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[naBa 1

[ pynnbl, KonbLa, nons

1.1 T'pynmnsi

Onpegenenne 1.1. I'pynnot nazsiaercs Tpoiika (G, o, e),

rie G — Herycroe MHOXKeCTBO (Hocumenn), e € G — eju-
HUIA IPYIIIbL, & O — TaKast OMHAPHASI OllEPAIUs HA HOCUTe-
Jie, 9TO JIJist JIIOOBIX €r0 9JIEMEHTOB T, Y, Z BBIIOJHSIIOTCSA
CJICJLYIOLIME 3AKOHYL I AKCUOMbL 2DYNILDL:

[0)

roy € G — ycmolivwusocms (3aMKHYTOCTH) HOCH-
Tesst;

(xoy)oz = xo(yoz)— accoyuamuenocmy;
eor = x oe =T — CEoUCMBE0 eOUNULLL;

Vedly : yoxr = zoy = e — cywecmseosanue

06pam1020 saeMenma K T, CAMBOTHICCKHA Y = 1.

I'pymner G ¢o ¢BORCTBOM X ©0 Y = Y O ' HA3BIBAIOTCS
KOMMYMAMUSHOLMU ATA G0ENCEbLMU.

Ecmu |G| = n, To G — konewnas epynna u n — eé
nopaAdoxk.

B koHeWHOIl Tpymme omepamuio o yJIo0HO 3aJaBaTh
mabauyet ymmoorcenus (mabauyed Koau).
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[Mpumep 1.1 (Tabuuna ymuoxenust rpynnbt Kieiina V).

(ofelalbab]
e || e b | ab Vi =1{e a,b ab}
a|lal|elab| b — deTBepHas rpyitina Kieitna,
b| blab| e | a ab — OJMH 3JIEMEHNT,
abllab| b | a | e rpymma abesesa.

My.HI)TI/IH.HI/IKaTI/IBHaH 3alliCh prnHOBOfI Oolepalumn:

r-oyuwmay, o° =e a" =g-...-q,n€EN,

n pa3

" CIIpaBe€IJINBbI BCE OOBLIUHBIE CBOMCTBA CTEIICHU:

a =a"-d", a" =ad" a" = (a7, ...

[pumep 1.2.
1. HucoBple rpynmbl — Bce OHU aOeJIeBbI:

e 7,Q,R, C— rpynmnbl OTHOCUTEIBHO CJIOXKCHHSI.
st HUX uCnosb3yoT addumuehnyio 3anucv T + 1,
eJTMHUTHBIN 9s1eMeHT Ha3biBaloT Hyaem (0),
OOPATHBIN K & — NPOmuGoOnosoHCHoM (—T ).

e Henyuesbie snementol Q, R, C — rpymmsl oTHOCH-
TEJIbHO YMHOXKEHHUs; 1 — HYyJIb I'DYIIIIbL.

2. Bumapmbie Habopor: & = (oq, ..., a,) € B" orHOCH-
TeJILHO . AJIMTUBHAS 3aIKCh:

&@g: (051@517 7an®ﬁn)
Hynb rpymms: 0 = (0, ..., 0).
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3. Cummerpudeckasi rpyima Sy,: BCe TEPECTAaHOBKH N~
ssemenTHOro MuOXKectBa X = {1, ..., n} oTHOCHTENH-
HO KOMIO3UIMU *. HyJlb IPyIIbl — eJIMHUYHAsT [epecTa-
HOBKa. flcro, uro |S,| = nl.

[lepecTanoBKu MOXKHO 3alUCLIBATL B BH/IE:

a) TabJIIbl —

1 2 ... 1 ... n
7'(' f—
ty to ...t ... t, )]
Hanpumep (cHadajia BBIMOJTHSIETCS 2-51 EPECTAHOBKA,
norom — 1-s1):

123 123 (123
(231)*(132)‘(213)7é
123 (123 123
7A<321>_<132>*(231)

0) passioKeHus Ha IUKJIbl —
m o= (Gtsty.. .ty ) (G305 7)) .. (¢tPt5t5 .4 ).

BHyTpu KaxXj0ii mapbl CKOOOK HYHCJIa IEPECTaBJIAIOTCS
MUKJIMIECKN:

7T(t1) = t2, 7T(t2) = t3, RPN F(tk) = t1;
B [IEPECTAHOBKE T — 1M IUKJIOB.
Hukser qymast 1 = Bujga (t) 0OBITHO OIMYCKAIOT:

123456
(563142>H(154)(26)

Kanonuueckoe npejcrasienue nukia (tits . .. 1):
t1 — nammenbiee w3 {ty,to, ..., tx}.
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Hanpumep, juist npejpbliyiieil KOMIO3UINK [1ePeCTaHOBOK:

(123) * (23) = (12) # (13) = (23) % (123).
Cummerpuueckas rpynna S, npu n > 1 nopoxjaer-
cs Tpancnosurmsvu (1, 2), (1,3), ..., (1,n).

4. I'pynmer cumMmMmerprn (caMocoBMeITeHnii) 00 beKTa — co-
BOKYNHOCIG NPE0OPa306anUll, COBMEUAIOUUT 00BeKMm ¢
camum cobot.

4.1. 'pynnbl cuMMeTpun IPaBUJILHOTO N-YIOJbBHUKE,
— epynnov, dusdpa D,

a) Y epynno, Dogi1, k € N — sBe obpasyromux:
360°
(1) Bpainenue BOKpYr HeHTpPa Ha 37 B BbIOpAHHOM Ha-
npapjaeHun — t u
(2) cumMeTpust OTHOCHTEILHO OCH, TTPOXOJIATIEH Yepes3 Bbl-
OpaHHYIO BEPIINHY U CEPEJMHY MPOTUBOMNOJIOKHONR CTOPO-
Hbl — T.

Harpumep: rpyiiiia CHMMETPUY HPABUJILHOT'O TPEYTOJIbHU-
Ka — IIepecTaHOBKa €ro BepIluH

D3 = (t,r) = {e, (ABC), (ACB),
(A)(BC), (B)(AC), (C)(AB) } = Ss.

ro
t — Bpainenue Ha 120° B BbIOpaHHOM <¢B
HAIPABJICHIH,
T — CUMMETPHs OTHOCUTEIHLHO BbIOPAHHO
OCH CUMMETPUH. @
Jlobast mepecTaHOBKa BepIIUH (CTOPOH) £ ' .

OIIMCBIBACTCS uepe3 obpas3yrolne
u umeer Buj t"r".
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0) V epynno. Doy, k € N — Tpu obpasyiomiux:
(1) Bparenue BOKpYT MeHTpa (B BBHIODAHHOM HAIPABJIC-
HUW) Ha % M JIBE OCEBBIX CUMMETPHiIl — OTHOCHTEJILHO
(bUKCHPOBAHHBLIX 0Ceil, TIPOXOJANIMX YePes3 CePeInHBI TPO-

TUBOIOJIOKHBIX (2) cTOPOH 1 (3) BepIIHH.

IIpumep: rpyiia CUMMeTPUd KBaJpaTa e m

Dy = (t,r, f) = {e, (ABCD), Nk ¥y

(AC)(BD), (ADCB), (AD)(BC), |~ |

(AB)(CD), (BD), (AC) }. A

t — ppamenue Ha 90° B BLIOpAHHOM

HAIIpABJICHUH,

T — CUMMETPHsSI OTHOCUTEJILHO OCH M,

f — cummerpus ornocuTebHo ocu cumMerpuu A-C'.
Jlobast nepecTaHoBKa, BepIIUH (CTOPOH)

OIICLIBATLCS Yepe3 00pasyroIiue

u umeer sug t"r" fF.

IIpumep: rpynibt jgusjpa Dg u Dy.

|D,,| = 2n: Tox gecrBennast nepecraroBka + (n— 1) moso-
poroB BOokpyT ocu C,, + n orpaxennit BOKpyr oceit Cs.
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4.2. I'pyunbl BpaleHui n1paBujibHOIO MHOIOI'DAHHH-
Ka — 9TO HE BCE CUMMETPHH MHOIOIPDAHHUKA, a TOJBHKO
IOBOPOTHI, 3€PKaJIbHbIE OTPAYKEHUsT NCKJIFOUEHDI.
[IsTh IaTOHOBBIX TEJ —

T — rpymma terpasjpa,
O — rpymnmna okTasapa
(Bpaienne okTasjipa u Kyba),

Y — rpymnma ukocasapa
(Bparenue nKocasipa u

JIOJICKAIIPA).

OTHU rpynmbl OyIyT PACCMOTPEHBI MTO3XKE.

Emé ogun npumep: rpymmna
BHYTPEHHUX BpalleHuit xyourxa Pyouxa.

[Topsijiok rpytbr —

1
?211-12!-37-8! = 43252003274489856000 ~ 4,3-10".

9TO ABJSIETCS COBCEM HEOOJIBIIMM YHUCIOM MO CTAHIaPTaM
COBPEMEHHO}I TeOpUH KOHEUHBIX TPYII (~ 06béM Muposo-
ro oKeaHa B KyboMerpax).

IMoarpynner u cmexkHbie Kaaccbl. Eciu (G, o) —
rpynna, a H — noaMmuoxkecrBo G, caMo fBJLIOIIEe-

cst rpynnoit, ro ( H, o) — nodepynna G, cumBosmdecku
H < G.
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Ormpejiesienne JIEBOrO U IPABOTO CMEHCHVLE KAGCCHL NO
nodepynne H (¢ npedcmasumenrem x) COOTBETCTBEHHO:

H<LG,xeG =zH = {zh|he H},
Hx = {hx|he HY,

IIpU 3TOM

hl#hg,hl,hQEHéGBx = Ih1#$h2.

V1eepwaeHue 1.1. Cmestcrvie KAGCCHL ¢ PasHbLMU Npedcma-
sumMeNAMU AUOO He nepecexaromcd, asubo cosnadarom.

Ve e G: xH = Hx, to nogrpynna H — nopmans-
nas. HopMasbnocts — ocsabrentoe yeaoBue KOMMY TaTHB-
HOCTU: B abeJIeBOIi IpyIie BCe MOAIPYIITbI HOPMAJIbHBI.

Enunuanas rpynmma E = {e} — moarpymma mo6oit
IPYIIIIBL.

Onpegenerne 1.2. lnst rpynn (G, x) u (G', o) orobpa-
x)enue ¢ : G — G' naspiBaeTcs u3oMop@husmom, i OHO

1) B3aMMHO OJ[HO3HATHO;

2) coxpaHsieT Olepaluio:

Va,be G: plaxb) = p(a) o p(b),

a  Takme TIPyLIbl —  U3OMOPPHLLMU, CUMBOJMYECKH
G =2 G’

CaoiicrBa nzomopgusma : @(e) = € (coxpanenue
eqmnuiibl), p(a™t) = p(a)™ (obpas obparnoro ssemen-

Ta — 00OpaTHBI K ero obpasy)...
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Teopema 1.1 (Kanu). Jhobas xoneunas epynna nopadka
n  u30MopPHa Hexkomopol nodzpynne CUMMEMPUUECKOT
epynnovl Sy,.

Ecisin B onpejiesiennn nzomopdusma CHATh TpeboBaHue
OMEKTUBHOCTH (P, TO TIOJYIUM OIpeJIeJICHUE 20MOMOPHU3-
MG 2PYNN.

Hanpumep, Bcerja cymiecTByer roMoOMOp(U3M IPOU3-
BOJILHO# TPYIIIBI B IMHUIHYIO F.

IMukimyaeckue rpynnbl. B yukiuveckus 2pynnax ecth
noposicdmowuts saemenm ¢ (06pasyrowutd saemenm, 2ene-
pamop) TaKoi, UTO KaXKJIblil SJIEMEHT I'PYTIIIbI MOXKET OBbIThH
1noJtyuer MHoOrokpartHbiM (¢ yuérom ¢ = e) npumenenuem
K HeMy WJIH K ¢ ' T'PYIIOBOMH OTepaIyin:

C' — muKamdeckasi rpyrira, eciu

deVao3dk: & =2 cavsonnueckn (c) = C.
c C Z

,HJIH INUKJIXYIECKUX I'PYIIIT BO3MO2KHBI JIBa, CJIy4dasl.

1. Bce cremeHm TOPOXKIAIONMIETO  JJIEMEHTa  pas3-

JIMGHBI ~ —  TPyIIa  COCTOUT U3  3DJIEMEHTOB
-2 -1 0 .1 .2

,a ‘,a ,a,a,a, ..., T.e. OHa U30OMOP(]-

Ha Tpymne (Z, + ) TeIbIX 9UCeIT MO CJIOKEHUIO.

D10 — ejMHCTBEHHasi OeCKOHEYHasl MUKJIMIECKasi
rpymnmna.

2. JIe pazsinuHble CTEHEeHU HOPOZXKJIAIOIIEr0 3JIeMEHTa,
copuajiator: @t = g"a™ = a" = ™ = e.

orda = arg min {a” = e} — noOpsAIOK dIEMEHTA .
m € Ny
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B sTom ciyuae mnoJiydaem:
® KOHECYHYIO IPYIIY;
e 130MOPGHOCTH JII0O0i KOHEUHON ITUKJINIECKO
IPYIIbL C YUCJAOM JIEMEHTOB T I'PYIIILIE

Z, = ({0,1,...,n— 1}, +modn>-
CojicTBa UKJIMYECKUX TPYIIIT:

e DBce NUKJINICCKHUE I'PDYIIIIDI abeJIeBhl.

e JliobOast mojarpymmna MUKJINIECKON IPyHnbl — MUKJIH-
JecKasl.

B npumenennn K eIMHCTBEHHON OECKOHEUHOHN ITHMK-
Jndeckoir rpynme Z 3710 jpaér, dTo Jirobasi HeTPH-
BHaJIbHas Mojrpynmna H rpynnel Z uMeeT BU
H = {mn|n€eZ} = mZ, rne m — HauMeHb-
1Iee MOJIOXKUTEJILHOE YnCa0 u3 H.

Hanpuwmep:
H=4{...—-6,-3,0,3,6,...} = 3Z

e DBcsikast nukndeckast rpyIa siBjiseTcss ToMoMopd-
HbIM 00pa3oM rpyiiibl Z.

Y IMKJIMIECKO# TPYIIIBI MOPSJIKA 1 CYIIECTBYET POBHO
©(n) MOPOXKIAIOMINX SJIEMEHTOB (T€HEPATOPOB).

Onpegenenne 1.3. 3uavenue dynryuu Jirepa p(n) — Ko-
JMYECTBO uuces u3 unrepsasa [1, ..., n — 1], B3aumuo
IIPOCTBIX C 1.

(1) = 1 (o onpegenienno), p(2) =1, p(3) =2, ...,
p(6) = [{1,5}] =2, ¢(7) =6, p(8) =4, ...
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CaoiicTBa (p — MPOCTOE UNCIO):

* v(p)=p—1;

o ¢(n*) =n""lo(n), orkyna o(p") =p"p—1),

® cCJIM M U N B3AUMHO HPOCTHI, TO @(m-n) = @(m)-
p(n).

[Ipumepnr: ¢(15) = ¢(3-
p(16) = p(24) = 2°-

W(71) +0 +1 2 43 +4 +5 46 +7 +8 +9
0+ 1| 1] 2| 2] 4] 2| 8| 4] s
10+ 4| 10| 4| 12| 6 8 8| 18] 6| 18
20+| 8| 12| 10| 22| 8| 20/ 12| 18| 12| 28
30+| 8| 30| 16) 20 16| 24 12| 36| 18] 24
40+| 16| 40| 12| 42] 20| 24 22| 46| 16| 42
50+ 20 32| 24 52 18 40 24 36 28 58
60+ 16 60 30 36 32 48 20 66 32 44
70+ 24 70| 24 72 36 40 36 60 24 78
80+ 32 54| 40 82 24 64 42 56 40 88
90+ 24 72| 44) 60 46| 72 32| 96 42| 60

Puc. 1.1. Tlepsbie 99 snauenuii (-)

o > un(d) =mn, o(1)+¢(2) +¢(3) +p(4) +¢(6) +
+¢(12) = 12;

B rpymme Zg = ({0, 1,2,3,4,5}, +6) — ¢(6) =2
resepaTopa.

CKOJIbKO TeHepaTopoB B Z7
Orper: niBa — 1 u —1.
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Konkperubiit [Ipumep MUKJINYECKONW TPYIIILI: I'PYIIA
2_7T> i
< ~~) BpaIlleHuii B IIJIOCKOCTU BOKPYT IEHTPa MPABUIHHOTO
N-yTroJIbHUKA, COBMEIAIOIUX ero ¢ CODOiA.

Teopema Jlarpanzka u cjieCTBUs U3 HeE

Teopema 1.2 (Narpawxa). Ilopsador nodepynno, xonewnot
epynnove deaum nopadok camotl 2pynnol:

G| = |H| (G- H].
|G : H| — undexc nonrpynnet H o rpynme G.

Cneacteus. 1. Ilopadox a10b6020 sremenma Koneunot
2pynnoL deaum nopador 2pynno.

2. I'pynna G npocmozo nopadka p:

o yuKkAUYECKaA U M1000T €€ omauunil om edu-
HUYDE IAEMEHM, — NOPOAHCAMOULUT;

o HE UMEETN HEMPUBUANLHULL (omauunux om E
u G) nodepynn.

1.2 KoJabma m moJd

KoJsabna: onpenesieHne, OCHOBHbIE CBOICTBA

Onpegenerne 1.4. Abenesa rpynmna ( R, +, 0) nazbiBaercs
Koabyom, cumBosmaecku ( R, +, -, 0), ecam Ha Heil onpe-
JICJICHO YMHOKEHME -, CBA3AHHOE CO CJIOXKCHUEM QUCTNpU-
OYMUSHBLMU 34K0HAMU

r-(y+z)=z-y+x-zu (y+z2)-x =y -x+z-
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OOBIYHO PACCMATPUBAIOT ACCOUUAMUBHBLE KONDUG C AC~

COIMATUBHON omepanmeil yMHOKEHU:
(x-y)-z=a-(y-2)

Eciu B KoJiblle MMeeTCd eJMHUYHBIA 3JieMeHT 1 110
ymHOoXkeHuio (z -1 = 1-x = x), T0 KOJIbIO Ha3bIBAET-
Csd KOALUOM ¢ eQUHUYET I YHUMAAbHBIM, CAMBOJIMIECKH
<R7 +, 07 1>

Tpusuasvroe koavyo — {0}; B HEM U TOJBKO B HEM
0=1.

Ecnn onepanus yMHOXKEHHST KOJIbIIa KOMMYTAaTHBHA, TO
1 KOJIbIIO HA3bIBAETCsl KOMMYTATUBHBIM.

DJIEMEHT @ YHUTAJLHOIO KOJIbIA HA3BIBACTCST 00pamu-
MbIM, €CJIA CYIIECTBYET 3JeMeHT b TaKoii, 9To

a-b=>b-a=1.
Konbio R 6e3 deaumenetdi nyaa — co CBOKNCTBOM
\V/Tl,rg e R: (7“1'7'2 :0) = (7“1 :0)\/(7“2 :0)

Baxknoe 11 HacC
Onpegenerne 1.5. I[[eaocmmvim K0AbUOM HA3HIBAIOT HETPU-
BUAJbHOE  YHUTAJILHOE  aCCONMATHBHO-KOMMYTATHBHOE
KOJIBIO Oe3 jiesiuTesieil HyJis.

lpumep 1.3. 1. Kousbio nenbix gucen Z ¢ oObIIHBIMU
oIepalusMy CJIOYKEHHe U YMHOXKEeHHe Ha HEM — Tie-
JIOCTHOE; OOpaTHMble 3JIeMeHTbl B HEM — =1,
[Tpumep KoJbIla 6€3 eUHUIIBI — KOJIbIO duces 27.
Z, = {0,1,....,n—1} — Kxoavyo kraccos Guvive-
moe no Modyaio m (BbIYET — OCTATOK ), PE3yJIbTaThl
omeparuu — 1o mod n.
KoJtbI10 HEIEJOCTHO TTPU COCTABHOM N HAIPUMEDP B
Zg umeem 3 -2 = 0.
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Onpegenenne 1.6. llycrs (R, +,-) u (R’ &, ®) —
koJibIa. Orobpaxkenune ¢ : R — R’ HazwiBaercst 2omo-
MOPPUZMOM, €CTTN

p(ri+r2) = o(r1) ®e(r2), @(ri-ra) = p(r) @ e(ra).

BzanMmHo-0/1HO3HAUHBIHE TOMOMOPGU3M KOJIell, Ha3bIBAETCsI
uX usomoppusmom, cumposnueckn R = R’

Onpegenerune 1.7. TloagmuoxkecTBo S KOJIbI1a

( R, +, -, 0) HasbIBaETCS €10 NOIKOALYOM, ecin a—b € S

(sicro, wro rtorgam 0 € S)m a-b €S s Beex a,b € S.
[Togkosbiio cobcmeennoe, ecnin S # R.

Kcratu, TepMUH <«COOCTBEHHBI» He YTO WHOE, KaK
HEYJATIHBI TIePEeBOJL CJIOBA, « PrOpers, CJeI0Baao ObI TOBO-
PUTH «IIPABUJIBHBIA» WJIA «HACTOAIAH», HO 9TO y2Ke HC-
TOPUYECKU CJIOKUJIOCH U HE UCTPABUTD...

IIpu n < m koabo Z, HE ecTb MOAKOJBLIO Z,,:
namnpumep, B Z; — 3-3 =4, 3+3 =1, a B Zg —
3-3=1, 3+ 3 =06. duemenT 3 B IepBOM KOJIbIE OTJINIA-
eTcst OT 3JeMeHTa 3 BO BTopoM, Kak Bacs [lerpos ot Bacu
BaHoBa. DTO OMOHUMbD, — OJMHAKOBO 3BYUAIIHE CJIOBA C
PA3HBIM CMBICJIOM.

