 + yk2 + yk3 , k = 1, 4.
Ñëåäèì òîëüêî çà êðàñíûì (y1) è ñèíèì (y2) öâåòàìè:
xk = yk1 + yk2 + 1 , k = 1, 4. Íàõîäèì u10 + u11 + u12.

W =
1

8
[ (y1 + (y2 + 1))4 + 2(y41 + y42 + 1)+

+ 3(y21 + (y22 + 1))2 + 2(y1 + (y2 + 1))2(y21 + y22 + 1) ] =

íàñ èíòåðåñóþò òîëüêî ÷ëåíû ñ y11 (êðàñíîå ðåáðî � îäíî)

=
1

8
[ y41+4y31(y2+1)+6y21(y2+1)2+4y1(y2 + 1)3+(y2+1)+. . .

. . .+ 2(y21 + 2y1(y2 + 1) + (y2 + 1)2)(y21 + y22 + 1) ] =

=
1

8
[. . .+ 4y1(y2 + 1)3 + 4y1(y2 + 1)(y22 + 1))] =

=
1

8
[ . . .+4y1(y

3
2+3y22 + 3y12 + 1)+4y1(y

3
2+y2 + y22 + 1) ] =



ÊÎÌÁ. È ËÎÃ. ÌÅÒÎÄÛ ÀÍÀËÈÇÀ ÄÀÍÍÛÕ. ×àñòü II: Òåîðèÿ ïåðå÷èñëåíèÿ Ïîéà 87 / 93

Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-2-5 III

íàñ èíòåðåñóþò òîëüêî ÷ëåíû ñ y02, y
1
2 è y22 ïðè y1 (ñèíèõ

ð¼áåð � 0, 1, 2)

=
1

8
[ 4 · 7 + 4 · 3 ] = 4 · 10

8
= 5 .
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-2-6

Ïðèñîåäèíÿÿ ê ñâîáîäíûì ñâÿçÿì óãëåðîäà áåíçîëüíîãî êîëüöà
àòîìû âîäîðîäà H èëè ìåòèë CH3, ìîæíî ïîëó÷èòü ìîëåêóëû
ðàçíûõ âåùåñòâ (êñèëîë, áåíçîë è äð.).

1) Ñêîëüêî õèìè÷åñêè ðàçíûõ ìîëåêóë ìîæíî ïîëó÷èòü
òàêèì ïóò¼ì?

2) Ñêîëüêî èç íèõ ìîëåêóë ñ ïðèñîåäèí¼ííûìè 0, . . . , 6
àòîìàìè âîäîðîäà?
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-2-6... I

Ðåøåíèå. Ñàìîäåéñòâèå ãðóïïû äèýäðà D6.

1) Èìååì D6 = 〈 t, f, s 〉, t4 = f2 = s2 = e, |D6| = 12 �
ãðóïïà äèýäðà ïîðÿäêà 6, ãäå

t � âðàùåíèå íà 60◦ âîêðóã öåíòðà êâàäðàòà;
f � ñèììåòðèÿ îòíîñèòåëüíîå ïðÿìîé, ïðîõîäÿùåé ÷åðåç
ñåðåäèíû ïðîòèâîïîëîæíûõ ñòîðîí (3 îñè);
s � ñèììåòðèÿ îòíîñèòåëüíîå ïðÿìîé, ïðîõîäÿùåé ÷åðåç
ïðîòèâîïîëîæíûå âåðøèí (3 îñè).

Ïðîíóìåðóåì ïîñëåäîâàòåëüíî âåðøèíû ïðàâèëüíîãî
6-óãîëüíèêà 1, . . . , 6.
Ïåðåñòàíîâêè íèæå óêàçàíû äëÿ ñëó÷àÿ, êîãäà îñü f ïðîõîäèò
÷åðåç ñåðåäèíû ñòîðîí (2-3) è (5-6), à îñü s � ÷åðåç âåðøèíû
1 è 4.
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-2-6... II

g ∈ D6 ïåðåñòàíîâêà Type(g) w(g) #

e (1) . . . (6) 〈 6, 0, . . . 0 〉 x61 1
t, t5 (123456) 〈 0, . . . , 0, 1 〉 x16 2
t2, t4 (135)(246) 〈 0, 0, 2, . . . 0 〉 x23 2
t3 (14)(25)(36) 〈 0, 3, 0, . . . 0 〉 x32 1
f (14)(23)(56) 〈 0, 3, 0, . . . 0 〉 x23 3
s (1)(4)(26)(35) 〈 2, 2, 0, . . . 〉 x21x

2
2 3

12

Öèêëîâîé èíäåêñ: P (D6) =
1

12

[
x61 + 2x6 + 2x23 + 4x32 + 3x21x

2
2

]
.

Âñåãî ìîëåêóë � ïîäñòàíîâêà x1 = . . . = x6 = 2 (H è ìåòèë
CH3):

M =
64 + 4 + 8 + 32 + 3 · 16

3 · 4
=

16 + 1 + 2 + 8 + 12

3
=

39

3
= 13
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Çàäà÷è ñ ðåøåíèÿìè

Çàäà÷à ÒÏ-2-6... III

2) ×èñëî ìîëåêóë ñ 0, . . . , 6 àòîìàìè âîäîðîäà � îáîçíà÷åíèå
y1 = H, y2 = 1 è ïîäñòàíîâêà xk = Hk + 1, k = 1, 6 â P .

W =
1

12

[
(H + 1)6 + 3(H + 1)2(H2 + 1)2 + 4(H2 + 1)3+

+2(H3 + 1)2 + 2(H6 + 1)
]
=

= H6 +H5 + 3 ·H4 + 3 ·H3 + 3 ·H2 +H+ 1 .

Èòîãî: ìîëåêóë ñ ÷èñëîì àòîìîâ âîäîðîäà (êàê ðàäèêàëà) �
H = 0, 1, 5 è 6 � ïî 1 øò., H = 2, 3 è 4 � ïî 3 øò.,
âñåãî � 13.
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×òî åù¼ ïî÷èòàòü

Ðàçäåëû I

Äåéñòâèå ãðóïïû íà ìíîæåñòâå

Ïðèìåíåíèå ëåììû Á¼ðíñàéäà äëÿ ðåøåíèÿ
êîìáèíàòîðíûõ çàäà÷

Ïðèìåíåíèå òåîðåìû Ïîéà äëÿ ðåøåíèÿ êîìáèíàòîðíûõ
çàäà÷

Çàäà÷è ñ ðåøåíèÿìè

×òî åù¼ ïî÷èòàòü
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×òî åù¼ ïî÷èòàòü
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