N neanbr kosiel n hpaKTOPKOJIBIIA

Onpegenenve 1.8. Tlonkonbno | KOMMYTaTHBHOTO KOJIbIal
R maswiBaercst ero udeasom, cumBommdecku I < R, ecian

Viel YVre R: riel.

LTI HEKOMMY TATHBHOT'O KOJIBIIA BBOIAT HOHATHSA HPABBIX U JIEBBIX UIEAJIOB,
HO OHM HaM He HOHaJ00ATCH.
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CaMo KoJIbIIO ¥ ero Hyiab 0 — mpusuasvHvie Udeanv
KoJblia. Vjeasnl, He COBIAJAONIAE CO BCEM KOJBIIOM —
cobcmeenmle.

Onpegenerne 1.9. Upean I yHUTAIBHOIO KOMMYTATUBHO-
ro KOJIbIa [ Ha3BIBAETCS 2AG6HbLM U NOPOAHCIENHBIM INE-
menmom a € R eciin

I ={ar|reR} = (a).

[lesiocThble KOJbIa, B KOTOPLIX BCE UJiealibl IVIaBHbIE,
HA3bIBAIOTCH K0AbYaMU 2aachuix udeanros (KI'H).

[Mpumep 1.4.  (n) = nZ Q Z, Z — KI'U.
[IpuMmep mpaBoro HETJIABHOIO MeaJia B KOJIBIE MaTPHIL HOPSI-

Ka N: COBOKYHHOCTb MaTpHI], y KOTOPBIX BCe CTOJOILI, KpoMe 1-To

HYJIE€BBIE.

CBoiicTBa HIeaaoB KOJIEI]

® BI/IHapHOG otHolenne <l Ha MHOXKECTBE HJI€aJIOB
KOJIbIla ABJIACTCA 9aCTHUYIHBIM I1ODSATTKOM.

e Fciu R — npousBoibHOE KOJBIO U N € Z, TO
nR ={nala€ R} < R.
e Fciu I,1, < R, TO
nepecedenne ujeasos (Ip N 1Iy) < R,

CyMMa HnaeaJioB
L+ 1, = {SL‘—F:U‘SCE[l,yEIQ} < R,

IIpOn3BEJICHNE UjecaJjaoB

LI, = {xl-y1+...+xn-yn|:):1611,y1612,
i=1Ln,neN} <R
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Kaaccom eviuemos no modyao udeara I Koavua
(R, 4, -) Ha3bIBaeTCsI CMEXKHBIH KJIACC MO HOPMAJbHOl
mogarpymnmne (I, +) aJuTUBHON I'PYTNIIbI KOJIbIA C HEKO-
TOPBIM (PUKCUPOBAHHLIM IIPEJCTABUTENEM T € R:

{r+i|iel}, cumBommuecku [r|;.

Kitacchl BBIYETOB Pa3HbIX MpeJICTaBUTENIEH 110 MOIYJIIO
JIAHHOT'O ujieaJjia Jnbo COBIAIAIOT, JUOO He MepeceKaroTcs
1 B 00ObeIMHEHUN da0T R, T.e. 00pasyior pasbuenue R.

MHOKeCTBO KJIaCCOB BBIYETOB — (PaAKMOPKOALUO KON~
uya R no modymo udeanra I, cumponuaeckn R/I.

[pumep 1.5.

o [ =27 = (2) = <z,

o 7/27 = {[0], [1]; }, upu s1om
0 =1, [1]; = 22+ 1.

Onpegenenne 1.10. Upeas I HazbiBaeTCS MAKCUMAALHBIM

B KoJiblle R, ecsim He cymecrByer takoro ugeasua I’, 4ro
Icl'cR.

[lpumep 1.6. B Z:

1) wmpeannt (2) u (3) MaKCHMAJIBHDI

2) wjean (6) He MAKCUMAJICH: OH COJECPKUTCs U B (2), 1
B (3): s060€ Tucyio, fessieecs Ha 6 JeJuTest TakKe
U Ha 2, 1 Ha J.

dAcro, uro B 7 MaKCHUMAJbHBIN Heaabl UMEIOT BU]
(p), tme p — mpocToe TUCTO.

VTeepxaeHne 1.2. B accouyuamusHo-KoMMYymMamueHom
YHUMANADHOM KOADUE CYULLCMBYEM MAKCUMANOHOLT Udean.
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EBK/IMI0BBI KOJIBIIA

Onpegenenne 1.11. LlenocTHOE KOJIBIIO, B KOTOPOM KaXKIbIil
HEHYJIEBOI 3j1eMeHT X Jinho 0OpaTum, JubO OJIHOBHAYHO C
TOYHOCTBIO JIO IEPECTAHOBKU COMHOXKHUTEJIEH 1 yMHOYKEHNA
Ha 00PATUMBIil 3JIEMEHT IIPEJICTABJSIETCS] B BUJE ITPOU3BE-
JIeHUST Hepa3JI0yKUMbIX 3JIEMEHTOB, HA3bIBACTCS (hakmopu-
aANOHDIM.

e 7/ — (daxTopuajgbHOE KOJbIIO.

e Bce KI'I — dakropuasibHbI.

~Y

e Kombiio Z, = Z/nZ ssasercs bakTOpUaTbHBIM
(1, caenoBaTesIbHO, 0OJACTHIO TIEJIOCTHOCTH ), €CJIH 1
TOJILKO €CJIE 1, — IIPOCTOE TUCJIO.

Onpegenenne 1.12. Tenoctroe kosbio ( R, +, - ) Ha3bIBa-
ercs e6KAUIOGHIM, €CITH JIJIsl KAXKJIOI0 €r0 HEHYJIEBOTO dJie-
MeHTa  ompesenena nopma N(x) € Ny co cBoiicTBamu
JUIsT JIIOOBIX jieMeHToB a u b # 0:

1) cyuiecTBytoT TakKue ero 3JeMeHThl ¢ U T, 9TO
a=¢q-b+r mmubo r =0, aubo N(r) < N(b);
2) N(a-b) =2 N(a) u N(a-b) > N(b).
Hajmame y 571€MeHTOB HOPMBI JJAET BO3MOXKHOCTD IIPO-
U3BOJUTH HX JICJEHUE JIDYT HA JIPYTa ¢ OCTATKOM.

[pumep 1.7. e Kiraccmieckmuii  mpuMmep  €BKJIHJIOBA
KOJIbIIA, — KOJIBIIO IEJIbIX 4uces Z; HOpMa — abco-
JIIOTHAS BeJIMYUHA YKCIIA.
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e Koubijo muorouwsenos klx] or dopmasiboil nepe-
MeHHO# x naJ nmoseMm k:

kiz] = { f(z) = a2 + ...+ a1z + ao |
an,...,aoe[k,ne[]\lo}

— BaXHBIl JIJIsi HAC MPUMED EBKJIMJIOBA KOJIBIIA;
3/ech HopMma — crenenb deg f(x) = m mHOroOwWIE-
Ha.

EBkymiosnl kKosbia — KI'N.
Ilose
Onpegenenne 1.13. Lemnoctroe kosbrio (R, +, -, 0, 1), B

KOTOPOM Kaxk/iblil, Kpome (), 3jieMeHT 00paTuM, Ha3bIBaET-
Cs NOAEM.

[TopmuoXxKecTBO mosist K, caMo sBJsOIIeecs MoJieM 1
YCTOMYNBOE OTHOCUTEJILHO CYKEHUs Ha HEero ounepanuii u3
K, HazwiBaercs nodnoaem.

IIpumvepnbl 6ECKOHEUHBIX ITOJICH U ITOIOICH: INCIOBBIe
nmosisi Q C R C C.

[Tone K, ne obsajarolnee HUKAKIM COOCTBEHHDBIM I10/I-
I0JIEM, HA3bIBACTCST NPOCMDIM.

VTeepwaeHue 1.3. B xaotcdom noae codeporcumces moavko
0dno npocmoe nodnoae, Komopoe uamoppro aubo Q, aubo
Z,, p — npocmoe.
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daKkTopHUanbHbie
Ko/bua

UeNOCTHbIe
Kosbua

KONbUa rNaeHbIX
naeanos

eBKAMAOBbI
Ko/blia

KOMMYTaTUBHble
KonbLa

Bynem pabotath
34ecb

Puc. 1.2. Ot KoJer] K oM

1.3 3Bagaum c penieHuIMU

3agaya 1.1. Buacnumo, obpasyiom au epynnol caedyroujue
MHOICECTNBA NPU YKA3AHHOT ONEPAUUY HAOD INEMEHTNAMU:

1. Ilenwie uncia oTHOCUTENBLHO caoxkeHusi?  [a
2. YerHble 4nciia OTHOCUTEbHO ciaoxkenus?  [a

3. Hesbie uwncisia, KpaTHbe JIAHHOMY HATypPaJbHOMY
YUCTY N, OTHOCUTEJHHO caokeHus!  [a

4. Crenenu  JJAHHOIO  JICHCTBUTEJILHOIO  YUCJIA,
a,a # 0,£1, ¢ meJbIMU TIOKa3aTEISIMU OTHOCH-
TeJbHO YMHOXKeHus?  Jla



20

Imasa 1. I'pymnibl, KoJiblia, 1M0JIst

10.

11.

12.

13.

14.

15.

16.

Heorpunaresnbuble nesbie 9nucaa OTHOCHTETBHO CJIO-
xkenwsi!  Her (mpoTWBOMOIOKHOTO 97IeMEHTA)

Heuernple 1esible 4ucjia OTHOCUTEILHO CJIOMKCHUST !
Her (ycroitunBoctn)

[esible 9uCIa OTHOCUTEHHO BHITUTAHMS !
Her (accormarusroctn)

Panuonasibuple  4ucia OTHOCUTEILHO CJIOXKCHUA!
IE:)

Panponajbable 9nC/1a OTHOCUTEIHLHO YMHOKEHMSI !
Her (obparmoro y 0)

Parnuonajbable YUCIa, OTJIMYHBIE OT HYJIsI, OTHOCH-
TeJIbHO yMHOXKeHusi?  Jla

[TostoxkuTEIbHBIE PAIMOHAJBHBIE TUCJIa OTHOCUTE b
HO yMHOXKenHus!  la

[TostozkuTeNbHBIE PAIMOHAJIBHBIC YUCTA OTHOCHTEb-
no siesienusi?  Her (accoruarnsrocrn)

Kophu n-it crenenu u3 ejMHulLb (KaK JEACTBUTCI b-
Hble, TaK " KOMHﬂeKCHble) OTHOCUTEJIbHO yMHOXKeE-
aust?  Jla

Marpuipsl opsiika n ¢ JelCTBUTEIbHBIMU 3JI€MEH-
TaMU OTHOCHTEJILHO ymMHOKeHus!  Her (obparHbx
y BCex)

HeBbipoxKieHHBbIE MATPHUIlLI [IOPsijiKa, N C JEeHCTBH-
TeJIbHBIMU 3JIEMEHTaMU OTHOCUTEIbHO YMHOXKEHMUsI?

Ja
MaTpuiipl HOpsijika 1 C HEJIbIMU SJIEMEHTAMU 1 Ol Pe-
JIeJIUTESIEM, PABHBIM 1 OTHOCHTEIHLHO YMHOMKEHUS !
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17.

18.

19.

20.

21.

22.

23.

24.

Ja

MaTpumnps! mopsjika n ¢ NeJbIMU 3JIeMEeHTaM1 | OIlpe-
JleJInTesIeM, PaBHBIM £1 OTHOCHTEILHO YMHOXKEHWS !

Ja

MaTpuipl opsijika n ¢ JIefiCTBUTEIbHBIMUA 3JIeMEH-
TaMI OTHOCHUTEJILHO cjoxkennsa! — a

[TepecranoBku wuwncesn 1,2, ..., n  OTHOCUTE/HHO
KOMITO3UIIMY TlepecTaHoBoK?  [la

Bzanmuo ojHO3HAYHBIE OTOOPAXKEHWSI MHOYKECTBA
HATYPAJIbHBIX 4YMCE Ha, ¢ebsi, KaxKJ0e U3 KOTOPBIX
nepemeraer (0Tobpakaer He B cedsd) JIUIIb KOHed-
HOE YMCJIO YUCES, €CJIN 3a MPOU3BEIeHNE 0TODparke-
HUE S M T IpUHATA KOMIO3UIUA S Ot OoToDparKe-
Huii (1oc/e0BaTeIbHOe BIMOJIHEHIE OTOOpaXKEeH Wit
t,3arem s)? Jla

[IpeobpazoBanusi mHoxkectBa M , T.e. B3AUMHO OJI-
HO3HAUHBIE OTOOpaXKEHNsI 9TON0 MHOXKECTBa Ha cedsl,
OTHOCHUTEJILHO KOM- TIO3UIMKH oTobOpakennii?  Jla

DJIeMEeHTbl N-MEPHOI'0 BEKTOPHOTO IPOCTPAHCTBA,
R™ orHocurTesnbHO ciiokenusa!  Jla

[TapanmenbHble TEPEHOCHI TPEXMEPHOTO MPOCTPAH-
crBa R? OTHOCHTEJIbHO KOMIIO3UIIUM JBUZKEHMUI?

Ja

[ToBopoTsl Tpexmepnoro mpoctpancrsa R" BOKpyr
HPSIMBIX, TPOXOJIAIINX depe3 JaHHyio Touky (O or-
HOCHUTEJIbHO KOMIIO3UIUK JBrKeHuit?  [a
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25. Bce nBuxkenusi TpexMeproro npocrpancrsa R" or-
HOCUTEJIbHO KOMITO3UIIMY JIBMKeHuit?  [la
26. JleiicTBUTE/IbHBIE MHOI'OUJIEHBI CTEIIEHU HE BBIIIE 71
OT HEW3BECTHOTO T W HYJIEBOH MHOTOUJIEH OTHOCH-
TesibHO caoxkennsi!  Jla
27. [eiicrBuresibHble MHOIOYJIEHBI JIIOObIX —CTEleHei

(Bruiouas () OT mepeMeHHOil & OTHOCHUTETHHO CJIO-
xenusi?  [a

3apgava 1.2. Hatimu cmenenu u nopadku 6Cex NeMenmos
abenesot epynnot nopadka 6.
Kaxue us nux asisromea nopooscdarowyumu?

Pewenne. Zg = {0,1...,6}, 0 — eqununa rpymibl.
ord0 =1 | 6;

l=1,141=2...=6-1=6==0 =

= ord1l = 6| 6;

2=2242=4,24242=0 = ord2 = 3;
3=334+3=0= ord3 = 2|6;

4 =4,4+4+4=244+44+4 =0 = ord4d = 3;
5=550+50=45+5+5=3,...,6-5=0 =

= ordb = 6.

[Topox aromiue saemertsl — 1 u 5.

3apava 1.3. Ioxazamv, wmo

o(n) :n-<1—pi1)....-<1—pil),
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ecau no= pit - ..o pRt — npumaproe pasaosicenue n.
Pewenne.
e(n) = o). (o) = pi 1) Pt e(pr) =
= p" e o) () =
n
PR— ( ) ( )

:n.(l_pil).....<1_pik).

3agava 1.4. Hatimu ece nodepynnovl yuksuveckot epynno.
nopadka 24.

Pewenne. Huknnaeckas 24-31eMenTHas rpyIia
C = {a® = 1,d" da* ..., a®} umeer (nukinueckue)
IIOJICPYIIIIBI, T€HEpaTOPaMU KOTOPBIX OyIyT 3jieMeHThl a,
rie m|n,re. m=1,2 3, 4, 6, 8 12, 22.

[Topsilok COOTBETCTBYIOMIEH MOAPYIIBI — 1./,

m=1:{1,a',a® ..., a*} = (a!) = C = Zy;

m=2:{1,d% a* a5 ..., a®} = (a®) = Zy;

m=3:{1,d% a% a°, ... a®} = (a®) = Zs;
=4 :{1,a% a® a'? ..., a®} = (a?) = Zs;

{1, a% a'? a®} = (ab) = 74

m

m =6

m=28:{1,da% al®} = (a®) = Z3;
m =1

m = 2
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3agava 1.5. Buiacnumo, xarxue u3 cACOy0OUUL MHOACECME
ABNANWMCA KONOUAMU, HO HE NOAAMU, U KIKUE NOAAMU
OMHOCUMEALHO YKAZAHHLLL ONEPAUUT.

Ecau onepavuu we yxasanwvi, mo nodpasymesaromcs
CAONCEHUE U YMHOACEHUE YUCEN.
Henwie uncnaa Z?7  Kouablo.
Yeéruple mesble gnciaa’  KoJblo.
Hesanle nZ, n > 07  KoubIo.
Pamnonanbubie unciaa Q7 Ioe.

HeitctBurenbubie uncaa R?  Iloe.

Komnnekcnabie uncaa C?7  Ilose.

NS gtk =

KBajipaTHble MaTpUIbl MOPSIJIKA 7 C IEJBIMH dJie-
MEHTaMW OTHOCHUTEJIbHO CJIOXKEHUsI W YMHOXKEHMUsI
MaTpHIr?

Kouibiio (obpaTHoil MaTpuilsl MOXKET He ObITb).

8. KBajiparHbie MaTpuilbl MOPsJKa T C JEHCTBATEIb-
HBIMHA 3JIEMEHTAME OTHOCUTEJHHO CJIOKEHUS U yMHO-
JKEHUsT MATPUIL!

Kousb1o (obpaTHoil MaTpHIlsl MOXKET He ObITD).

9. Muorousenbl OT OJIHOTO HEW3BECTHOI'O X C IEJIbI-
MU KO3 DUIMEeHTaMU OTHOCUTEIHHO OObIYHBIX Olle-
panuii CJIOKeHUs U YMHOXKeHUs1 !

Kosbiio (MuOrouiensl ag+ a1x + asx® + . .. + a,a”
B caydae ag = 0 HeoOpaTumbl).

10. MuorouieHbl OT OJJHOI'O HEM3BECTHOI'O X C JIEHCTBU-
TEJIbHBIMU KOI(DDUIMEeHTaM OTHOCUTEIHLHO O0bIY-
HBIX OIleparii?
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Kosbiio (MuOrOuIensl ag+ a1x + asx® + . .. + a,a"
B caydae ag = 0 HeoOpaTumbl).

3apava 1.6. AHsasemcea A omobpasicenue
f:7Z — 27, f(x) =2z 20momoppusmom Korey?

Pewenne. Her!
Xors f(x+y) =2(x+vy) =22+ 2y = f(x)+ f(y), o
flxy) = 2zy # (22) - (2y) = f(z) - f(y).

3apayva 1.7. Heasemea au nose Zo nodnosem noas Zs?

Pewenune. Her!

B Zy:141=0,a8% 14+1=2

T.€. OlepaIyst CJIOKEHNs B Z5 HEYCTONUMBA TIPU [IEPEXOJIe
K cBoemy mogmuoxkectBy {0, 1}.



26 I'naBa 2. KoHeunbie moJis

[ naBa 2

KoHe4yHble nons

2.1 Ilosg BbIueTOB

e / — KOJIBIIO TIEJIbIX YKCeJ €BKJINI0BO, BOZMOXKHO J[€-
JIeHHEe C OCTATKOM.

® D — IIPOCTOE YHUCJIO.

e (p) = {np\nEZ} = pl = {0, +p, :i:2p,...}—

udean, TOPOXKJIEHHBINA YUCIOM P.

e Z/(p) = Z/pZ = {6, 1, ...,p—l} — KOJIBIIO
BBIYETOB IO MOJIYJIIO 9TOIO HJjeaja = KJIaCChl OCTAT-
KOB OT JICJICHUsI Ha, P:

= 0+ (p),
=1+ (p),

p—1 =p—1+(p)

—| Ol
|

qepTy HaJl CUMBOJIaMH KJIaCCOB BbIY€TOB YaCTO HE CTaBAT.

[Tockonbky p — mpoctoe, T0 Z/(p) — HE TPOCTO KOJb-
10, a I1oJjie, ¥ B HEM BO3MOXKHO jlejieHue 0De3 ocrarTka Ha,
JII0OOI HEeHYJIEBOI 3JIEMEHT.

D10 Komeunoe noae, Tounee npocmoe nose Lanrya, 060-
snadenne — [, nim GF(p); Bce onepanun B HEM — 110
mod p.
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Ipumepsr: nose F3 = Z/(3) u dakrop-kosbio Z/(4) —

+]0]1]2] x 0]1]2]

- 00[1]2 0J0]0]0

5 1[1[2]0 1[0[1]2
212101 210121
+]0]1]2]3] xJo]1]2]3]
010(1]12]3 010(0]0]0

Z/4): 1]1[2(3]0 10123
21213101 2101202
313[0]1]2 310(3[2]1

B Z/(4) nBaxjpl jiBa paBHO HYJIO!

Osako noJjie u3 4 3JeMEHTOB CyIIEeCTBYET. ..

Xapakrepuctuka nojga. Ilycrs k — npoussosbhoe

mojie, 1 — ero equHaUIA.
CkaagpiBaem equanip: 1 =1, 1+1=2,
B xoneunowM moJie Beeraa HaigeTes mepsoe k Takoe, 9To

l1+...+1 =0.
k pa3

Torna k — nopadox addumusenoti epynnov, noas k =

= zapaxmepucmura nosd Kk, cumBoaunuecku char k.

Eciin Bce cymmbl Bujia 14...41 paziimunbl, TO 1oJiarair
chark =0 (a me 003)).

Q, R — mosist Hy/1€BO#T XapaKTEPUCTUKH.
{0,1,2,...,chark — 1} — munuMasbHOE OO OIS K.
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[Mpumep 2.1 (Beckoneuroe 1moJie ¢ MOJOKUTETBHOM Xapak-
tepuctukoii). [Tycrs k — nekoropoe noste. [Tocrporu:

1. k[x] — woavyo mmozousenos (o1 popmasbHOI iepe-
MeHHOU x) HaJ| nosieM k:

{P(x):a0+a1x+...+anx” |a0,...,aneﬂ(};
k[z] + {(ao, ..., ay) € K" | n €Ny}

2. k(z) — nosie panuonasibabix GyHkimil Ha)| k; B HéM:

ssementbl — “npobu”  P/Q (ecoiu Q@ # 0), vue
P,Q € k[z];

ymnoxenne — (P/Q) - (U/V) = (PU)/(QV);

skBUBajieHTHOCTh — Py /Q1 = Py/Qo,
ecmn P1Qy = PQu;

CJIOKeHHe — JIPOOM MOYKHO IIPHUBOJUTL K 0OIIEeMy
3HAMEHATEJIO U CKJIAJbIBATD:

P/Q+U/V = (PV +QU)/(QV);

Brmodenne — 1ockobKy k|| C k(x), To Kaxkbrit
muorowier P oroxaecrsisiercst ¢ P/1.

Ecsun B kauecrse k B3ars Fp, ro Fp(z) — 6eckoneu-
HOE I0JIe MOJOXKHTEIBHONH XapaKTePHCTHKH .

Jlemma 2.1 (toxpecto Ppobermyca, CMNbHOE yNpoOLLEHNE
BLIYMC/IEHNTE B KOHEYHOM none). B noae xapaxmepucmuru
p > 0 swnoanerno mootcdecmeo

(a+b)P = a? + V7.
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Lokazatenbctso. B jitoboM KOMMYTATUBHOM KOJIbIlE BEpHA
dopmyna st GuHOMA,

(a+b)P = a+ Cpa b+ ...+ C2lab"! 407,

TV
=0
a upu ¢ = 1,...,p — 1 uuciauresnb kodbduimenra
A p!
Cp — -0l JeJIUTCS Ha p, a 3HaMeHaTeJIb — HeT, OTKY-
17 —

Creacrsue. B nose xapaxmepucmuru p > 0 cnpasedauso
(a+b)P" = a" + b7

MysibTUNIMKATHBHAS TPYIINa U IPUMUTUBHBIN 3J1€-
MeHT KoHeuHoro mosig. [ = F,~\{0} — myavmunau-
Kamuenad epynna noad .

Y1eepxagenne 2.1. T, — wurauueckan no ymmoogrcenuro
epynna nopadka p — 1.

Kax siobast Koneunast nukmieckas rpynua, b conep-
JKAT TeHepaToOp — MPUMHUTHUBHBIN 3JIEMEHT (v

e ji000it snement [ € ) aBngercsa HeKOTOpO# ero
HaTypaJbHOl crerenbio: B = o', i € {1,...,p—1};

o mpuuéM 1l=o’ ' ua'#1 jna 1 <i<p—2.
o [ nveer ¢(p — 1) NPUMUTUBHBIX 3JIEMEHTOB.

Paccmorpum niosie 1. Ero mynsruminkarusaas rpyr-

nma ecrb Fj; = ({1,2...,10}, x) wu ona umeer
©(10) = 4 TPUMHUTHUBHBIX SJTEMEHTA.

1 — ne reneparop, nposepsiem 2:
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k|1]2]3)4 \5\6\7\8\9\10
2 2]4[8]5[10[9]7]3]6] 1

— m.e. 2 — reneparop [, ord2 = 10.
[IpoBepsem 3:
| 1]2]3]4]5
3319541

— 1.e. ord3 = 5 u 3 — He reHepaTop, u T.JI.

Kak yckoputpb mporecc?
Ecau npumapnoe pazyioxenue p — 1
— u3BecTHO = 3jeMmenT « € [, npumurusen iff

o' #, 1 s kaxkgioro npocroro ¢q | (p — 1)
(k. oFrde = 1 k€ N).
IIpumep: 1) p = 11 (nam cayuaait), p—1 = 10 = 25,
¢e{y =5% =2}
2 =4+#12=32=,10#1 = 2 — npuvMuTHBHbII,
32=9+#1,3=243=,;1 = 3 He UPUMUTUBHBIIL.

2) p =37, p—1 = 36 = 22 3% Haxomum: % = 18,
? = 12; mosromy jtst BRIICHEHWS, ABJAgeTca i« € F

IeHePaTOPOM, HY>KHO IIPOBEPUTH He DoJiee JIByX PABEHCTB:
o2=1u o'®=1.

— Heus3BeCcTHO = 3(P@PEKTUBHOIO aJrOPUTMa He HailJIeHo;
UCIIOJIB3YIOT TaOJIHIILI, BEPOSITHOCTHBIE aJrOPUTMBL...

OjiHaKo, ecjin HafijIeH OJUH HPUMUTUBHDBIA SJIEMEHT
nond [, To JII00OI1 JIPYTOil ero NIpUMUTHBHBII 3JIEMEHT MO-
XKeT ObITH HOJIYUeH KaK crenenb of, rie k — B3auMHO IpO-
crocp— 1.
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[Ipumep (nam): p = 11, 2 — npumuruBHbiil saement [y
ke {1,3,7, 9} — Blanmuo npoctsie ¢ 10, mosyanm

2l =2, 23 =8,
27 =128 =11 7, 29 =512 =11 6,

T.e. 6, 7 1 8 — TakxKe NPUMUTUBHBIE SJIeMEHTHI [ 1.

3amMernM, 4To
1

0#acl, = a"'=1= o ?=a".
Hanpumep, naitjiém obpaTublii sjgemenT K 4 B noJie [Fqq:
471 = 412 = 49 = 262144 = 23831 -11+3 =1, 3.

HeiictBurenbuo, 3-4 =11 1.

JlejieHne B KOJIbIlE MHOTOYJIE€HOB. KoJblo MHOTrO-

aienoB k|x] wag momem k — eBKIIMIOBO, — 3HAUAT MHO-

POYJIEHBI MOXKHO JIEJIUTH JIPYT HA JIPyTa € OCTATKOM.
Hanpumep, nogesnm «yromkom» xt na z2+1 B KosbIie

ZQ[.T]Z

x* x> 41
x4+ x2 x2+1 re. ! = (I2—|—1)2—{—1.

CaMOoCTOATEbHO: JICJICHUEM MHOTOUJICHOB <YTOJIKOM»
MOKayKUTe, 4TO YacTHOE OT JleJeHus MHorodjiena 2z° +
o' + 4z + 3 na muorouwnen 3z + 1 B xonbne Fslz] ecrs
423 + 22% + 22 + 1, a ocraTok — 2 + 2.

[Mpumep 2.2. B xosbue Zs[x] pasjenum MHOrOUJIEH
f(x) = 2"+2'+2°+1 na g(z) = 23+2+1 cocrarkowm:
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_x+ xMHx2+1 Hx+1
x4+ m
L aowd
¥ o3
< S |
X+ x+1

X

Urak, f(z) = g(x)(z'+2°+ 1) + z.

HenpuBoammMbie MHOTOYJIeHbI. KOJIbIIO MHOTOYJICHOB
k[z] naj nosem k — eBk/nj0Bo < 0HO dakTOPUAILHO-
ro < Kax/pblii ero 9jJeMeHT OJIHO3HAYHO C TOYHOCTHIO
JIO TI€PECTAHOBOK Pa3Jiaraercss B HPOU3BEJIEHUE MPOCTHIX
(HEPA3TOKNMBIX ).

[Ipocreie (Hepaszioxumbie) smemenTs Koder, k(x| Ha-
3BIBAIOT HENPUBOOUMBLMU MHOZ0OYAEHAMU, OHU HE MMEIOT
HETPUBUAJILHBIX JIEIUTEIEH.

CBOCTBO «HEIPUBOJMMOCTUY 3aBUCUT OT 1OJisl: MHO-
rounen z*+ 1 nenpusomum B Haj, Q[x], Ho HpUBOAUM Ha
Folz]: ot = @3+ +r+1) - (z+1).

Bonpocer st KoibIia MHOMOYJICHOB HaT JJAHHBIM ITOJIEM:
1) KaKue MHOTOYUJICHBI HEIIPUBOIUMBI !

2) KaK MX HAXOJUTH?!

Hernpusoanmbie maorodnenst Hagy C, R n Q:

nojie C  — ToJIbKO MHOTOYJIEHBI 1-if cTeneHu;

noje R — 1) muorowiens 1-ii crenenu,

— 2) MHOTPOWJIEHBI 2-if CTENeHN ¢ OTPUIATEIbHBIM
JIUCKPUMUHAHTOM;

nojsie Q — CyIIecTBYIOT HEIPUBOAUMBIE MHOTOUIEHDI
[IPOU3BOJILHOI CTEIICHMU.
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asiee Hac 6ynyT MHTEDPECOBATH HENPHUBOAMMBIE (M da-
11j¢ — HOPMUPOBAHHBIC) MHOI'OYJIEHBI B KOHCYHDIX MOJISIX.

flcHo, 9TO KOJIMYIECTBO HOPMUPOBAHHBIX MHOTOUJIEHOB
crenenn n Haj nojaem b, — Buja

2"+ ap 12" 4+ ar + ag, a €Fp,i=0,n—-1

— pasno p".

Henpusogumbie maorowiensl koabna Fo[z]. Haiigém B

[Fo[x] Bce mempuBogMMBbIE MHOTOUIEHBI CTETEHE 2, . . ., 5.

Bropas crenens: x? + ax + b.
feno, uro b = 1, wnave z° + ax = z(x + a) = umem
HEITPUBOUMBIII MHOTOYJICH B BU/IC 2? +ax + 1.
Ecim a =0, 70 22+ 1= (x +1)%
a = 1, To nosy4aeM €JqMHCTBEHHDBIH HEIPUBOJUMBbI
MHOrOwIeH crenenu 2 Hagl [o: 2?4z +1

Tperps cremens: x° + ax? + bx + 1.
(moueMy CBOOOJHDIN “JIeH He paBeH HyJio?)

Uckirouasi, Kak CJieJIaHO paHee, JIeJIMMOCTb Ha T + 1,
nosiydaem yciosue a + b # 0, T.e.

a=0,b=1,
a=1,0=0.

CunenoBaresnibuo Haji Fo cylmecTByeT jBa HEIPUBOJIH-
MbIX MHOI'OYJICHA CTEIICHU J:

24+ +1 n P+,
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Yersépras cremens: ot + ax® + bx® + cx + 1.
Hckmodenne geuMocTd Ha T + 1 TPUBOIUT K YCIOBHUIO
a+b+c=1, 1.e. umeercsi 4 BapuaHTa, KOTOpbIe JIAOT 3
pETTeHNST:

a | b | ¢ | muorounen

olol1]zt+2+1

0110 2*+22+1 — TPUBOJIUMbII
110/0|2*+23+1

L1112t +a3+22+a+1

Haiiienbl MHOTOWIEeHbI, § KOTOPBIX HET JIMHEHHBIX JIeJTH-
resieit. Ho mHorousien 4-it crerienu MOXKeT pasjiaraTbCs B
[Ipou3BeJIeHUE JIBYX HEIPUBOJUMbBIX MHOT'OUJIEHOB 2-ii CcTe-

TeHU:
et i1 = (2 a4+ 1)

[Isras crenens: x° 4 ax* + b + cx® + dx + 1.
Vckioduenue neJUMOCTH Ha & + 1 TIPUBOAUT K YCJIO-
BUIO: UMCJIO HEHYJIEBBIX KO3(dunmeHTos a, b, ¢, d mojx-
HO ObITH HEYETHBIM, T.€. Jubo 1, ubo 3, 4ro gaér 8 MHO-
I'OYJICHOB.

Hajiee  HEOOXOAUMMO  MCKJIYUTH  JICJIMMOCTH — Ha,
MHOTYJIEHBI 2-i u  3-fi cTemenu, HO HEIPUBOIUMBIX
MHOI'OYJIEHOB 2-fi CTeneHu OJuH, a I — JBa, U UX
IpoM3BeJIeHNe JAET JBa MHOIOUJICHA.

Hroro: cymecrByer 6 HENPUBOINMBIX MHOI'OYJIEHOB H-
it crenenn. /s cipaBKH: BOT OHU —

20+ 2? 41, 204+ 2341,
5 3 2 5 4 2
4"+ + x4+ 1, '+ 4+t x4+ 1,
Pt r+1, 2+t 42t + 1.



2.1. (II norok) Kouneurvie moJist 35

Henpusojumblie muorodjiennst u3z [Fslz].
Muorounensl crenenu 1:
x x+1 x4+ 2
2z 20 + 1 2z + 2
Kakue u3 uux menpuBogumbl! Bee! (myTka).

Bor nenpusojumbie Muorousienst cremnenn 2 B[]
(oum me mmeror kopueii 0, 1, 2):

2+ 1 222 + 2
2 +2 202 + 1+ 1
22 4+ 2x + 2 202 + 22 + 1

Jist Becex sim p W M CYIIECTBYIOT HEMPHBOJHAMBIE MHOI'O-
wiensl B [,7

Teopema 2.1 (0 CyleCcTBOBaHUM HEMPUBOANMBIX MHOTOYJIE-
HoB). aa a00vix npocmozo p u wamypaavrozo n 6 Flx]
CYUWECmeyem HenpucoduMbl MHOZOYUAEH CTNENEHU 1.

— JIOKaXKeM I03Ke.
Urak, B korbiax [y|x] ecrs menpnogmmbie MHOrOYIEHBI
JIFOOOFT CcTerneHn, HO KaK uX HaiTu?

Orser: HeT 3P PeKTUBHbIX aJropuTMOB (13 TabJiul, aji-
roput™m Bepiieksmra...)

3aueM Hy»>KHbI HEIIPHBOJUMbBIE MHOTOYJICHDI !
C moMonibi0 HEMPUBOJUMbBIX MHOTOUJIEHOB MOXKHO CTPOUTH
HOBBIC KOHEYHbIE MOJI — Pacuiupenus npocTbix nomeit [

1. Beibupaem npocroe p — dukcupyem nose [ .

2. Paccmarpusaem xousbnio Fp[z] muorounenos naf .
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3. Boibupaem HarypaJibHOE M U HEIPUBOJIUMBINA MHO-
rodjIeH

a(z) = a2 + ...+ +ap € Fplz], a, # 0.
4. Unean  (a(z))  nopoxkmaer  dakTOP-KOJIBIIO
F,lx]/(a(z)), smeMenTB KOTOPOTO CYTh COBOKYII-

HOCTH 7(Z) MHOTOWIEHOB, JAIOIIUX MPHU JICJCHUN HA
a(x) ocrarok r(x):

= {f(@) € Fla] | f(z) = a(z)-q(z)+r(z) }.

WHor/a roBopsT, 9To sjementsl f, g € r(z) cpasnumo, no
deotinomy deotinomy modyaro — p u a(x):

a(x) € Byla],  f(z) =a@) g(2).

Pacmmmpenus mmpocThrx moJieit

VrBepxaernne 2.2. Mnoosicecmeo {7“(95)} ABAAECMCA NO-
aem Tanya GF (p").

/LlokazaTenbcTBo.

1. Koabro wmuorowrenos [,[z] eBkiamgoso, wnueair

(a(x)) — MakcuMaNbHBIE = {@} — 1oJe.

2. Ero mommocrs {7’(3:) } ‘ = YHUCJIO MHOI'OYJICHOB

naj [, crenenu ne seime n — 1, Te. p".
O

[Tose {r(m)} = GF (p") naszbiBaercs pacwupenuem

n-i cmenenu upocroro nous [F,; anprepuarusnoe 0603Ha-
aenne — .
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Iouemy B obosnauennn b He mcrmospsyercss MHOrOIeH
a(x), ¢ MOMOIIBIO KOTOPOrO MOCTPOEHO T0JIe?

Teopema 2.2. Jhoboe xoneunoe noae u3omophro Karxomy-
Hubydv nomo larya .

Mpumep 2.3 (nocrpoenue nonst F3). Buibepem B [F3z]
HEIPUBOJIMMbIIi MHOT'OUJICH: TTYCTh 3TO OyJIeT 2?4+ 1.
Torna nckomoe mose 9-3yieMeHTHOE TIOJIE €CTh

F3 = Faz]/(2®+1) =
={0,1,2,7, v+ 1,2 +2 22,2z + 1,2z + 2 }.

MozxHo cocTaBUTh T&6.HI/HH)I CJIOZKEHUA 1 YMHO2KEHHN B

3TOM TI0J1e ¢ yuéTom 22 = —1 =3 2.
Hanpuwmep:
r+1+x+2 =2z, T-2r =1,
20 +1+7 =1, 20+ 1-T =x+1,
u T.]I.

Yepry naj ssiemenramu noist |,(z]/(a(z)) obbrano ne cra-
BSAT U HA3BIBAIOT MX «MHOIOUJIEHAMUY.

Ho naso moMHUTH, 9TO 5TO COBOKYITHOCTH MHOTOUJICHOB,
JIAIOTIMX [IPU JIeJIeHUN Ha a(x) OJMH U TOT YK€ OCTATOK...

3amMernM, 4To

(z+ 1) =2 +1, (x+1)P° =22 +2,
(z+1)% =2z, (z+1)° =,
(z+1)° =20 +1, (z+1) =z +2,
(z+1)* =2, (x+1)P° =
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D10 3HAUUT, YTO T + 1 — NPUMUTUBHBII SJIEMEHT 110JIsT
F% (a2 — mer, nockosbky xt =4 =3 1).

A «TO GyzIeT, ecam IPH MOCTPOEHNH TI0JIe BMECTO 22 + 1
B3sITh Jpyroil Henpusogumbiii B F3[x] MmaOrOwIEH?
Hampumep, 222 4z + 17

OrBer: NOJyUnuTCsi 110J1€, H30MOP(HOE TOCTPOCHHOMY.

[Mpumep 2.4 (Bbraucienus: B KoHedHoM moJe). OnepegnTh,
SBJIACTCS JIN:

1) muorounen a(xr) = 2®+ 2z +4 € F3[z] — nenpu-
BOJIUMBIM?

2) snement 4% +2 — xopuem a(z) B daKTOPKOJIL-
ne/none Fslz]/ (2 + 22+ 4)7

Permrrenne. 1. [Tepebopom 9JIEMEHTOB n3
GF(5) = {0,1,2,3,4}:

a(0) =4, f(1) =2, a(2) =1, a3) = 2, a(4) =1

ybexiaeMest a(x) — HenpuBOJMMBIH MHOrOUYJIEH (a eciu
OBl 9TO OBLT MHOTOWIEH 4-ii cTeneHn?).

Catenosarenso, gakrop-konbuo Fslz]/(2® + 2z + 4)
stBJIsIeTes nojieM v B ném 1° = —2x — 4 = 3z + 1.

2. a(da?+1) = (2(222+2))°+2-2(2% + 1) +4 =
= 332 + 20 + 22+ 1)+ 322 +3 = 42l + 2t 22+ 1 =
= 4Bz + 1) +32% +x+2*+1 = 2> + 4o+ 4+ 327 +
r+22+1=0.

Kak nafitn npuMuTHBHBIE 37ieMeHTbI o 7

(¢ — NPUMUTHBHBIA 3emenT noas F' = [, ecam nipn ns-

k

menennn k = 1,2, ..., p" — 1 3Hauenue «" mnpoberaer

3HaUeHus Bcex ajemeHToB F*. Kak cisejicrBue:

m__
o =1,
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e ccim k B3aummuo npocro ¢ p” — 1, ro aF

IPUMATHBHBIH 7eMeHT nonst F.

Tak MOryT ObITH TOJYUYEHbI BCE MPUMUTHBHBIE dJI€-
MeHTBI I ux ¢(p"—1) mITyK = KOJIHIECTBO B3ANMHO
npocTeiX ¢ p" — 1 gmce.

— JIpYTO#i

Hanpumep, B paccmorpennom 9-smementnom mogie 3
nmeercst p(8) = 4 TPUMATHBHBIX 3J1€MEHTa, 0Opa30BaH-
HbIX crenensMu 1, 3, 5, 7 (B3auMHO mpOCTHI ¢ 8) yiKe
HalJIeHHOTO reHepaTopa:

c+1, (z+1°=20+1, (z+1)° =22 +2,
(z+1)"=2+2.

51 9TO-TO HE HOHUMAIO: HEIPHUBOJUMBIE MHOIOUJICHBI — 9TO
MTPUMUTHBHBIE 3JIEMEHTHI!

Bejib ObLIO: Jijisi IOMCKA U TeX, U JAPyrux HeT 3PPeKTus-
HBIX aJITOPUTMOB...

e Henpupogumbie MHOrOYJICHBI WINYT B KOJBI[E MHOI'O-
ajienoB Fpy[z] wan npocteiv mosem |, — nanpumep,
9TOOBI TOCTPOUTH PACIIUPEHUE TIOJIS.

o [IpuMHUTHBHBIC 3JIEMEHTHI UIILYT B MYJIbTHIIIHKATHB-
HOH rpyiiiie 10Jisi — HallpUMEP, 4To0bl UMeTh Y100~
HOe TIpeJiCTaBJIeHNe HEHYJIEBBIX JIEMEHTOB OIS de-
pe3 cTereHu MPUMUTUBHOIO JIEMEHTA.

Bameuanne. B noJjie nonstue «HenpuBoIuMbIii MHOTOUJICH»
HE UMeeT CMbICJIa: TaM JII000H MHOIMOYJIEH JIeJITC Ha JITo-
Goit nenysesoit. Hanpuwmep, B F3lz]/(2? + 1):

x4+ 1

20 +1
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Moxker jin 1puBOJHMBIH MHOIOYJIEH ObITH HPUMHUTHBHBIM
3JIEMEHTOM !

1. Bosbméwm nosie Fo = {0, 1}.

. BosbMmém nenpupomuMmbrit Ha o MHOroOWwICH

4+ 1.

. Hocrpoum nmone F = Fyfz]/(2* + 2+ 1) = F3;

oHO cojiepkuT Bee nosmaoMbl u3 Folz] crenenn < 2.

. Muorounen b(r) = 2+ = z(x+1) — npusoaum

B JII00OM KoJiblle, B T.u. — B Fa[x], u on npunajie-
xut F

. dABaserca mm b(x) — TPUMATHBHBIM JIEMEHTOM TT0-

aa F'?

MysibTuninkaruBaas  rpymmna 1mojs  F comepKuT
23 — 1 = 7 3JeMEeHTOB, 9TO IPOCTOE YUCJIO = B MYJb-
TUIIMKATHBHAs TpyTie Bee p(7) = 6 HeeMHUIHBIX DJie-
METOB — I'eHeparopbl = orBeT Ha 00a Bompoca — Al

Viocrosepumest, uro o = 2% +x = z(z+ 1) — npumu-
TuBHBI snement nost F = Fafz]/(2® + 2+ 1).
BF2*=xz+1mn

«
2

3

4

6

e L L o o R
t

:x2—|—a:,

A =Pt 2=

=a-a? =22 +2% = :U2+:c+1,

— (a2 = a?

=’ =+t =F+ 1+ =+,
=zl 4+l =24 +2+1 = +1,
—2?(*+r+1) =2t +2° + 2% =

= P+ i+ F+1+ £ =1



2.1. (II norok) Kouneurvie moJist 41

Bceerna jim HenpuBOuMbIii MHOIOYJIEH €CTh IPUMHATHBHBIH
SJIeMEeHT !

1. Bosbmém nosie F5 = {0, 1,2, 3,4},

2. Bosbmém nenpuBogumbiii Hagr s MHOTOUWIEH
2>+ +1.

3. Ilocrponm mone F' = Fslz]/(z*+2+1) = FE
OHO COJIEPYKUT TOJHLKO moauaombl 0-it m 1-it creme-
neit uz Fslz).

4. Bce MHOrOWIEHBI 1-it cTeeHN HEPUBOANMBI, TMEIOT
B ar + b mux — 20 1mT.

Bce s onn — npuvuTHBHDBIE 9j1€eMEeHTHI 110151 F'7

MyIbTHILIKATUBHAS IPYIa nojs F copepskut 52 —
1 = 24 sjementa u3 KOTOPBIX ¢(24) = 8 NPUMUTHBHBIX
=> He BCe MHOIOYJIEHBbI 1-fi crernenn — reHeparopbl =
oTBeT Ha 00a Bonpoca — HET!
YI0CTOBEpUMCsI, 9TO v = T HE eCTh IIPUMHUTHBHBII
ssemenr noust F = Fslz]/ (2% +z +1).
BF 2>=—-x—1=4ax+4mn
a =x
o =4z +4,
o =42* + 4z = 162 +16 + 4o = 1.

Bornpoc: korja KopeHb I (caM HENpPUBOIMMbIH MHOIO-
ajen!) nenpusogumoro naj [, muorowrena a(x) Oyner
NPUMUATHBHBIM 3sieMentoM nouist [|ylx]/(a(z))?

Orger: 970 OyNeT €CJiu U TOJBKO €CJU MHOrOWwIeH a(r)
npumumueer Juid x, T.e. m = p" — 1 — HauMeHbIUH
mokazaTesb, mpu Kotopom a(zx) | ™ — 1.
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[pumep 2.5. 1. Henpusopumbliit vaji Fo MuOrOwIeH

23 + x + 1 npumuruBen:

ol =dT 1= @+ @+ 1)

malt—1 /2% +x+1 mwnpn kakom 1 <t <7=m.
[TosTomy
Fol]/(2* +2+1) = {a"=1, 2", 2% 2° =2 +1,

a:4::1:2—|—a:,x5:x2—l—x—|—1,x6:x2+1}

— BCe MHOI'OYJIEHBI CTEIIeHW He BLIIe 2.

2. Henpusogumblii najg Fo muorowren z* 4 23 4+ 22 4+ 2 +
a_

1 He IpMMHTHUBEH: OH JEJIUT HE TOJbKO bunom z2 1 —

1 = 2 — 1, no u 6unom z° — 1:

??—1=2"+1= @' +2° +2* +2+1) (x+1),

wi, 970 Toxke, ordx = 5 # 15:
(*+ P+ o+ 1) (v +1)+1

=0

= 1.

0 =

2.2 BpIluncjeHne B KOHEUYHBIX ITOJIIX

Agropurtm EBKInMga — NOpUMEHSIOT JIJIsSI HAXOXK ICHUS

HO/l(a,b) marypaapmbix qucen a u b.
Haburroerne: obmuii nesiurentb napet ances (a,b), To ocra-
ércst uM u Jigist tapbl (@ — b, b) (camraem, 1ro a > b).

Orcroza:
e napbl uucesn (a,b) n (a— kb,b) umeer ojuHAKOBbIE

o0IIie JIeJTUTEIIH;
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e Bvecto a — kb (s «ycKoOpeHusi») MOXKHO B3SITh
OCTAaTOK T OT JIeJIeHUsI Haleao a Ha b: a = bq +
ro, ¢ €N, 0 < rg < b;

® 3aTeM, IepecTaBUB 4YWCJa B Tape, MOXKHO IOBTO-
PUTH TPOLEJYPY; OHA 3aKOHYUTCH, T.K. YUCIa B TIape
YMEHBITAIOTC, HO OCTAIOTCA HEOTPUIIATETHHBIMMU.

B pesysprare: 3a KOHEUHOE YUCJIO IIAroB 00pa3yercs mnapa

(7n,0) u sicho, uro HO(a,b) = r, ( HOI — anru. ged).

Asropurm EBkitijra: obrast cxema (a = b)
Mlar (—=2): r_9 = a — moyiaraem Jijis y100CTBA,;
[lar (—1): r_y = b — nonaraem jyist yno6cTBa;

Tar 0: r_9 = r_1qy + ro — A€aUM r_9 HA T_1,
OCTATOK T0;

[Tar 1: r_y = roq1+1r1 — Aeaum r_q Ha Ty, OCTATOK 7T1;

BeerJia JIeJIMM ¢ OCTATKOM OOJIbIIIee YHCJIO HA, MEHb-

mee, Ha CJeIyroIeM IIare MEHbBIIIee UHCJIO0 OHO
CTaHOBUTCSI OOJIBIIIAM, 8 OCTATOK — MEHDBIIIHM;

Iar n: rp,_9 = r,-1¢y, + 7, — JI€IUM Tp_o HA T5_1,
OCTATOK Ty,
[Marn+1: r,.1 = 7Tpqni1 — JAeJeHHe HaIeao =
OCTAHOB.
HO/ (a,b) = r,

Beerpa r 9o >2r 1 >rg>r1>...>1r, > 1.
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lpumep  2.6. ITlo  asropurmy  EBkjnjga  Haitjiém
HO/ (252, 105).

[Mlar (=2): r_9 = 252;

[Mlar (—1): r—; = 105 = (252,105);

[HIar 0; 252 = 105-2 + 42 = (105,42);

[Mar 1: 105 = 42 -2 + 21 = (42,21);

[ar 2: 42 = 21-2+0 = (21,0).
dcno, aro

HO/ (a,b,¢) = HOH (a, (HO (b, ¢))

V1eepwaerue 2.3 (cootHowenune Besy; otkpbiTo 3a 106 net
po poxgennst J.besy). Jaa aobvx HarypaibHbXx a, b u
d = HO/[(a,b) watidymecsa uesbie koapduyuernmo. Besy
x, Yy maxue, ymo d = ax + by.

Lokazatenbctso. PaccmarpuBaeM ajroput™m EBkmmmga c
KOHIIA K HavaJy: d = T, = T'p_9—7"p_1qn, 3aTE€M, TTOJICTAB-
NI CIoJla, 3HAUCHHUE Ty 1 = Ty_3 — Fp_9Qn_1, TOIYyIaeM

d = —qurn-3+ (1 + @nGn-1)rn—2 = arp_s+ Pr,_o
JUIT HEKOTOPBIX «, 3 € Z u T.]I. 0

3amedanne: KoddpdunmenTol Besy ompejeseHbl HEOIHO-
3HAYHO:

HOM (12,30) = 6 = 3-12+(—1)-30 = (=2)-12+1-30.
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Pacmmpennsiit aaroputm EBKJmpma —  Haxogur 110
JIBYM HATypaJbHBIM dYHCJIaM a H b UX HaTypaJbHbIH
HOJId wn gpa neabix x, y kodbdunnenra Besy (rakux,
aro || < [b/d], [y| < la/d]).

Pacmupennsiii agropurm EBkiumga moBropser cxemy
(upocroro) asropurma EBKinja, B KOTOPOM Ha KaxKJioOM
mare:

1) JOTNOJHUTEIBHO BBIYUCIASIOTCH X; U Y; 10 DOpMy-
JaM
Ti = Ti—2 — GiTi—1, Yi = Yi—2 — ¢Yi—1, ¢t = 0, 1, ..;
ro=y1=1,21=y9=0;

2) crpaBeJIiBO COOTHOIIICHUE
ri = Ti—2 — qili-1 =
= (azi— + byi—2) — gi(awi—1 + by;—1) =
= a(Ti—2 — qiwi—1) +b(Yi—2 — qiyi—1) = ax; + by;.

[pumep 2.7. Pacmupenubim ajropurMom EBKnIa HallEM
HaTypaJibHOe d U liejible T U Y TaKue, 4To

d = HOJI (252,105) = 252x + 105y.

UmeeMm x; = xi—9 — ¢i%i—1, Yi = Yi—2 — GiYi—1-
CBeJiéM Bce BBIYMCJICHNS B TabJIUILY:

mar | ri—2 | Ti—1 [ g | T4 i | Y

—2 25211 |0
—1 1050 0 | 1
0252|1052 |42 | 1 | =2
1 [105] 42 | 2] 21 | =2| 5

2142 121 120
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Orer: d =21, x = -2, y=2>5, 1e.
21 = 252 (=2) 4105 - 5.

[Mpumep 2.8. B none Z/(101) penmurh ypaBHenne
dr = 1. (%)

PeweHne.
1. 4r = 14+ k-101 = 102, 203, 304
r = 304/4 = 76.
D10 pelienne mepedbopoM.

2. TTockosbky 101y =101 0, BMecTo (%) MOXKHO paciiiu-
PEHHBIM aJITOPUTMOM EBKJIHNJa penaTh ypaBHeHnue

4+ 101y = 1.
B pesyibrare paboThl aJropuTMa MOJIYINM:

4.76+101-(=3) = 1.

Ananorn4no pemaroTcs ypaBHeHUs
ar = ¢ u ar+by = c
(a, b u ¢ wajo nogeutsb Ha ux obmwit HOJI).

Asropur™ EBkitijia v ero paciimpenHas Bepcust ocTa-
FOTCsI CIIPABEJIMBLIMY B JIIOOOM €BKJIHJIOBOM KOJIBIE, CJie-
JIOBATEIIHHO, U B JII000M moste Taya.

[losromy obpatbiii smement y(z) saementa b(x) B
noste Fylz]/(a(x)), oupenensiempiii coorrolenuenm

a(x) - x(r) +0(z) y(z) =1

()_Ox() () - y(2)
Jutst napbl MHorowtenos (a(x), b(x)), moxer 6bih naiijen
paCIIHPEHHBIM aJIrOpHTMOM EBKJIHJIA.
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Perienne  JlaHHBIX  COOTHOIIEHWH — CYIECTBYET — BCe-
rga:  T.K. a(r) — HENPUBOAUMBIA  MHOTOWIEH W1

degb(x) < dega(x), ro HOI (a(x), b(x)) = 1.

Mpumep 2.9. Haitném (22 + x4+ 3)~1 B none
Folz]/ (2" +2° + 2° + 3) .
JI1st 3TOro pacHupeHHbIM aJropuTMoM EBkimpa pe-
UM COOTHOIICHUE

(¢' +2° + 27 +3) - x(z) + (P +2+3) - ylx) = 1. ()

[Mar 0: r_o(x) = o' + 23 + 2% + 3,
ri(z) =2*+x+3,
y—2(x) = 07
y-1(z) =1 — 3ajaHue

HAYAJIbHBIX 3HAYECHUNA.
Mlar 1: r_9

yo(r) = y—2(2) — y-1(2)q0(x) = —qo(z) =
= —2% -5,
[Mlar 2: r_y(z) = ro(z)q(x) + ri(z),
¢ (z) = 4z,
ri(z) =3, degri(z) =0
() = y-1(x) — yo(x)qr () =

=1+ 4w(2? +5) = 4% + 62 + 1.
AustropuTm 3akaHYMBaeT CBOWO paboTy Ha mare 2, T.K.
degri(z) = degl = 0
(1 — mHOrowIeH B mpaBoit YacTu (x) ).
Bamedanme: TIpU UTEPANUAX AJITOPUTMA HET HEOOXOTIMO-

CTU BbIUUCIATH X;(T), T.K. HAC MHTEPECYET TOJLKO 3HaUe-
aust y;(x), 1 =0, 1, ...
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Ocrarok 11(z) = 3, omimuaercs or 1 Ha MHOXKUTEJIb-
KOHCTAHTY. UTOOBI TOJYIUTh pellleHne YpaBHEHUs (%) BbI-
qucageM JeMeHT 371 =; 5 u JOMHOXKaeM Ha Hero yi:

5y1(z) = 5(4a® + 61 + 1) =7 62° + 2z + 5.
Orser: B none F7[z]/(z* + 2% + 22 + 3) nmeenm

(2> 4+ +3)"t = 62° 4+ 22+ 5.

2.3 Auarebpa BeKTOPOB HAaJ KOHEYHBLIM
1oJieM

BekTopHoe mpocTpaHCTBO

Onpeaenenne 2.1. Abcmparmmuvim 6EKMOPHBIM NPOCTPAH-
cmeom Haj nosem k = {1, o, B, ...} HazbiBaercs jByx-
ocHOBHast ajrebpamueckas cucrema V = (V) k; +, - ),
rje

e V =1{0,v,...} — IpousBoJbHOE MHOXKECTBO Gek-
mopoe,
e |+ — OunHapHas onepalus cjoxenus Hajy V':
VxV 5V,
e - — Ounapnas onepanus yMHOMXKEHHS 3JIEMEHTa
(«amendy) u3 k wa Bekrop uz V: kx V =V,

MPUYIEM ONEpaluy + U - YJAOBJETBOPAIOT CAEJIYIONIUM aK-
CHUOMaM:

1) V — KoMMmyTaTHBHAs I'DYIIIa 110 CJIOKEHUO +, 0 —
e€ HeTpaJIbHbII 3JIEMEHT;
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2) a-(vitv) = avtavy, (+ag)v = aj-vtas;
3) a-(5v) = (af) - v;
4) 1-v=v.

lpumep 2.10. Ilycrs V = k" — MHO>K€cTBO KOHEUHBIX IT0-
CJIEJIOBATEJILHOCTEH JITHHBI M 3JIeMEHTOB 1oJis K.
‘Cotokenne’ u 'ymHOXKeHue Ha qncyo u3 k' sjeMmenToB u3
V' onpenensioTcs MOKOMIIOHEHTHO.

[TonyuuBiasicss cTpykTypa — BEKTOPHOE ITPOCTPaH-
CTBO, €r0 HAa3bIBAIOT N-MEPHbIM KOOPOUHAMHOIM NPO-
cmparcmeom uaj nojgem k.

Juctpuby TUBHOCTH OTHOCHTEJILHO BHIYUTAHUSI
(a—=p)v=a-v—pF- v
(0= B) vt fv=(a—F+8) v=a
Orcroza nosydaem, 9o
e 0-v=0,takkak O-v=(1—-1)-v=0v—0v=0,

e 1 —v = (—1)- v, Tak KaK
v+ (1) v=1-v+(-1)-v=(1-1)-v=0-v=0.

Vr1eepwaenue 2.4. Illoare xapaxmepucmuru p > 0 ecmo
sexmopnoe npocmpancmeo nad GF(p) (p — npocmoe).

Jokaszatensctso. B paccmarpusaemom nosie  GF(q),
q = p:
CJIOXKEHHEe — HacJiejiyercst oneparust ciaoxennst B GF(q);

YMHOXKEHHE —  TIOCKOJIbKY
GF(p) = {6, 1, ,pTl} C GF(q),
TO [IPU YMHOXKEHUU «Iuce» u3 o GF(p) Ha Bek-
Topbl U3 GF(g) MOXKHO 3aMeHSITh Ha yMHOXKEHUE
snemenTtoB GF(q);



50 I'naBa 2. KoHeunbie moJis

aKCHUOMbBI BEKTOPHOI'O IIPOCTPAHCTBA — BbLIIOJIHAIOTCA B
CUJIy CBOHCTB apudpMeTHUeCKUX OIepaluil B ImoJie
GF(q).

O

Cneacreue. Iloae Tarya GF(q) xapaxmepucmuru p wak
GEKMOPHOE NPOCMPAHCMBO COCTNOUM U3 P INEMEHMOB:

q=7p".

IIpeacraBiieHue 3jieMeHTOB KOHEYHBIX TToJieii. [lo-
n —
ne ) ¢ snementamu Mpn(z) =

= {b0+bll’+...+bn_1$n_1 | bO; bl; SR bn—l € [Fp};
MOYKHO PACCMATPUBATD Kak
1) axrop-xonsno Fylz]/(a(z)) sbrueros Fylz] no
1Jealy HEKOTOPOro HEIPUBOMMOIO MHOIOUJICHA
a(x) =ay+amzr+...+ay2", ap, a1, ..., a, €F,
WIIH KaK

2) n-MepHOe Koop/uHaTHOE npocTpancTso Haj [

<Mp7n(5’7)a Fp +, >

(Bce oneparuu — mo  mod p) u B 000UX CIIyUIASK MOKHO
ONPEJICJIUTD ONEPAIMIO JICJICHIST Ha HEHYJIEBOH HJICMEHT.

Teopema 2.3. basuc [ 0bpasyom.  INeMENMbL

n
p

—1
1,z, ..., 2",
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Hokazarenscteo. 1. Jlwboit snement [ upencraBum B
BU/JIe JTUHEHHON KOMOWHAIINN YKA3aHHBIX BEKTOPOB:

b() + blfL‘ + ...+ bn_lx”_l = boT + blf + ...+ bn_lx”_l

2. Ilyctb

cr) =cl+aT+...+ 2"t =0.
D70 03HATAET, UTO MHOTOUWIEH ¢(x) crenenn n— 1 gennt-
CdA Ha HEKOTOPBI MHOTOYJICEH M- CTEleHu, YTO BO3MOXK-
HO JIMIIb 1IpU ¢ = ¢ = ... = ¢,—1 = 0, T.e. cucrema

{ 1,7, ..., a1t } JIMHEITHO He3aBHCHMA. O

3ameyarue. TlocTpoenune oISt ¢ MOMOIIbIO BHIYETOB IO MO-
JIJII0 HEKOTOPOT'O HENPUBOJIMMOIO MHOTOUJICHA U aHAJIOTH
JIOKA3AHHBIX TEOPEM CIPABEJJIUBbI HE TOJBKO B CJIYy4ae KO-
HEYHDBIX ITOJICH.
Hanpuwmep:
1) paccMOoTpuM 110Jie JIeHCTBUTEIbHBIX dncess R 1 Kosib-
o MuorowienoB R[x] mas anwm;

2) B R[z] BO3bMEM Henpusopumblit Muorowsen x? + 1;

3) moctpoum  mose  F kak  HaKTOP-KOJIBIIO:
F =R[z]/(z* 4+ 1);

4) F Take u BeKTOpHOE TIpOCTpancTBO Hajl R; ero Ga-
3UC — { 1, f} 1 KaXKJIblil ero sjeMenT z € F' Mox-
HO TpeJCTaBuTh B Buje z = al + 0%, a,b € R;

5) nose F u30MOpdHO MO0 KOMIJIEKCHBIX YHCEJT

C={a+ib|la,beR *=-1},
n30MOPGU3M 3aaETCsI COOTBETCTBUEM
1—1, T
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Jlemma 2.2. Iloae B codeporcum nodnose [F’; iff k|n.

Lokazatenbcteo. Ecin mnone k; copepxKurcsa B 1oJie
(ki C ko), 10 ssiemenTbl ko MOXKHO yMHOXKATH Ha 3Jie-
MeHTBI U3 ki, a pe3yabTaThl CKJIa/IbIBATD.

[Tosromy mose kg sBJIsSIETCST BEKTOPHBIM TPOCTPAH-
cTBOM HaJ 11ojieM ki HEKOTOpPOii pa3MepHOCTH d — 3HAUUT,
B uém |kq|? smemento.

Ham cayuait: p" = (p*)?, uro u ozuauaer k | n.

ObparHoe cjejlyeT U3 CyIEeCTBOBAHUA U €JUHCTBEHHO-
et (¢ TOUHOCTHIO J10 n30oMopduaMa) nosteii Tamya. 0

fcno, uro ), — seerya nognone By (ciywait k = 1).

Hawnbosiee yrmorpebumbl 1Ba IpeICTABIECHNS JIEMEHTORB KO-
HewyHoro noss Fo= [

BEKTOPHOE — KaKJIbI 3JieMeHT F' 3ammchbiBaeTcst Kak
BEKTOD B basnce { 1, ot 22, ..., anl };
CTermeHHoe — KaXKJIblii HEHYJIeBOil ajieMenT F' 3amuchl-

BaeTCd KakK HEKOTOpas CTeleHb I'eHepaTopa MYyJIbTH-
MJIMKATUBHON Tpynnbl [,

Kcrarn, aro rakoe T 7

B none F! = Fylz]/(a(x))

e T eCTb COBOKYNHOCTH Bcex Muorowiexnos uz [Fplx],
JAIOINX [PH JICJICHAN Ha a(X) OCTaToK

e7=1(0,1,0,...,0) € (F,)"

B jasibHeitineM, Kak MPUHATO, BMECTO T OOBIYHO IUIIEM
IPOCTO .
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3ameqarue. Tlepexo); OT CTENEHHOTO NPEJICTABICHUS K BEK-
TOPHOMY JIOCTATOYHO IIPOCT, 8 OOPATHBIN Mepexos — OUeHb
CJIOYKEH, T.K. CBA3aH C BBIYACICHUEM JUCKPEMHO20 N020-
pugma (HATYpaJbHOTO z B paBeHCTBe o = b).

Ha cnoxknocru sroit 3aga4du (u3BecTHbl HE OoJee, deM
CyOIKCIIOHEHIIMAIBHBIE AJTOPUTMbI €6 perennst) 6asupy-
IOTCA METOJIbI KpUITOIPa( U ¢ OTPBLITHIM KJIIOUOM.

2.4 KopHuU MHOTrO4JIEHOB HaJ KOHEYHBIM
OJIEM

MuHUMAJIBHBI MHOTOWIEH. PaccMoTpum 3j1eMeHT
8 KOHEYHOTO 110Jisd U OyjeM HHTepecoBaTbCsl MHOIOUJICHA-
MU, JIJIsI KOTOPBIX OH SIBJISIETCSI KODHEM.

Onpegenenne 2.2. Munumasvioim MHo204AEHOM  (M.M.)
ssiementa 3 € GF(p") HasbBaercsi MpUBEIEHHBI MHOTO-
anen mg(z) € Fplr] nanvensieii crenenu, st KOToporo
[ ABJISIETCST KOPHEM.

JlokazkeM Jiajee, 9T0 M.M. JJist KaxKJ0ro 3JeMeHTa [3:
1) cymecrsyer,
2) €JIMHCTBEHEH,
3) HENpUBOJIUM.

Cpagy 3aMeTiM, 9T0 MHHHMAJIbHBI MHOTOTJIECH MOXK-
HO IIOJLy IHTh U3 HEIPUBOJIMOIO.
Paccmorpum mone F' = Fylz]/(a(z)), mopoxmaemoe
HETPUBOJNMbBIM MHOTOUJIEHOM

a(x) = ag+a1x + ...+ azz”
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u ybeuMes, uTO MHOrOUJIeH a,la(x) — MUHHMAIbLHbIH
ngist ssementa £ = (0, 1,0, ...,0) € F.
dAcno, uTo
=2 _ 3 T
- =x2=(0,0,1,0,...,0), ..., a»1=(0,...,0,1)

Hasee, ¢ 0jiHOI CTOPOHBI T — KOpeHb a(X), T.K.

a0+a1f+...+an(f)n = ao—f—alx_f_”._‘_anxn — 6’

a 3HauuT U a, la(x).
C apyroit —

ecim 3b(x) = by + 0T+ ...+ b, 1(T)" " =0,
TO boT +0 T+ ...+ b, = 6,

T.e. UMeeM JIMHEHHYIO 3aBUCHUMOCTH MEXKJy SJIeMEHTaMU
{ 1,7, ..., a1t } — Oasuca nojst F Kak BEKTOPHO-

ro upocrpaHcTsa Haj [, 4TO BO3MOXKHO TOJILKO 1IpH

bp=b=...=b,_1=0.

HpI/IMI/ITI/IBHbIe MHOT'OY1JI€HbI

[lpumep 2.11.

1. Muorousen a(z) = x3+x+1 neupusogum B Falz],
caenoBaresnvio ' = Folz]/(a(x)) — nome u no jo-
Ka3aHHOMY paHee a(T) — MHHUMAJbHBII MHOIOYJICH
JUIST .

[TpumuTuBen ju 9roT saemenT x € F*7
ITposepsiem, uto B F' = GF(2%) a(x)f(z'—1) upn
t=3,4,56 (agemmocrs ' —1 na a(z) Beerya
oyner umerh Mecro: o' +1 = (23 + 2+ 1) (2t + 22 +
z+1)).
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DT0 03HAYAET, YTO T — MPUMHUTHBHBIH 3JIEMEHT T10JIs1
F' < reneparop F* < ordx =7.

2. Muorounen a(r) = a* + 2% + 2> + v + 1 nenpu-
sojinM B Fofz], cnenoBarensuo F = Folx]/(a(x)) —
moJie ¥ 10 JIOKA3aHHOMY paHee a(r) — MUHUMAJIb-
Hblil MHOI'OYJICH JIJId .

[IpuMuTuBeH Ju 1eMeHT 7
Nveem 8 F = GF(2):
a(z) | (2°=1): 2°+1 = (2 + 2> + 22+ +1)(z+1).
Upn: |F*|=15=3-5 2 # 1, no

=gt =@+t rr+1) = 1
DTO O3HAYAET, UTO T — HE €CTh IPHMUTHBHBIH MHO-
roujieH v x — He reneparop ¥, 1.x. ordx =5 #£ 15.

Onpegenerne 2.3 (akBuBaneHTHoe aaHHomy panee). Munu-
MaJIbHBII MHOIOYJIEH IPUMUTHBHOIO 3JIEMEHTA [10JIsI HA3bI-
BACTCS NPUMUMUCHLM MHO20UAECHOM.

CBoiicTBa MUHUMAJbHBIX MHOTO4YJIEHOB

V1eepxagenne 2.5. Munumanrvrvie MHoz20useHbL HENPUBGO-
duMbL.

Hokaszatenscrso. [lycrs mg(x) — m.m. crenenn m st 3
u mg(r) = my(z) - ma(x).
Torna

mg(8) =0 = ma(5)

HO CTeleHr MHOIOWIEHOB My (x) u mao(x) MeHble m, u
II09TOMY [3 He MOXKeT ObITb UX KOPHEM. 0
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HenpuBoAMMbIe
(Hepasnoxunmbie)

MWHWMaNnbHblE

NMPUMUTUBHbIE
(MMHUManNbHbIE ANS
MPUMWTUBHbIX 3/IEMEHTOB)

Puc. 2.1. CooTHollleHne MHOXKECTB HEIIPUBOIUMbBIX, MIHH-
MaJIbHBIX ¥ TPUMUTUBHBIX MHOTOYJIEHOB

V1BepwaeHne 2.6. Ilycmv 6 wexomopom mnose laaya
mp(x) — M.M. Oaa snemenma [, a f(x) — mmozousen
maxot, wmo f(B) =0. Toeda f(x) deaumca na mp(x).

Hokazatenscrso. Paznemum f(x) na mg(z) ¢ ocrarkom:
f(x) = u(z) -mg(x) +v(x), 0<degv < degmp(z).

[Tojpcranisist B 370 paBeHCTBO (3 BMECTO T, MOJIydaeM

0 = f(B) = u(B)ms(B) +v(B) = v(B),

=0

T.e. § — KOpeHb v(x), YTO IPOTUBOPEUUT MUHUMAJLHOCTH
mg(x) u nosromy v(z) = 0. 0
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Cneacteue. aa xaoncdozo ssemenma noss CYUECmseyem
He 6oJiee OJHOrO M.M.

Lokazatenbctso. [lycTh MUHUMAJIBLHBIX MHOTOYJICHOB JIBA.
OHun B3aMMHO JIEJISIT APYT JPYyTa, a 3HATUT, Pa3IuIaioTCst
Ha 00PATUMbBIIT MHOXKHUTE/Ib-KOHCTAHTY.

[TockosbKy MHUHEMAJBLHBIE MHOTOYJEH HOPMUPOBAH,
9Ta KOHCTaHTa paBHa 1, T.e. JlaHHbIE MHOI'OYJIEHbI COBIIA-
JIATOT. 0

Yreepxaenve 2.7. Jna wascdozo snemenma 3 noas b
cywecmeyem m.m. mp(T) U €20 cmenenv He NPesocro-
dum n: degmpg(x) < n.

LokazatenbcTso. PaccMOoTpuM clieIyToniue 3JieMeHTHI OIS
Fo: 1, 5, B2, ..., f" —ux n+1 mTyK, a pasMepHOCTh s
KaK BEKTOPHOT'O IIPOCTPAHCTBA PABHA 1 = 9TU JIEMEHTDI
JIUHEHHO 3aBUCHMBI, T.€. CYIIECTBYIOT TaKne He BCEe PaBHbIE
0 ko3dpdunuenTs! ¢y, ..., ¢y, 9TO
col+c1f+...+¢,5" =0,

= [ — kopenb MuOrOwIeHa f(x) = co+cix+ ...+ cpam.

MuHuMaIBHBIM MHOTMOUJIEHOM Jijist 3 OyJeT HEKOTOPbIi
HOPMUPOBAHHBIN HEITPUBOAUMBIiL jtesmTess f(x). O

Hasiee Oy/1yT jOKa3aHbI Ié jiBa CBOMCTBA M.M. Ma(T)
ssementa [ nosus b

1. mg(z) | (2" — x).
2. Muorounen  mg(z) —  MUHUMAJBHBIH  JIst

degmg(z)—1 ..
{ﬁ, 6P, 5792, L, T } —  CONPANCENNDIT
¢ [ snementon [}
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CBaBoiicTBa MHOIO4J/I€eHOB Ha/Jd KOHEYHBIM IIOJIEM

Hone pasnoocenusn mmozourena f(x) € Fplr] — nan-
menbimee [, n = min pacmmpenne nonsa F, naj koro-

PBIM f (3:) pasjaraeTcda B MNPpOU3BeEJICHUE JIUHEHHBIX MHO-
JKUTEJENn.

Teopema 2.4 (o none pasnoxennst). 10600 neny.neot sne-

menm noas F = FZ ABAACNCA KOPHEM MHO20UNEHE
n_
e R
p"—1 _
x —1l=(@—=05)...- (v — Bpr1)
2de {51, ooy Bpra } = F*, m.e. F' — noJie pazjoxenmns

dannozo MHO20MAEHA.

Lokazatenbctso. F* — nukjudeckasi rpyrina 10 yMHOYXKe-
HITIO opaaka p" — 1.

[Topsijiok ord av sit06oro €€ mementa (— MOPSAJIOK UK-
JMIECKOi moArpymnsl (o) — 1o Teopeme Jlarpamxa) me-
JIUT TOPSIJIOK TPYTIIIBI.

[Tosromy p" —1 = q-orda u

o1 =i 1 = (@)1~ 1 = 17-1 =0,

T.e. o — kopenp P 1 —1. 0

Creacteue (Teopema Pepma). Bee anemenmot noas B, ne
T
UCKAIOUAA HYNA, ACAANOMCA KOPHAMU MHO20UAENG TP —X.

/Llokazatesnbctso. BoiHeceM T 3a CKOOKY:
n v
x? —x:x(xp 1—1).
Y BTOPOI0 COMHOYKUTEJISI KOPHAMU OyJIyT BCE HEHYJIEBbIE
9JIEMEHTHI ToJIsd, a y nepsoro — 0. 0

Wrbivn ciosamu, ) — mosie pasnoxenust MHOTOIeHA
n
¥ —x.
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Teopema 2.5. B koavue MH0204AEH08 HAOD KOHEUHDIM NONEM

(z"—1): (2™ —=1) & n:m.
/JlokazaTtenbcTBoO.

o IIycrb n = mk. Cuenaem 3ameny x™ = y, Toria
" —1l=yF—1lunuam—1=y—1.
TlesuMocTh OueBKHa, T.K. 1 — Kopenb y* — 1.

e Ilpemnonokum, aro n [/ m, Te. n = km + r,
0 <r < m, Toraa

r mk_l m_q
IRl @ =) e

r mk_l
A Gl P SR S

[Tocnenmee BbIpaXkenwe 3ajlaeT pe3yabTAT JIE€JIEHU
2" —1 na 2™ —1 ¢ ocrarkoMm, nockosbky =F —1 gesur-
ca Ha '™ — 1 10 JIOKa3aHHOMY BBIIIIE.
Octarok " — 1 7 0 B CUJIy CJI€JTAHHDBIX MPEIIOIOKEHNUIA.
Caenosaressno " — 1 He sgesurcs na '™ — 1. O

Teopema maéT BO3MOXKHOCTD PACKIAIBIBATH MHOTOMIE-
ool " — 1 npw coctaBHBIX MN.

lMpumep 2.12. Muorounen z'°+1 € Fyfz] (rne —1 = +1)
JOJKeH JiesnThest Ha 25 + 1 u a° + 1.
HeiicTBUTENBHO,

P41 =@+ )@+ + 20+ P+ 1) =
= (2" + 1)(2" +2° + 1).
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Teopema 2.6. Bce nenpuBomumbie mHo204AEHb, N-T cme-
n
newu us Fplz] deaam mmnozounen xP” — x.

/LlokazaTenbcTBo.
_ _ p_ :
n = 1. Yoexnaemcs, uro (v —a) | (2P — x), tae a € [y
MOCKOJIbKY aP = a, 06a JJAHHBIX MHOTOWJIEHA HMEOT

KODEHb a.

n > 1. Bribupaem HENPUBOIUMbINH HOPMUPOBAHHBI MHOI'O-
aneny f(z) crenenn n u3 F,n| (moka me jgokasa-
nol*) u crpoun noste Fylz]/(f(x)).

B ném x — xopenb u csoero M.M. f(z), u o "1 —1.

n__
ITo ceoitcream M. 2P~ — 1 nenwres na f(x).
O

[Mpumep 2.13 (npoposxkenue IIpumepa 2.12). [Ipogosnkaem
pasznoxenne 0 + 1 € Fa[z].

[TockoabKy 15 = 2* —1, Bce HeNMPUBOAMMBIC MHOTOYJIC-
0Bl 4-if cremenn OynyT gemurensamu x'% — x u, crenosa-

tenbro, ' + 1. TAKUX MHOIOYJIEHOB 3:
ZL‘4—|—ZE—|—1, B+l w2+ o+ 1
Nmeem
P41 = (23410 (2 o +1) (2 2P+ 1) (2 2P D).
BamedaeM, uTo 3 = 22 — 1, 1 HOSTOMY BCE HEIIPUBO/H-

Mble MHOIOYJIEHBI 2-if cTenenu ByjyT jejanTesMu &t — x

1, cJieJIoBaTeJIbHO, 2% 4+ 1. Takoii MHOTOUJICH TOJIBKO OJIAH:
v+ x+1.

OKoHYATEILHO MOy YaeM Pa3JIosKeHne 241 na nepas-
JoxkuMbie naJ o Moorounensr:

I Teopema, 2.1



2.4. (LI norok) Koneurvie moJist 61

P+ 1 = (v +1)(2® + 2z +1)x
x (@t +r+ D+ + Dt 2t 2+ +1).

e </ e/ T
Teopema 2.7. Jloboti nenpusodumwviii deasuwuti ¥ — x
MHOZOUNEH UMEECT, CMENEHb, He NPEGOCTO0AUYN 1.

Lokasatenbctso. llycTh ¢ — HETPUBOIUMBINA JETUTETH

n
P — x crenenun k.

Torna F def F,/(¢) — mose, Koropoe paccmoT-

PUM KakK BEKTOpHOe IpocTpancTso Haj, [, ¢ Oasucom

{T, T, ...,xkl}.

J— > N
O6osnaunm T = «. [lockombky (2 — x) 1, 10 B F
n
umeem o —a = 0.
JItoOoit asiemenT F' BhIpaxkaercs depes DA3UC:

Bozsejisi 00e dacT 9TOr0 PaBeHCTBa, B CTElEeHb P, 110J1y-
IUM

k—1 p" k—1
pr = 5 a;o' = § a;a' = 3,
i=0 1=0

T.e. 0 — KOpeHb ypaBHEHMUsI

' —x =0 (%)

Vrak, Kaxiplit s1eMeHT nosist F' siByisiercst KopHeM (),
Ho y (%) me Gosee p" pasamunbix Kopmei, a |F| = pF;
mosromy n = k. O
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rak, Bompoc: Kakue HENPUBOJMMbIE  MHOIMOUJIEHDI
f(x) € Flx] nensar 2" — x?

Orser: qmbo (1) moboit — crenenn n, ambo (2) HEKOTO-
pelit — cremenu < n u (3) Ipyrux Her.

Cueyrolrasi TeopeMa TO3BOJISIET HAXOJUTh BCE KOPHU
MHOI'OUJIEHA, €CJIM U3BECTEH KAaKOH-J1Mb0 KOPeHb U3BECTEH:
JIOCTATOYHO BO3BOJIUTH €r0 MOCJIeI0BATEJIbHO B CTEIICHUA P.

Teopema 2.8 (CBOWCTBO KOpHEN HEMPUBOAUMOrO  MHO-
rounera). Ecau [ — xopenv menpusodumozo Mmmozo-
waena  f(x) cmenenu n us Fplz], mo onemenmo

2 n—1
B, P, pr, ..., BP UCHEPNOIBAIOM CNUCOK 6CET N €20
KOpHeT.

Lokazatensctso. 1. [lokaxkem, 49r0o ecium [ — KOPEHb
f(x), To PP — ToXKE KOpEHb.
[Tockonbky a? = a nus Beex a € [y, To cpasemyinso

k\P
(a0+a1x+...+akx) =
= a) + alal + abar® + ..+ aba"? =

= ag + a1 (2?) + as(z?)* + ... + ap(z?)F,

T.e. Jyist Jioboro muoroutena ¢(x) € Fplx] Boimonnsercs

PaBEHCTBO
(0(2))" = w(a?). (%)
Orcioza f(ﬁ) =0 & f(P)P=0 < f(B’)=0m
B, 8P, ..., ¥ — xopnm muorounena f(x).

2. Ocrasoch jgokasarb, uro sce 3, B, ..., A" pas-
JIMYIHBI, W TOr/Ia (MHOTOUJIEH CTENeHH M uMeeT He Oojee
n KopHeﬁ) MOXKHO YTBEpXK/aTh, YTO HaiJICHbl BCE KOPHU
muorowiena f(x).
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l k
[Tpeanonoxum, aro P = BP ) canras | < k. Hasee,
IIOCKOJIbKY
n—k n—k
n k., n—k K\ P N\ P n—k-+1
_ ppt — gt (e — (pp — pp
g=gt =gt = (1) = () =
—ktl_
10 3 — KOpeHb ypaHeHust xP” L_1=0.
[To Teopeme 2.6 nonyvaem n—k+1>n = [ >k,
T.e. [ = k U Bce BBIIIEONUCAHHBIE KOPHU Pa3JIUYIHBI. O

Kopuun S, (P, 6172, ceey 61’”_1 HEIPUBOJIUMOI'0 MHOT'O-
wieHa f(x) cTemeHw n Ha3BIBAIOT CONPANCEHHOLMU T C-
Ho, uTo onn Jexar B nose Fylz]/(f(z)).

Haxoxk1eHne KopHeli HENPpUBOAUMOTO MHOT'OYJIEHA

[pumep 2.14. 1. Haiitu kopuu HernpuBogumoro Haj [o
MHOTOYJICHA,
flz) = 2t +2° + 1.
Pemtenne. OuH KOpeHb TOJydaeM HEMEJJICHHO: 3TO .
[To TobKO 9TO TOKA3aHHOK TeopeMe MOKHO BBITTHCATH
ocrasbHbie Kopuu B noste Folx|/(f(x)):

22, at=2341, B =2541=22+22+x

[TokakeM, 4TO, HAlpUMED, T°
pen f(x): nockonpky f(2?) = zt+a3+1

2 +1n2® =25+1 10 f(2?)=0.

— JIeUCTBUTEJBHO KO-

T x?

2. PemmuTh ypaBHenue

fl@) =2+ +22+2+1 =0, f[f(z)eFz]
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Pemenne. Y6expaemcsi, aro MHorodwien f(x) Hernpuso-
mum B Folz]. TlosTomy oins ero Kopenb — &, U 1O JJOKA3aH-
HOIt TeopeMe BhilChiBaeM ocrasbhbie B nosie Folx]/(f(x)):

8 3

22, =4+ 1, =St = =t

Ilokazkure CaMOCTOATEJIbHO, YTO .CC3

perb f(x), T.e. uTO

— JICUCTBUTEJILHO KO-
f(@) =2 +2+2%+23+1 = 0.

3. PemuTh ypaBuenne

fx) = 22 +2x—1 = 0, e f(x) € F3lx].

Peuwernne. Tlepebopom ssemenros x € Fg = {0, 1, 2}
yoexaemcst f(x) — HENPUBOUMBIN MHOTOUIIECH.
Ho rorpa B nose Fjlz]/ (2% + 2z + 2) on umeer Kopuu
n a3,

[Tockombky 22 = —20+1 = v+ 1, 10

=2+ =20+ 1.

Yoeaumest, uro 2x + 1 — kopenb f(x):
f(z*+2) = e+ 1) +x+1 =
=’ +r+1l+a+1=3-(z+1) =0.

Orger: mnorounien f(x) = 2%+ 2z — 1 € F3[z] nmeer
kopun & u 2z + 1 B none Fslz]/(2? + 2z + 2).
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Ajtroput™M  HAXOXKJI€HUsI BCEeX KOPHEH MHOIOYJICHA
f(z) € Bplz].

1. Paznioxurs f(x) Ha HenpuBojmMmbie 11pousBejie-
HU€ HEIPUBOIIMBIX MHOTOWJICHOB:

f@) = gi(z) - g2(x) - ... - gr(2).

2. Jlns kaxkjoro muorousnena g;(r),i = 1,k pac-
cmorpers pactmpenne [ y[z]/(gi(z)), B KOTOpOM
on Oyjer nmerh deg g; KOpHeii

2 deg g;—1
a, o, o, ol T

3. OObeuHUThL BCe KOPHU B OJIHOM ODIIEM PaCHInpe-
nun [, rne n = HOK (ng,..., ng).

[lpumep 2.15. 1. Pemiurh ypaBHenue
flx) =228 + 23 + 422 +4 = 0, rue f(x) € F5lz].

Penrenne.  Boraucisiem  3HadeHusi () ﬂ BCEX

s
r € Fs = {0,1,2,3,4}: f(0) = f(1) =
f(2) =0 u ro. x =2 — kopenb f(x).
Hens «yromkom» f(z) wa fi(z) =z —2 = x + 3,
1HOJLY 4UM 20 + 2+ 4% +4 = (v +3)- (22° +42+3).
Tlist yyioberBa HOpMEUpYeM vacTHoe 222 + 4x + 3 TK.
2-1 = 3, o BmecTO ypaBuenua 2x° 4 4z + 3 = 0 MoxkHO
peraTh ypaBHeHWe

folw) =322 +4w+3) = 2"+ 22 +4 = 0.

Ilepebopom anemenToB x € 5 —
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fO) =4, f(1) =2, f(2) =1, f3) =2, f(4) =

yoexpaemest, uto fo(x) = 23 + 2z + 4 — HenpuBOAUMbI

MHOFOUIJIGHQ.

B none Fslz]/(2® + 22 +4) xopusimMu MHOroUseHa

fo(x) =0 6ynyr z, 2°, 2%.
BoiuncisgeM — ¢ yuérom 2% = —2x —4 = 3z + 1:
1’ = 2*(Br+1) =32° +2° = 4o+ 3+ 2° =
= 22 + 42+ 3;

= (x5)5 = (a:2+4a:+3)5 = 7'+ 452" + 3% =
= 20+ 4(2? 442+ 3)+3 = 20 +42® 2.

(mockosbky 4° =210 =1024 n 3% =81 -3 = 243).
Haiiném ornennbuo '

10 = (:U5)2 = (x —|—4x+3)2 =
=2t ? + 324+ 32 o+ 2t =
= 433+ 2%+ +4 =
=3+ g+ 4o+ 3+ 220+ 4+ 4 = 4o + 2.

[Ipomonxkaem:
e = 20+ da? 4o =fo + 2+ 427+ F = 4a* + 2.

Orser: ypasnenne f(x) = 2zt + 23+ 422 +4 = 0, toe
f(x) € Fslx] nmeer kopuu 2, z, ’+4x+3, 40°+2 B nose
F = Fs[z]/(2* + 22 + 4) (nockosbky kopenb 2 € F).

2. Pemuts ypaBHenue
flx) =28+ +22 +2+1 =0, rue f(x) € Falal.

2

a ecau ObI 3TO ObLI MHOrO4JIeH 4-i1 crenenn?
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Perrrenne. B tabsiniiax HeNnpuBOAUMMbBIX MHOIOYJIEHOB JIaH-
HBI{i MHOTOUJIEH OTCYTCTBYET.

[Togbopom Haxogum, aro f(x) pasiaraercs B Mpous3-
BeJIeHNE JIBYX HEIPUBOIUMBIX HaJ [o MHOMOUIEHOB:

Sttt fo+l = £x4 + 2+ 12-£x4 + bt o+ 1).
i) fa(a)
Ypasuenus fi(z) =0 u fo(x) = 0 pamnee 6butn perire-
HbI: UX KOPHU COOTBETCTBEHHO CyTh
x, 2%, 2 +1, 2 +2?+ 2 B none Fy = Fyfz]/(a* + 2% + 1)
il
z, 22, 23, P+t +1

B one [y = Fola]/ (2 + 2 + 2?2 + 2 + 1).

Crenenu oboux paciupenuii oy GF(2) coBnajaror
(=4) w nosst [y n Fy usmopdusl (noka me jjokasamol),
T.0. Bce 8 KopHeil ypasuenus f(x) = 0 jexar B mose
GF(2Y).

Jljist 3ammcy JTaHHBIX KOPHE[l BbIOEpEM TpeJICTaBIeHIe
Fy mons GF(2%). Torna samuch xkopreit fi(x) = 0 ocra-
Hercst 6e3 usmenenuit, a kopuu fo(xr) = 0 Haj0 npejcra-
BUTDb KaK 3JIeMeHThI F.

[IpupaBHUBasi MHOIOUYJIEHbBI, OPOXKIAIOIIME JIAHHbBIE
TTOJIsT, TIOJIY TUM

'+t 1 =2+ttt e+l = 2PHar=a(z+1) =0.

Acuo, uyro upu nojcraHoske r +— x + 1 1oJydeH-
HOE PaBEHCTBO OCTAHETCs ClipaBe IMBbIM. IIpuMenum aH-
HYIO IIOCTAHOBKY JIJIsI M30MOP(PHOIrO 1npeodpa3oBaHusi 110-
geit Fy < Fs.
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Haxojium nipejicraBiienus: KopHeit Muorousiena fo(r) B
noJie [:
r—x+1,

2t (z+ 1) =22+ 1,
P (z+ 1P =2 o1
Pt +le (Pt +1) (@ 1)+
+(z+1)+1=2"

Viocrosepumcs, uto, Hanpumep, r2+1— xopennb f(z):

fa*+1) = (@ +1)+@ 1)+ @+ 1)+ (@ + 1) +1 =
= @O+ 1)+ (P + (2t 1) + 2

Ouesngno 1% =z, 2* = 23+1 n 2% = (23+1)? = 20+ 1.

[Tockoubky 2° =2* + 2 =234+ 2+ 1, 1o

=ttt +r=2+2+r+1n 2 =23+ + 2.
[oncrasnss B Beipaxkenne st f(x? + 1) momydennbie

IOJIMHOMHUAJILHBIE TIPEICTABICHUA CTEICHEH T, Oy InM

f@*+1) = @+ D)+ @+ +z+ 1) +2° + 22 = 0.

Orser: muorounen f(x) = 2% + ot + 22+ 2+ 1 € Fala]
umeer kopun x, 22, 22+ 1, 2%, 23+ 1, 23+ 2% + 7,
z+1, 2 + 22+ 2+ 1 s none Folz]/(z* +2° + 1).

3. Haiitu kKopenb MHOro4JieHa
flz)=2"+22+2=0¢€ F3x].

Pemenme. Bpisgcanm cradana paziokuMocts f(x).
[Tockosbky f(0) = f(1) =2, f(2) =1, 10 f(x) suneii-

HBIX rIl;e.HI/ITeJIeI‘/’I HE nMeeT.
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[IpoBepum cyiecrBoBaHie KBaJIPaTUIHbBIX JIEJIATEJICH:

flz) =a'+20+2 = (2 +ax +b)(2® +cx +d) =
= ' 4 cad + datx + ax® + aca? + adx + ba® + bex + bd =
= 2+ (a + c)z® + (b + ac + d)z* + (ad + be)x + bd.

Orcrona
1) ¢ = —a v xoapdunment npu x? ecrh b—a’+d = 0;
2) u3 bd = 2 cmenyer, aro qubo b =1 u d = 2, 6o
b=2wu d=1, te. Booom ciydae b+ d =3 = 0;
3) mo rorga mz m. (1) a®* =0, re. a = c =0 u KodD-
dumuenTt npu x paBen 0 = npoTUBOpeEUNeE.

T.o. momanom f(z) = 2*+22+2 = 0 nan F3 nenpupomim.

Teneps pacemorpum nosie Fslz]/ (2t + 22 + 2).

Buém f(z)=a2t+22+2=0,1e. 2t =2+1=0,u

kopuu f(z) cyrh x, a3, ¥ 2

Boruucoaum 2 u 227

2 = (x4)2x = (z+ 1% = 2° + 227 + x;
2 = (x9)3 = (P + 222 +2)° = 2%+ 220 + 27 =
= (2% 4222 + 1) + 2%t + 27 =
= 2° + 207 2+ 22° + 227 + 2% =
= 2’ +2° + 1.
Otser: B noste Fslz]/(z* + 2z + 2) ypasnenue
f@)=a2"+224+2=0

nMmeeT Kopuu z, x5, 2 + 222 + x, 2° + 2% + .
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4. Pemmurs ypasnenne f(x) = 2° + 22+ 1 = 0, rue
f(x) € Folz].

Penrenne. Tlockonbky f(0) = f(1) = 1, nomurom f(x)
JIMHEAHBbIX JlesiuTesieil He nMmeer. KpoMe Toro, Jierko ycra-
HABJIMBACTCS, TITO

2+t +1 = (2P +r+1)(2* +2%) + 1,

T.e. mosuHOM f () He mMeeT n (€JIMHCTBEHHOTO) KBAIPa-
TUIHOTO HEPA3JIOXKIMOTO JICIUTEIIST W, TIOCKOJIBKY €ro CTe-
IEHb PaBHA 5, TO OH HEIPHUBOJHUM.

Pacemorpum teneps nose Folz]/ (2 + 22 + 1).
Buém f(x) =2°+22+1=0,1e. 2°=2°+1=0n

kopuu f(x) cyth x, 22, 22 22 2?2

Borancaum 28 u xlﬁ

8 =22 = (2P + 1) = 2+ 2 = 2P a2t 41,
p'0 = (338)2 = (@4 + 1) =20t 1 =
=2r+at+1l =@ +2)+at+1 =

= :I;4—|—:c3—|—x—l—1.

Orser: B noste Fafz]/ (2% + 2% + 1) ypasuenue
fl) =2+ 22 +1=0

nmeer kopun , 2, xt, 3+ 22+ 1, 2t + 23 + 2+ 1.

5. Penmuts ypasnenune f(x) = 2>+ 2+ 1 =0, ecin

(1) f(z) e Faolzl; (2) fz) eFsla]; (3) flz) € Fsla]

Permrerne. deg f(z) = 2 wnosromy f(x) mmeer 2 KOpHs.

(1) Tonmuom f(x) wenpusogum Haj Fy = ero kopuu
2
ru
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(2) Tonmuom f(x) npusoum way Fs:
e+l =0-20+1= (z—1)72

nosromy f(z) mam Fs mmeer kopenn 1 cremenn 2.

(3) Iosmunom f(x) menpusogum naj F5 = ero kopuu
5
T u x°.

2.5 CymecTBoBaHNE U1 €JINHCTBEHHOCTDH
nonsa GF(p")

BoruucieHuss B MyJbTUTIIJIMKATABHON TpyIMe pac-
mmpeHus nojsd. Ilocrpoum none F3. Ero Moxkmo mpes-
craputh Kak dakropkousno Fo/(a(z)) no mobomy (moxa
He Jiokazano!) u3 rpex wenpupojuMbix Haj [y MHOrOUJIE-
HOB 4-it crenenu:

et +1, 4B +1, A+t e+ 1

Cpenaem a0, B3as Muorouien a(x) = z* +x + 1.

Bysem sagasars snementsl 3 nabopamn kosdduim-
EHTOB MHOTOWJICHA-OCTATKA TIpH Jesiennn Ha a(x), 3amm-
ChbIBast UX B TTOPSJIKE BO3PACTAHUS CTEIICHE .

[TopoXKIAIOIUM SIBJISAETCS DJIEMEHT ( = X, KOTOPbIi
samuceiBaercs kak (0, 1,0,0).

Borauciaum cremnenn «, CBeIAd PE3yJIbTAaTbl B Ta6JII/ILLy.
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at=a+1 creneib 1z 2?2 23

a (0, 1, 0, 0

a? (0, 0, 1, 0)

a® (0, 0, 0, 1)

l+a=ao* (1, 1, 0, 0)

at+a?=a" (0, 1, 1, 0)

?+ad=a% (0, 0, 1, 1)
Prat+l=ad+at=0ar=a" (1, 1, 0, 1)
l+al=a+1+a’+a=a® (1, 0, 1, 0)
at+a’=a (0, 1, 0, 1)
2+l+a=ac?+at=0a (1, 1, 1, 0)
at+a?+ad=all (0, 1, 1, 1)
l+a+al+ad=a’+ad+at=0a'? (1, 1, 1, 1)
l+a?+ad=a+a?+ad+at=a®® (1, 0, 1, 1)
l+ad=a+a®+at=a (1, 0, 0, 1)
l=a+a'=0a® (1, 0, 0, 0)

Nwmest Takyto TabJinily, MOYXKHO OY€Hb ITPOCTO MPOU3BO-
JINTH YMHOYXKEHWE.

Mpumep: (23 +x+1)- (22 +z+1) =7

4

1. IlepemnoXkuth, yuanTbiBasg r° = & + 1 — MOXKHO, HO

CJIOXKHO...
2. C 1oMoIIpIo TabJINIIbL:
® IIpPEJICTABJIIEM MHOIOYJIEHBI B BEKTOPHOI (hop-
M€ " 110 Heil — B BUJIEe CTeleHen
2 +r+1+— (1,1,0,1) «— a,
4 r+1 <+ (1,1,1,0) «— o'

1

e rnepeMHOXKadA, ¢ yuétoM ol = 1, moyuaewm:

0470410 _ 0417 — &2 _ 5(32.
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Taxum obpasom: (23 +x+1)- (2> +x+1) = 22

Haxoxx/1eHne MUHUMAJBHBIX MHOTO49JIeHOB. [lycro
a(r) — HOPMHUPOBAHHBIN HENPUBOJUMBI MHOTOUJIEH HAJ|
Fp.

Hnst naxoxkjenust M.M. mg(x) siementa [ 1051
Fplz]/(a(z)) BblumMcsieM CONPSKEHHBIC ¢ HUM SJ1EMEHTbI

2
pBP, BP°, ... moJjs, MOKa Ha HEKOTOPOM Imare d OKarKeTcsd,
4710

o 6o B¢ = x, rorma ms(r) = a(z) un
degmg(z) = dega(x);
e ybo ¢ = B, rorna

mp(e) = (z=B): (w— 7). (@ = B"7) m
degmg( ) = d < dega(z).

[lpumep 2.16. Haiiném MuHUMAaJbHbIE MHOTOYJIEHBI JIJIS
S7AeMenToB o2 + o, * u x + 1 nons

F = Fl)/(z'+2+1).

B stom nosie at = x + 1.
1. B = 2%+ x. Borunciasiem aeMenTb, CONpsKEHHbIC
¢ B
B =4z ="+ =2+ +1,
Bt =@+ 1) =2+ +1l =2+ A +27+ 1 =
=4z = 0.

T.o. M. mg(x) umeer 2 xopus: 3 u 2 ero cre-
neub pasna 2 u mg(z) = % +x + 1 — eauncrsennbiii
HeNpUBOAMBIiT MHorowien n3 [Fylx].
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2. [ = x. Boraucisiem ajeMeHTbI, CONPSIKEHHBIE C T

2

x Y

ot =+ 1,

¥ = (r+1)7? =22 +1

e = (1?2 =241 =at+ 4+ 1 =
T.o. mM. mg(z) umeer 4 kopus: x, x2, x*, 28 ero cre-
nenn pasua 4 u my(z) = ' + 2 + 1 — nopoxaomuit

MHOrOUIeH ot F' (x — mpumurusHOH smemeHT F, a
et +1— IIPUMHATHUBHDBIH MHOFoqﬂeH).

3. B = x4+ 1. Beraucisiem 3jieMeHTBI, COMPSKEHHBIE C

IOk
B =a"+1,
prt=at41=2+141= =

T.0. M.M. mxH(x) TaK»Ke eCThb MopoXKatomuit moje F
MHorouwsen xt + x4+ 1.

CymiecrBoBanue mosisi GF(p") mas Bcex n. Mb
y¥Ke IOKa3aJid, 9To JI0b0e KOHeYHoe 110J1e uMeer p' 3je-
MEHTOB (p — TPOCTOe, N — HATyPAJIbHOE).

Tenepb yCTAHOBAM  CYIIECTBOBAHME HENPHUBOIUMOIO
HOPMHUPOBaHHOrO MHOrouaeHa f cremenu n Haj GF(p),
OTKyJla Hocaeyer cyiiecrsopanue nojs uz GF(p") kak
dbaxTopkosbiia mo ugeany (f).

st TaKMX MHOIOYJICHOB HaJ, KOHCUHBLIM MOJIEM CIpPa-
BEJIJIUB AHAJIOT OCHOBHO TEOPEMbI apu(PMETUKN: KAXK/IbIi
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HOPMHPOBaHHbBIH MHOT'OYJICH Pa3JIaraeTcs Ha IPOU3BeEJie-
HHUE HEIPHUBOJUMBIX MHOTOYJICHOB OJHO3HAYHO C TOYHO-
CTHIO JIO TTOPAJIKA COMHOXKUTEJICH.

Lokazatenbctso. JleiicTBUTEBHO:

® pa3JIoKeHHe Ha MHOXKUTEIN B €BKJHJIOBOM KOJbIIE
OJIHO3HAYHO;

® B CJIy4a€ KOJIbIla MHOI'OYJIEHOB Ha/J IIOJIEM O6paTI/I—
MbIC 9JIEMCHTBI — HCHYJIEBBIC KOHCTAHTDI]

e BLIOOp crapiiero koddgdunmenrta 1 0OJIHOZHAYHO
ONpeJIe/IsieT COMHOXKHUTEJIN.
O
Cumposiom ((n)) 0003HAYMM HYKCIO HOPMUPOBAHHbBIX
HEIIPUBOJUMbIX MHOTOWIEHOB cTereHn n Haj mnoseM [,

Jlemma 2.3. % d-((d)) = p".

Hokaszatenscrso. 3anymepyem i = 1, ..., ((n)) Bce He-
IPUBOJIUMbIE HODMUPOBAHHBIC MHOTOWICHBI CTEIICHH 1L U
CONOCTAaBUM UM (DOPMAJIBHYIO [EPEMEHHYIO f;, => Tpo-
M3BOJIbHOMY MHOTOWIEHY OJJHO3HATHO COMOCTABJIEH MOHOM
(MHorousen cremnenn n; GepéTcs B CTENEHN S;):

,
S1 Sr - J—
Jiln, oo Jiln,, upuUeM E n;sj = n.

J=1

[TosToMmy Bce HOpMHUpPOBAaHHBIE MHOTOUJIEHBI ITEPEIUC-
JISTIOTCsT (pOPMAJIbHBIM OECKOHEUHBIM TTPOU3BEICHUEM

o0
k r
LI ) = fi, (%)
k=0

N
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(pacKpbIThI CKOOKM ¥ GECKOHEUHOE TIPOU3BEJICHNE 3alca-
HO B BUjie (DOPMAJILHOTO Psifia.).
CrenaeM 3aMeHy HepeMeHHBIX f;, = t", KoTopas Jie-
JIAeT BCE MHOTOYJICHBI OJHOH CTEIeHH HEePa3JInIUMBIMHA.
[TpuBesenue Mo OOHBIX IPUBEIET K TOMY, UTO:

B 1paBoii dacti () OyJer psiji OT mepeMeHHo# T,
Kosdpdunuent 1ipu t" B 310M psijie paBeH 4UC/y HOP-
MHUPOBaHHBIX MHOI'OYJIEHOB CTEIIEHU N, T.€. P':

Z p"t".
n=0

B JIEBOH YacTH BCE HEIPUBOJIUMBbIE MHOTOYJICHBI CTEIICHHU
N IAJyT OJIMHAKOBBI MHOKUTEH (CyMMY GEeCKOHe-
HOII reOMEeTPUYECKON IHIPOrpeccur CO 3HaMeHaTeJIeM
t") u (*) mpeBpaImaeTcs B

00 ((n)) 00
n k=0 n=0

[To dopmyne cymmbr GeCKOHEUHOR TeoMeTPUUIECKOit
IPOIPECCHH:

1 1 1
(1— )@~ T—pt

n

[Iponorapudmupyem («—» B 00€UX YaCTIX PABEHCTBA CO-
Kparawres, n — d):

> ((d)In(1 —t%) = In(1 - pt).

d
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[Ipomuddepennupyem 1o t («—» B 0b6enx 4acTsix paBeH-
CTBa COKPAITIAIOTCS):

dtd—1 P
S = T

CHoBa BoCIIOTb3yeMCsl (DOPMYJION CyMMO# reoMeTpude-
CKOIl TIPOT'PECCUN:

Z((d) dtd ltdk an—i-ltn.
4k

YMHOkKaeM Ha, t 00e JacTu paBeHCTBa:
d.k

PapencTBo K03 PUIMEHTOB IPKU OJIMHAKOBLIX CTEIEHsX ©
1 €CTh yTBEPXKJIEHUE JIEMMHBI. 0

Cnencrteus.
1. Cywecmeosanue HENPUGOJUMDBLT MHO20UAEHOE.

Lokazatenbctso. [lpocras onenka

() = 9" = Yk () > 9" = Yok =
k=0

kln
-1
:p”—p > 0.
p—1

nokasbiBaet, 9To ((n)) > 0 = cyiecrByeT xorst ObI OJIHH

HENPUBOJIMMBbIH (M HOPMUPOBAHHBIN) MHOIOYJIEH CTENeHK
'l

n; bosee Tounad onenka — - < ((n)). 0
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2. Cpednee wucao HenpusooUMBIL HOPMUPOBAHHDLT
mrozousenos: ((n)) ~ p"/n.

Lokazatenbctso. Ilepexon K mpeneny nmpu n — 0O B IO-
JlydeHHoit popmyiie. 0

T.o. HenmpuBOgUMBbIE HOPMHPOBAHHBIE MHOTOUJIEHBI CO-
CTABJISIOT TPUOIU3UTETHLHO 1/N-10 9acTh BCEX MHOrOUJIe-
HOB crenenn n naj nojem [

Emé onna popmyia st ancaa ((n)) HEIPUBOIMMBIX HOD-
MHDPOBAHHBIX MHOrOUIeHax cremenn n naj .

Qynryus Mébuyca p(n) onpeenena s Beex n € N:

(1, ecou npuMapHOe Pa3IOKEeHHE 1 COCTOUT
U3 YETHOI'O YMUCJIA PA3JIAIHBIX
COMHOXKUTEJIE;

—1, ecaum npuMapHOe pa3oKeHue N COCTOUT
U3 HEYETHOI'O YHCJA Pa3JIMIHbIX
COMHOXKUTEJIEeH;

0, wuHaYe (MpUMAPHOE PA3JIOKEHUE
He CBODOJTHO OT KBaJ[PATOR).

Hanpuwmep:
p(1) =1 (o onpegenenuto), pn(6) =1,
p2) =1, p(7) = =1,
p3) = —1, u(8) =0,
p(4) =0, p(9) =0,
p(d) = —1, p(10) = 1.
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Ocnosroe cBoiicTBo ¢ynkinn Mebuyca:

1, n=1,
Z'M(d) - {O n>1.—

dln ’

Teopema 2.9 (dbopmyna laycca).

Harnpumep:

p=2, ((4)) = + [p(1)2* + p(2)2* + u(4)2] =

JlokaxkeM Tenepb, 9To A0bvie d6a noad ¢ 00UHAKOGHLM
YUCAOM INEMEHMOE U3OMOPPHHbL.

Teopema 2.10. ITycmv my(x) — MUHUMGALHOG MHO20-
waen anemenma « € F)ou d — eeo cmeneny.

Tozda noae Fylx]/(mq(x)) usomopdno nodnomo Ff,
NOPOIACIENHOMY CTNENEHAMU (.

Lokazatensctso. Crenenn « upuHaiekar d-MEpHOMY

npocrpaHcTBy ¢ 6asucoM 1, a, o, ..., a’"!, koropoe sB-

Jserest nogosiem noss [, 10cKosIbKy 3aMKHYTO OTHOCH-

TeJILHO CJIOXKEHUs 1 YMHOXKeHnus u cojiepkut 0 n 1. O
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2.6 IIukanmdeckue IMpPOCTPAHCTBA

Hajiee OyjieM paccMaTpuBaTb KOJIBIO MHOI'OYJICHOB
R = F,[z]/(f) mo momymo riasuoro nueana (f) Bos-
MOKHO 1IpHBOjuMoro muorowiena f € F[z].

Ecmu f menpuBogum, To R — 1ojie u 9TOT Caydail yxKe
paccmorper. Ho B jobom ciiygae R — BekTOpHOE 1IPO-
cTpaHcTBO HaJl [, T.e. COBOKYIIHOCTb MHOTOYJIEHOB CTele-
1 Menbieit deg f.

(f )= {t'f} téfp[fc];
Folx]/(f { }, degyq, ... < deg f.
?Z(f)+g7---~

HopmupoBaHHBIN AeanTesib MOPOXKIAIOMIETO 3Jie-
MEHTAa ujeaJsa

Teopema 2.11. Ilycmov @ — nenpuodumulii HOPMUPOBGAH-

HoLll MHo2ouser, Komopuit deaum f. Tozda
1) cosokynmocmv 6cer GuvUEMOB, KPAMHLT P, 00pa3y-
em udeas 68 KOAbUE KAACCOB GbLUEMOE N0 MOOY0 f:

I, € {t-p} < Fl/(f).

2) @ — eduucmeenmcu 6 1, nopmuposarnvl MHo20-
A€M MHHAMAJILHOH CTEIICHH.

/LlokazaTenbcTBo.
u,v, € Fpla], k= deg@ degf

1. ITposepum, uro I, — unean B xoublie F,[z]/(f).
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1.
gel, B g = up
{hEH’_pm/(f)ahgﬁ <:>{h:fug:vugp =
= hel,
2.

T g = up T
g, hel, { h = vy = g+h = (ut+v)p € I,.
2. Tlokaxkem, uro B [, Her JApyrux, Kpome

Y = ao—l—alx—l—...—l—ak_lxk_l—l—xk

HOPMHUPOBaHHDbIX MHOI'O4YJICHOB cTeleHnu, MEHbIIIEei

k = deg .
[Iyctn
g=by+bx+...+2".
Torna:

gel, & g =up = degg=m > degp = k.

O

Teopema 2.12. Ilycmo @ — wHenpusodumovlli HOPMU-
posannwil  deaumens mmozousena f € Fplr] w
degp =k < deg f =n.

Tozda udean (p) — 6exKMOPHOE NPOCMPAHCNEO PA3-
meprocmu n — k.

/LlokazatenbcTBo. Bes jpokazaresnberna. O
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IMukangeckoe TPOCTPAHCTBO. DbyjieM n3ydarb KoJib-
110 BBIYETOB 10 MoyJi0 " — 1.

e [Iyctp V — n-mMepHOE BEKTOpHOE IIPOCTPAHCTBO HAJ
HEKOTOPBIM 110J1eM F.

e QukcupyeMm HEKOTOpbIi H6azuc V.

o Torma V = " =
={(ap, ..., ap-1)|a; €F,i=0,1,....,n—1}

— KOOpAHWHATHOE IPOCTPaHCTBO.

Onpegenenne 2.4. IloanpocTpanCcTBO KOOPIMHATHOIO IIPO-
crpancTBa, [ HasbIBaeTCd YUKAUMECKUM, €CJIA BMe-

cre ¢ HabopoMm (ag, ..., p_1) OHO COJEPXNKHUT IHK-
JIMYECKUil CABUT BIpPaBO HSTOro Habopa, T.e. HaOOD
(@p_1, ag, - .., Gp_2) (& ciegOBATEJBHO U BCE LMKJIMYE-

CKHE CJBUIM Ha [POM3BOJILHOE YHUCJIO IO3UIMI BJIEBO U
BIIPABO).

B kombne F,[z]/(x" — 1), paccmarpuBaeMoM Kak BeK-
TOpHOE LPOCTPAHCTBO Haj, 1ojeMm [, wnmeerca Oaszuc

{T, T, ...,x”_l}.

[{ukirdecKuit cIBUT KOOPJIMHAT B 3TOM 0a31ce paBHO-
CUJICH YMHOXKEHUIO Ha :

ag +a1x+ ... Fa,_ox" 2+ a, 2" T =

= apz +a1x2+ ... Fa, 0" +a, 12" =

= Qp_1+aor + a1 22+ ...+ ap_ox™ 1,

T.K. B 9TOM KoJjblle " = 1.
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Teopema 2.13. Ilyemov I — nodnpocmparcmeo Koavua
F,lx]/(z" —1). Tozda

I — yukauvecrkoe < I QFylx]/(2" —1)

/LlokazaTenbcTBo.

e FEciu nonnpocrpancrso I — ujeast, T0 OHO 3aMKHYTO
OTHOCUTEJIbHO YMHOXKEHUA HA T, & 3TO YMHOXKECHUE
M eCTh NUKJWIECKUil CIBUT = [ — IUKJINIECKoe.

e Ilycrs I — nmkjmdeckoe MOANPOCTPAHCTBO KOJIbIA
n
Fp/(x" —1) m g € 1.
Torna ¢-T, g-x2, ... — HNUKJIWYECKHE CIBUIH, T.C.
TakKe IpuHajiexar I.
Buauur, g-f € I pjst 1100000 MHOrOWIEHA, f, IO9TO-
My [ — mmead.
O

I[TpumutuBHbie KOpHU (T.€. KOpHU u3 1). Bbiio mo-
Ka3aHo: Ji100boi Muorodsen ¢ kospguunenramn us b, pas-
JIaraeTcss Ha JIMHEHHbIe MHOXKHTEJIH B HEKOTOPOM II0JIe
(pasnoxenns) GF(q) =T} xapakrepucrnkn p, q = p".

Ilycrs [, — mose xapakTepuCTUKH p, B KOTOPOM pa3Jia-

raercst muorownen " — 1. CipaBemingo:

e B [, sumonmsercs pasencrso 2 —1 = (2% —1)P,
[I03TOMY MHTEpEeCceH CJIydail, KOorja 7 B3auMHO IPO-
CTO € p: TOrJia y MHorowrena z" — 1 KpaTHBIX KOD-
Hell HeT (OH B3aMMHO IIPOCT CO CBOEH I1POU3BOJIHON
nz"1).

e Pagencrso 2" = 1 osnavaer, uro ordx | n B 1uk-
nudeckoii rpynne Fo.
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Brios: kopau ypasaenusi " — 1 = 0 obpasyor 2pynny
Kophel cmenenu n us edunuyv, — noarpynmy B Fr.

DTa TOATPYIINA TaKXKe IUKINIecKas; eé TTOPOXKIaf0o-
e JIEMEHTHl HA3BIBAIOTCS NPUMUMUSHOLMY  KOPHAMU
cmenenu n.

[oarpynma B nukandeckoit rpymme cymecrsyer iff eé
MOPSAJIOK JIEJTUT MOPSIOK NUKJIUIECKONR TPYHIbl = MOJe
[, comepxxut rpyniy KopHeit n3 eaununsl crenenu n iff

nl(qg—1).

Y10o0bI BEpHYTHCs OT pasyiokenus r"—1 Ha JHHEHHbIE
mHoxures B nojie GF(q) = I} (kopuu ns 1) x pasiio-
’KEHUIO Ha, HEIPHUBOJHUMBIC MHOXKUTEH B 110Jie [, Hy»KHO
MOHSITh, KAKHE KOPHU U3 €HHUI[BI OYIIyT BXOJHUTH B HEIIPH-
BojiuMbIi jesnrensb f(x).

Eciu 8 — kopenb f(z), o 6P, B u . — Takke
ero (conpasicénnoie) KOpHE = KOJMUYECTBO M CTCICHU
MHOTI'OYJIEHOB-HEIIPUBOJAUMBIX JlejiuTeseir " — 1 MOXKHO
Haiitu, pasous [, na opbumo oToOpaxKenus

w — pw mod n.

[lpumep 2.17. 1. Paccmorpum eiié pa3 pasJjioKeHue MHO-
rowtena " —1 wan Fy. OTHOCHTEIBHO YMHOXKEeHUs Ha 2
Bbiyerbl 110 Mojyato 15 — {0, 1, ..., 14} pasbusarorcs
Ha OPOUTHI:

9}, {5,10},

[Tosromy x'® — 1 pasnaraercs B IpOM3BEICHUE
® OJIHOT0 HEMPUBOJIUMOIO MHOTOUJIEHA cTernenn 1,
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® OJIHOI'O HEIPUBOAMMOI'O MHOT'OYJIEHa CTEIIEHN 2,

® TPEX HEIIPUBOJAMNMBIX MHOTI'OYJIECHOB CTEIICHU 4.

KonkperHo (pasiioxkenue ObI0 paHbliie):

P4l =(x+1)-@®+z+1) - (" +2+1)
(1) (@t a4 1),

2. Paccmorpum pasnoxenue MHorounaena 22 —1 mag Fo.
OTHOCUTEIPHO YMHOXKEHUST Ha 2 BBIYETHI 10 MOIYJII0 23
pas3sOUBAIOTCs Ha TPU OPOUTDL:

[TosTromy z?* — 1 pazsaraercd B IPOU3BEJEHUE OJIHOTO

HEITPUBOJIMMOI0 MHOTOYJIEHA, CTENIeHU 1 W JABYX HEIPHUBO-
JIUMBIX MHOT'OYJIEHOB cTernenn 11.

Koubia MmHOrO41€HOB [ (7] M KOHe4HBbIe mOJIA: pe-
310Me

e Jliobast KoHEUHOE IEJIOCTHOCTHOE KOJIBI[O SIBJISIETCSI
IOJIEM.
e XapaKTepuCTUKa KOHEUHOI'O I0JIsSI — IIPOCTOE TUCJIO.

e JI10O60e KOHEUHOE TI0Jie XapaKTEPUCTUKU P COCTOUT
uz q = p" suemenros n € N.

e a € {GF(g)~0} = orda| g — 1.
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e Mysbrumikarusaas rpyiima nojs GF(q) sBisier-

sl IUKJINIECKOil: B Heil cymectByer ¢(q — 1) mpu-
MUTHBHBIX 9JIEMEHTOB (MeHepaTOPOB, JIEMEHTOB T10-
psiiika g — 1).

Jlist HAXOXKJIEHUsI caMUX T'eHepaTopoB HeT 3 dek-
TUBHBIX aJIFOPUTMOB.

JIT0OBIe /1B KOHEUHBIX TIOJISI, COMEPKAINX OJJNHAKO-
BOE KOJIMYECTBO JIEMEHTOB, U30MOPQHBI.

GF (p™) — mommone GF (p") < m |n.

OHOUJICHDI {T, T, 2%, ... x”l} —  fasuc

B BEKTODHOM  TIPOCTDAHCTBE Haj  KOJIBIIOM
Ffal/(0(2)), dega(z) = n.

JLJtst KaXKJIOTO HATYPATBHOTO 7 B KOJIBIE MHOTOUJIE-
noB [p[z] max mpocreiv mostem |, mmerorcs nenpu-
BOJIMMbBIE (He MMEoIie HeCOOCTBEHHbIX JleJInTesiei)
MHOT'O'JICHBI.

Kosbio Fpx] — KosbIo ¢ OJJHO3HAYMHBIM pa3JIo¥kKe-
HIHEM MHOTOWJIEHOB Ha HempuBojuMbie. s Haxox-
JIEHUsT HETIPUBOJMMbBIX MHOIOMJIEHOB HET 3(bdeKTun-
HBIX aJITOPUTMOB.

Nuean  (a(z)), 1HOPOKAGHHBIA — MHOOWIEHOM
a(r) € Fplx] cocraBnsior MHOrOWIEHBI, Kpat-
Hble a(x).

Daxkrop-koibio F,[z]/[a(x)) asrsiercs nonem, ecm
M TOJIBKO ecin a(x) — HeIPUBOMUMbIT MHOTOWICH B
kosbre [Fplz].

Ecim npn stom dega(x) = n, TO 3jeMeHTHI
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Fplz]/(a(z)) — xiaccsl Muorouienos crenenn < n
(1x BCero p" JIEMEHTOB).

e MunuMaJbHBIIE MHOIOWIEH SJeMeHTa (3 pacIIipeH-
HOT'O TOJId €CTh HOPMUPOBAHHbBIA MHOT'OYJICH MUHU-
MAJIbHOI CTeleHu, JJisi KOTOPOro [ siBJISIETCSI KOP-
HeM. MuHHMaJIbHBIE MHOTOYJIEHB HENPUBOIUMBI U
eJIMHCTBEHHDI JIJIsT KayKJI0ro [3.

e Jloboit snement nonst B = F) amngerca kopHewm

T
Maorousena P — x:

A = H(az—a).

acF

e /lyisi Toro, 4robbl BEKTOPHOE IOJIIPOCTPAHCTBO V

kompiia R = [Fplz]/(2™ — 1) 6buto nuxkinmaeckn,
HEOOXOIMMO M JIOCTATOYHO, UTOObI OHO OBLIO Hjea-
aoMm R.

Muorowien g(x) nopoxjaer ujeas R, ecju oH siB-
Jsercsa gequtenem r't — 1.

2.7 3amaum c perneHusgMn

3agada 2.1. Cymmy nenyresoir snemenmos noas .

Pewenne. Bce snementsl |/ — KopHU ypaBHEHHS
-1 =0,

HX cyMMa 110 TeopeMe Bueta ectb Koaddunuent npu P>
B 9TOM ypastenun), T.e. 0.
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3agaya 2.2 (Teopema Busbcona). Jokasamo, wmo

p—1 =, -1
A% NPOCMO20 P.
Pewenne.

p =2: — yTBEpKJEHUE TPUBUAJILHO.

p > 2: Topsiiky BCex 3JeMEHTOB MYJIbTUILINKATUBHON 1[1MK-
mageckoit rpymmnet Fro= {1, ..., p— 1} nemar eé
MOPSAJIOK T.€. BCE OHU SABJISAIOTCS KOPHSIMU yPaBHEHU s

Pt -1 =0. (%)

Jpyrux KOpHEil y 9TOro ypaBHEHUsT HET (MHOTOUJICH
creniern p — 1 nmeer He Gosbiie p — 1 KopHeif).
[To Teopeme Buera ux npoussejienue paBHO ¢BOOO/I-
HOMY wjieHy (x), T.e. —1.

Emé ogno Pewenne. Jlng p = 2 yTBepxKjaeHue ode-
BUJIHO.
[Tpu p > 2 oboznauum

=T
A

P=1- 2 ...-(p-2) -(p—-1)=(p-1)

TV
YETHOE YNCJIO COMHOXKUTEIEH

U 3aME€THuM, 49TO

(p—12=p*—2p+1=,1.

Jlerko Bumerh, aro ™ = 1: KaXKIblif W3 IJIEMEHTOB
2, ..., p—2 nona [, umeer obparuplii, Ho 310 HE p—1 —
o obparen cam K cebe. [Iosromy P = p — 1.

Win, aro o xe, (p—1)! =, —1.
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3apgava 2.3. Ilocmpoumv noae u3 4-r snemenmos.

Pewetne. 1o nose 3, ono MOXKeT 6LITH IOCTPOEHO KaK
dbaxrop-kousbiio Folz|/ (a(z)), tae a(x) — menpuBoguMbIit
muorowien u3 Fylx] crenenu 2.

Ho Takoit MHOTOYJIEH TOJIBKO OJIMH: 224+ + 1
Cneposarensno, F5 = {0, I, z, z+1} uw 2> =2 +1
(1epry HAJ SIEMEHTAME HE THIIEM).

TabJiniibl CJIOKEHUS U YMHOXKEHUS B 110JIE:

L+ [ 1 [ =z Jo+1]
1 0 r+1 x

T r+1 0 1

r+1 x 1 0

L x [ 1 [ =z Ja+1]
1 1 T r+1
T T rz+1 1

r+1|xz+1 1 x

AJIbTepHaTI/IBHaH 3alluCh ITOJIA:

F3 = {0, 1,x,x2},x2:aj—|—1.

3agava 2.4. Jloxazamov, wmo ecau npou3eoonas HeHYAEE0-
20 MHO2OYNAEHA HAO NOAEM TAPAKMEPUCTIUKY D MOodHcIe-
cmeenno pasha 0, mo on npusodu.m.

Pewenne. Uwmeewm:

n—1

e 1pousBojHast MoHoMa (z") = na™' TOXKECTBEHHO

pasua 0 iff n=,0 < p|n;
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e /=0 = nokasarenu CrerneHeil BCEX MOHOMOB
MHOTOUJIeHa, f JIeJIsITCs Ha pP;

e nosromy f(z) = g(a?) = g"(x).

3apayva 2.5. Hatmu
HOJ (2" +2* +x+ 1, 2 + 2* + x4+ 1) nad Z[x].

Pewenune. Bocnosibayemcs ajsropurmom EBKuia:
P4t trdl =@ ) (Pt 1)+ (2 1),
P4ttt =(@+1)(2* +1) +0.

Orser: HOﬂ(x5—|—x2—|—:L‘—|—1, x3—|—x2—|—:1:—|—1) =22+ 1.

3apava 2.6. Ilepevucaumo ece nodnoas noas GF (230).

Pewenne. Ilone [ comepxur nomnode [F’; ifft k| mn,
nosromy rognoasima - GF (230) Oynyr moast GF (2),
GF (2%), GF (2°), GF (2°), GF (2'), GF (2") u camo

nose GF (230).
3agava 2.7. Muoeounen f(x) = 2°+ 2%+ 22 + 1 € Fyfz]
PABAOACUMD KA HENPUBOIUMBLE MHOHCUMENU.

Pewenne. B mose Fo umeem  —1 = x + 1.
1. f(1) =0 = 1 — xopenp f.

2. Hemum f(x) wa x + 1, mosydaem

?+ P +a+1=fi(z).
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3. fi(1)=0 = 1 —kopenb fi; zf_ﬁ = 34+1 = fo(z).

4. fo(1) =0 =1 — xopenb fo; xf—jl =2+ x+ 1.

5. Muorounen x? + x + 1 HenpuBoIIM.

Orger: 2° + 23+ 22 +1 = (v + 1)3(2* + 2 + 1).

3agaya 2.8. Mnozousen f(x) = 23+2x*+4x+1 € Fsla]
PA3A0ACUMD WA HENPUBOOUMBIE MHONHCUMENU.

PeweHnune.

1 f(2)=2542-224+44-224+1 = 25 =50,

(x —2) =5 (x+3)

2.
x3+2x2—|—4x—|—1‘ T+ 3
x> + 3a? 2% + 4z + 2
4x° + 4z
Ax? + 2x
2 + 1
2z +1
0

3. Ilepebopom ybeskiaeMcs, IT0 MHOrOUIeH T2+ 4242
HenpuBoguM B [Fs.



92 I'naBa 2. KoHeunbie moJis

3agayva 2.9. Muozounen f(x) = x*+ 23 + 2 + 2 € F3[z]
PASAOHCUMD HA HENPUGOIUMBLE MHOHCUTNENU.

PeweHnune.

1. 0,1,2 — me kopuu f(x) = f(x) suneitunix gemnu-
TeJeil He COJICPXKUT.
2. Hempupommmble muoorodsiens! Haj g cremenn 2:
z? + 1,
? +x+ 2,
a2+ 2z + 2.

3. Tonp6opom nostyuaem: f(x) = (2% +1)(2? + z + 2).

Orser: '+ 23+ 1 4+2 = (22 + 1)(2® + . + 2).

3agaya 2.10. Mnozouaen
f(x) = 2 +32° + 22° + 2 + 4 € F5[7]

pPa3noHcUmMd HA Henpueoﬁumme MHOHCUTNEAU.

Pewenne. 1. f(x) # 0 um npu kaxkom = = 0,1,2,3,4,
r.e. f(r) He uMeer JIMHEHHBIX JleJuTeIel.

2. llepebupas HeIPUBOAUMbBIE MHOTOUJIEHDI CTEIIEHN 2
HaJi 5, nosyvaem

Orger: f(z) = (22 + 2+ 1)(2® + 2x + 4).
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3agava 2.11. Pasnootcums Ha Henpusodumvie MHOMCUME-
AU 6CE HOPMUPOBAHHDIE MHO20UAECHDL -1 CMENEeHU U3

I]'_Q [l‘] .

Pewenune. Boruncnsst  3HaYeHWsT MHOTOYJIEHOB IIpPHU
xr = 0, 1, npuxojiuM K BBIBOJLY, YTO

+r4+1=(z+1)>%

3apava 2.12. Hatimu ece HOpMUPOBAHHBIE HENPUBOIUMDLE
muozounenve 2-1 cmenenu nad GF(3).

Pewenne. [omxkno 6bire: f(0) # 0, f(1) #0, f(2) #0.
[Tepebopom koaddunuentos b, c € {0, 1, 2} B BbIpa-
x)enun 22 + br + C, HaXO/IUM MOJAXOAANINEe MHOI'OYJICHBI:

fl(x): xQ + 17
fox)=2* + . + 2,
f3(x)=2® + 22 + 2.
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3apava 2.13. Hatimu ece Hopmuposanmvie MHO20UAECHDL 3-
i mpemuvets cmenenu, HenpusoouMBLE HAD NOAEM BHIYEMOE
no modymo 3.

Pewenve. Homxwo 66t f(0) # 0, f(1) # 0, f(2) # 0.

fi(z) =2 + 22 + 1,
fo(z) = 2° + 20 + 2,
f3(x) =2 + 2% + 2,

fa(z) = 2% + 227 + 1,
fa(z) =2’ + 2 v + 2,
fo(z) =2 + 2% + 22 + 1,
fr(z) =2 + 202 + 2 + 1,
fs(x) = 2% + 22 + 22 + 2

3apava 2.14. 1. IIposepumn, umo
F = Frz]/(2* +2— 1)
ABAALTNCA NONEM.

2. Buwpaszumv obpammuwt x 1 —x 6 F.

Pewenne. 1. a(z) = 22+ 2 — 1, a(0) = 6, a(l) = 1,
a(2) =5, a(3) =4, a(4) =6, a(5) =1, a(6) = 6, e

muorouwien a(x) — wenpusogum s Fr u F — none (= F2).

2. F2 = {ax+b|a,b€ﬂ77, :1;2:1—x:6:1:+1}
(ax +0b)- (6x+1) = ... = (2a+6b)x + (6a+b) =1

6a+b =1 N a=1
a+3b =0 b=2

Orper: (1—xz) ' =a2+2 8 F.



2.7. (II norok) Koneurvie moJist 95

3agava 2.15. Hatimu nopadox asaemenma 3 = = + 2% 6
MYADMUNAUKAMUCHOT, 2DYNNE

1. noan Fy = Fola]/(a* +z +1);
2. noas Fy = U_g[x]/(x4+x3+1).
Pewenne. B =x+2*=z(r+1).

MysnpTunaukaTrBHas TPYIIa yKa3aHHBIX IMOJEi COCTOUT
3z 2% — 1 = 15 suemenTos.

[Ipumapnoe pasnoxkenme 15: 15 = 3 - 5, mosToMmy pa-
Bercreo ¢ = 1 HyxHO npoBeputrh st d = % =3 m
d=Y =5

5 :

1. 2t =ax+1

(2 +2) =2t +2° = P+ o+ 1,

(2 +2)° = 2+ D@’ +z+1) = 2(2° +1) =

=gt r=a24+1+2 =1

Orser. B none Fy ord § = 3.
2. 2t =23 +1
2=t pa? = g,
P =z@+)@®+2*+1) =
=zt +2i+ax4+1) = 2@ +27+2) =
=t =241 £ 1,
(2 +2)° = 2%2° = (P + 22+ 1)(@* +1) =
= @+ttt 1) =
=@ D=2t =23+ +1 £ 1L
Orser. B none Fy ord 5 = 15.

+x
+x
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3apgava 2.16. Hatimu xoauvecmeo HopMuposanHlL HENpu-
GOOUMBLL MHO20UNEHOB

1) cmenenu 7 nad nosem Fy;

2) cmenenu 6 nad nosem Fs.

Pewenne. Zd' ((d)) = p".

Sd((d) = 27 = 1- (1)) +7-((7) = 128

(1)) = 20 970 z wu x + 1, orcioga
)

((6)) = = > u(d)57 = — [u(1)5° + p(2)5°+

1
+u(3)5% + u(6)5 | ::15[15625——125——25—%5]:: 2 580.

3apava 2.17. Jaa noan F = Fsz]/(—22* + x4+ 2) no-
CMPoums MabAuyy coomeemcmeuti MeHcody noAUHOMU-
ANOHOLM U CTNENEHHLM NPEICTABACHUEM €20 HEHYAECLT
INEMENMOG.

C' nomowbro dannoti mabAuLybL SHYUCIUNG GHIPAIICE-

Hue 1 2(22)7
T 241 (2)x+42)
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Pewenune. char F' = 3, nosromy
20+ 42 =3 22 +2+2 = alx).

F = [F3, F* copepxur 32 —1 =8 9JIEMEHTOB U BCe
OHU MOT'YT 6I:>ITb IpeJICTaBICHbl KaK CTeneHn o', 1 = 1,8
IPUMHUTUBHOTO SJIEMEHTa (.

Eciin ssieMenT & OKaXXeTcsi TPUMUTUBHBIM, TO TOJIO-
UM (= T W, HOCKOJIbKY Bbluncienus B F3 mpoojgaTcs
o mod a(x), 6yjem umers

P24rr+2=0= 2= —1—-2=2r+1.

Haityiém 1opsiJlok sjieMenTa T: T.K. 8 = 23,% = 4,
IPOBEPUM paBeHCTBO ot = 1:
ot = (22?2 = 20+ 1)? =22+ +1 =20+ 14+ £+
1 =2+#1,
T.e. T — NPUMUTHBHBIN siement F: ordz = 8, 2% = 1.

[osesno: a(x) = x? + x + 2 okazajicsa IPUMUTUBHBIM
muorodjienoM HaJy 3, nnauge reneparop F' upuinioch Obl
HCKATh.

TeHepb BBIYUCJIMM 3HaY€HUE 3a/JaHHOI'O BbIPpaKEHU .
Nnmeem 28 =256 =3 1, x +2 = —22, 2* = 2 u nasnee:

1 (22)7(2) 1 af 28 x'ad
S = BPRY = 3t o3 T et T
2r+1 () (x+2) 22 2% 2 x
= 2042t = (@842 = 0 +1)*4+2 = 2%+ 1+ 2 =

= 2020 +1) = 2°+22 = 20+ 1+ 20 = o+ 1.
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— 2 ~ 2
3apava 2.18. [Jaa noan F = Fsfz]/(2*+1) = F} no-
cmpoums Mabauyy coomeememeuts Mentcdy noAuHOMU-
ANONBLM U CTNENEHNBM NPEICTNABACHUEM OAA BCET NENY-
NEBVLT INEMEHTNOE NOAA.

Pelienune. B JIAHHOM 9-3j1eMEHTHOM 1oJie
P?4+1=0= 22=—-1=32.
1. Haiigém mopsijjox ajiemMenTa , JJisi 9ero mpoBepuM
pasercrso ! =1 (rk. 9—1=8=2% 5 =4)
vt = (22?2 =4 =3 1.

CaepoBarenbio orde = 4 #= 8 u  aje-
MEHT & He sBJseTCs TeHepaTopoMm Tpymnbl  F*  (u
22 + 1 — He ecrb UPUMUTUBHbIA MHOroujeH Haj [s:

vt —1=a2t+2 = (22 4+ 1)(2® + 2)).

2. IlpoBepuM Ha TPUMHUTHBHOCTH dJIeMEHT T + 1:
(z+D'=(2+DE+1)? = (2+D)E*+1) =
= (z+1)(224+1) = 22°+ g+ 2o+1 = 4+1 = 24 1

T.e. @ = T + 1 OKa3aJiCsi IPUMUTUBHBIM DJIEMEHTOM.
Ero crenenun:

ol = o +1, o’ =2(x+1) = 22+ 2,
o =22 42r+1 =2z, o =a? 044:433—:1:,
o =2z(x+1) =2204+1, o =2(x+1) = z+2,
at =2, oa® =(a?)? =1

BaMeuanne: BRIMUCICHRE OYepeHOi crenenn o'/ ga-

cTo ObIBaeT yIOOHBIM IPOBECTH KakK o' - a’, a He Kak
o - of i1
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3agaya 2.19. B gaxmoproavye R = Fs[z]/(z* + 1) na-
mu 6ce anemenmui 2aa6nozo udeasa (z° + x + 2).

Pewenune. 1. CrHavasa TpoOBepUM, SIBJISIETCS JIH MHOTO-
wien f(z) = 2% + x + 2 neaurenem zt + 17

' +1 = (®+2+2) (22 + 22 +2) — 1a, aeasercs

[TosroMy HMCKOMBIl Hjeas COCTaBAT 3JIEMEHTHI KOJIbIIA
(MHOTOUJIEHDI cTenenu He Bbime 3), Kparmbie f(z):

(P +2+2) = {(z*+2+2)(az+b) |a,beF;}.
[Tposejiém ymHoXkeHue:

(22 + z +2)(ax +b) = az®+ (a + b)a® + (2a + b)z + 2b.

2. Temepn, mnepebupasi Bce BO3MOXKHBIE 3HAUCHUS
a,b € [F3, HaitjiéM Bce JIeMEHThI 1/1eaa (x2 + x4+ 2):

az® + (a + b)x® + (2a + b)x + 2b
0

2+ 2+ 2

202 4+ 2z + 1

4+ 2%+ 2

3 4+ 222 + 2

2 +r+1

223 + 222 + x

223 + 21 + 2

223 4+ 22 + 1

S

NN R~ = OO O

O —m O N~ O~ O

Aecm 6ur f(x) =24z +2 fz' +1=a(x)?
Torma  kparnaeie  f(x) cocrapar B R wmiead

(HOA(f (x), a(x))).
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3apaya 2.20. B nose F = Fqlz]/(a* + 2 + 2® + 3) nai-
mu anemenm, obpammuii x > +r+3.

Pewenne. O6parblii sseMenT K b = 22 + 2 + 3 HaXOIUM,
periasi ypaBHEHUE

£x4—|—x3—|—x2—|—3)-X(xl—l—(:pQ—l—x—l—S) cy(x) =1 (%)

=0

C IIOMOIIBIO PACHTUPEHHOTO aJiropuTMa EBkinga: um Oyjer
nosuHoM ¥(x). Beraucaars mommuoM y; () HET HEOOXO M-
MOCTH.
[Mar 0. 7 9(z) = a* + 23 + 2% + 3,

/) Nannmanuszanms

7”71(33) = '1:2 +x + 37

y—2(z) = 0,

y-1(x) = 1.

[Mlar 1. r_o(z) = r_1(z)qo(x) + ro(z),
/) Hemmwm r_o(x) Ha r_1(x) ¢ ocTaTKOM
q(r) = 2%+ 5,
ro(r) = 2x + 2,
yo(x) = y-o(r) —y-1(x)q(r) =
= —qo(v) = —2* — 5.

Mlar 2. 7 y(x) = ro(x)q1(z) + ri(2),
/) Hemum r_;i(z) na ro(x) ¢ ocrarkom
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Anroputm 3akaHunBaeT ¢Boio pabory Ha Illare 2, T.x.
crerenb 0 ouepeanoro ocrarka ri(xz) = 3 paBHa cTeme-
HI MHOTO'JIeHa B MpaBoil actu (*): 1 — muorouen 0-if
CTETICHH.

B pesyiibrare paboTbl aJIrOpUTMa, 1OJIyYE€HO:
(22 4+ +3)(42 + 62 +1) = r(z) = 3.

=y1(7)

Yrobbl  HaiiTw  y(x), HYXKHO JOMHOXKWTH ¥i(r) Ha

3_1 =7 5%
y(z) = 5yi(x) = 5- (42 + 62 + 1) = 62° + 22 + 5.

3apada 2.21. B noae F = Fjlz]/(2* 4+ 3z +3) wnatimu
0bpammyI0 K mampuye

[ 3r+4 r+2
M = ( r+3 3:U+2)'

Pewenune. [list marpuir pazmepa 2xX2 obparHas MaTpulia
3allACHIBACTCS B BUJIE

a b\ 1 d —b
c d ad—bc\ —c a )
1. Cravana Bbraucaum det M = ad — bc ¢ yuérom

2 =2+ 2:

det M = Bz +4)(3x+2) — (¢ +2)(z +3) =
=4 +3zx+3—-2"—1 =
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= 32°4+32+2 =32r+2) +3x+2 = 4o+ 3.

2. Haiiném obpaTublit K 4x + 3 3JeMeHT, pelias ypas-
HeHUe

(22 4+ 32+ 3) - x(z) + (4o + 3) - y(z) = 1.
C MOMOIIBIO PACITMPEHHOTO ajropurma EBkina;
[Mar 0. r_o(x) = 22+ 3z + 3, // Unuumnaiusanus

r_i(x) = 4x + 3,
y-2(x) =0,
y_1(z) = 1.
Mlar 1. 7 o(z) = r_1(x)qo(x) + ro(2),
/ Hemum r_o(z) Ha r_1(z) ¢ ocrarkom
qo(z) = 4z + 4,
7“()(37) - 17
wo(r) = y-2(x) —y1(x)g(r) = —qo(r) =
= —4dor -4 =z+1.

3. Bbrunciinm obpaTHyo MaTpuIly

1 r+2 4r+3\  [x+3 1
M _(x+1)(4x+2 3r+4 ) dr 3z )
IIpoBepka:

r+4 x+2 o r+3 1 -

r+3 3xr+2 4 3x )

_ Br+4)(z+3)+4x(x+2)

N (x +3)* + 42(3x + 2)
3r+4+3x(x+2)\
r+3+3x3x+2) )

o 2P+ +2 3P +4r 44\
T\ 32244 +4 422422 +3 )
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32 +2)+4r+4 42r+2)+ 22+ 3

:((1)‘1)).

3apava 2.22. Pasnootcums na Henpusodumovie MHOMCUME-
AU MHO20MNEH

B ( 2122 +2) + 2 + 2 3(2x+2)+4x—|—4) B

fl) =2+ 2+ 28+ 2t + 23 + 22 + 1 € Fafz].

Pewenue.

1. Cuauasia nbiraemest vaiitu kopuu f(z) B For 1o-
ayaum f(0) = f(1) = 1, u snaunr f(x) He mmeer KOpHeil
B F9 T.e. He mmeer JMHEAHBIX MHOXKUTEJICIA.

2. Hanee umiem jenurenu f(x) cpegn HEMPUBOMMbIX
MHOI'OYJIEHOB CTeIlleHn 2.
Takosbix naj Fo Tosbko oqun — 2 + 2 + 1.
[pu nenenwn f(x) wa 22 + x + 1, noayuaem
f(z) = (2* + 2z +1)
@+ 2"+t Pt a4 1),

g()

Henum uacrnoe g(x) na x> +x + 1
gir) =2’ + 28+’ + a2+t 2 P+ 1 =
= (@ +r+ )@@+t + 22+ 2+ 2+ 1)+,

He JleiuTCst Hanedsio, T.e. 2 +x+ 1 — pemarenn f (x) kpar-
nocrn 1.
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3. Henpupojaumbix muorodsenos 3-it crernenu Haj [o
ToibKo iBa: 20 4+ x4+ 1 u 23+ 22+ 1.
[Ipobyem nopemmts g(x) wa a° + z + 1:
A N R LR LR L R TN =
= (P +r+ D) +2°+2° 22+ 1)

~~

h(z)

— genurcs!
[IpousBosst masiee nonbiTky jesiernst h(x) Ha HEmpu-
BOJIUMbIE MHOTOUJIEHBI 3-f CTEIeHH, Moy IaeM

S+t 4?41 =
=P +z+1)- (@ +2® +2+1)+ 2%
6 . 5 .3 .2 (32 3. .2
v+t Fat 41 = (20 Fat 1) 2+ + L
[Tockonbky muorowren h(x) 6-oif crenenu He mMeeT je-

JuTeneit 3-it 1 MEHbIIUX CcTeleHel, TO OH SBJISIeTCS HellPu-
BOJIUMDBIM.

Orger: B Fy[x] cnpaseqnmBo pasnoxenue

flz) = a4+ 2%+ a8+t + 23 + 22+ 1 =
= (P +z+ D@ o+ D)@+ 423 22+ 1).

3apava 2.23. Hatmu noae xapaxmepucmurxu 3, 6 Komo-
pom mnozousen f(x) = 2°+x+ 2 € Fs[z] packaaduea-
eMCA Ha NUHETHBLE MHOHCUTNENU.

B dannom noae natimu 6ce wopru dannozo mHuoz04.ae-
Ha.
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Pewenune. 1. Haiijém passoxenune muorouiena f(r) Ha
HenpuBouMble MuOXKUTE M Hajl [ s.

e UMmewm kopuu: f(0) = 2, f(1) = 1, f(2) = 0.
[Tockombky * —2 =3 x+ 1, TO
flz) = (z+1)(2? + 22 + 2).

e [IpoGyem pasioxuth Muorouien g(z) = x2+2x+2:
on He umeer kopueit B 3, ero crenenb = 2 = ou
HETIPUBOJTIM.

e Oxonuarenvho: f(z) = (v + 1)(2* + 2z + 2) € F3lx].
2. UseecrHo, uro ecan g(x) — HENPUBOAUMBINA MHOIO-
e crernenu n Haj [, To on:

e B nojie csoero pacimpenust F' = Fp[z]/(g(x)) pac-
KJIaJIbIBAE€TCA Ha N JIMHEHHbIX MHOXKUTEJEH —

g(z) = (z—a)-(x — aP)- <:U — ozp2) T <:13 — cvpn_l) :
rJe (v — MPOM3BOJIbHBIN KOpeHb g(z) B F;

e He MMeeT KOpHeit Hu B KAKOM KOHEYHOM I10JI€, COJlep-
JKaluM MeHee, yeM P 3J1eMeHTOB.

3. Pacemorpum nose Fslx]/(g(x)) pacmupenus mmo-
rovsieHa g(z) = 2+ 22 + 2.

B stom noste eciin o — kopenb g(x), To n a® — Toxke
€ro KopeHb. Boraucisem:
o = —2a—2=a+1,

o =ala+1) =a’+a =2a+1

[Tocrpoentoe nose Fylz]/(2? + 2z +2) — conepaxur
HallJICHHBI paHee KOpeHb 2, mo3ToMy MHOrousteH f(z)
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B 9TOM IIOJIE€ DPaCKJIaJAbIBACTCA Ha CJIEAYIOIINE JIMHENHbIE
MHOXKUTEJIN:

fla2) =2 +2+2 = (x-2)(z—a)(z—-2a—1) =
= (x+ 1)(x 4+ 2a)(z + a+2).

4. Onpenenuth KOpHEH MHOTOWwieHa ¢(r) = (z —
a)(x — 20 — 1) B none Fslz]/(2® + 22 +2) serko:
BCErJla MOXKHO B3dThb « = &, OTKYyJa BTOPOH KODEHb
@ =2a+1=2x+1.

Orger: muorounen f(x) = x° + x + 2 umeer KopHH
2, z, 2z + 1 B none Flz]/ (2 + 2z +2) = GF(3?).

3apava 2.24. Hatimu m.M. 048 GCEX INEMEHMOE 3 NOAA
Fof(z* +z+1).

Pewenue.
B =0: my(z) = .
B=1m((z)=a+1
B = «: conpsikénnble ¢ a snementnl — o, ol a® u
ma(7) = (v —a)(z —a’)(z —a’)(z —a%) =

=a'+r+1.

B = o?: conpskénnbie ¢ o’ snements cyTh b, al?,

a? =ao’, ux MM, —

12) .

mes(z) = (z —ao?)(z — o) (z — ) (z — a
= gt + (a3 + ab + a’ + 0412) x3-|—
+ (a3a6 + a’a’ + aal? + aba? + oz6cy12+
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+0%a'?) 22+ (aPafa? + a*afal? + aPa®a? + afaa2) o+
+(a3a6a9a12) =2+ (@’ + (@’ + ) + (&’ + o)+
+ @+l +a+) 2+ ()2 + ()4 =
=t ++ P+ o+ 1

g = ad: €JIMHCTBEHHbIN CONPAKEHHBI C a® sjeMenT —

a? (rx. o® = a’), ux MM, —

mes(x) = (x—a°)(xz —a!%) = 2 + 2+ 1.

B = a': coupsxkéumble ¢ o smeMmentel — olf

a® = a3 o’ =all ux mm. —

mar(z) = (x —a")(z — o) (z — ') (z — ')

=2t 423+ 1

3agava 2.25. Hatimu  MUHUMAALHLIT — MHO20MAEH
m(x) € Fslx], xomopuwii umeem xopenv o, ede o —
NPUMUMUBHIT INEMEH NOAA

F = Fslz]/(z* + 2 + 2).

PeweHne.

1. UsBecTHO,  4YTO ~ MUHMMAJBLHBIH  MHOIOYJICH
m(x) B TONE XapaKTepUCTHKH 5 BMecTe ¢ KOp-
HeM o  COJepIKHUT  BCE  CONDSKEHHBIE € HUM

(a3)5 al®, (043)52 _ a75, (a3)53 = a3 u .

2_
2. B mone F oymer o ! = a*=1 = co-
HpsKEHHBIM ¢ o Gyjer Tosbko sjement ol (T,

a™ = o313 = o3). [losromy MUHUMAJIBHBIH MHOTOUJICH
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m(x) umeer cremenb 2 Kjacc, obpasoBaHHbI o

2KHT TOJIBKO JIBa 3JIEMEHTa 043 n 05151

m(z) = (xr —a®)(x —a'®) = 2% — (& + o)z + o',

cojiep-

3. Haiiném koaddunuentsr Maorowiena m(z) yaétTom
ol = —a—2=4a+ 3:
@’ =a-o® = alda+3) = 40® +3a =
= 4(4a + 3) + 3a = 4da + 2,
a?® = () = (4a+2)° = 4a° +2 =
= 40’ +2 = 44a +3)(da+2) +2 =
= 40’ +1)+2 = 4(da+4)+2 = a+ 3,
P +a® =4da+2+a+3 =0,
a'® = o’a’® = (4a+2)(a+3) =
= 4(4a+3)+4a+1 = 3.
Orger: m(x) = 2%+ 3.
Baanne: yoeuTech, 4TO0 & — MPUMUTHBHBII 3JIEMEHT
noJia F.

3apgava 2.26. Hatimu xopru MHO20MAEHA
f(x) = 2° +32° + 4z + 4 € F5[z).
Pelenne. Boraucnsiem  3Havenusd f(z) st
r €GF(5) = {0,1,2,3,4}:
f(0) =4, f(1) =2, f(2) =1, f(3) =0.
Takum obpasom, x = 3 — xoperb f(x).

Henst «yronkom» f(x) na fi(z) = x — 3 (uam na
z+2), noayunm a3 +3z°+4x+4 = (v —3)- (2? +x+2).
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[Tepebopom ssementoB x € GF(5) yb6exgaemes
f2(z) = 2* + 2 + 2 — HeNPUBOJUMBLH MHOTOUJICH.

B mone Fslz]/(2® +2+2) kopuu mHOrousneHa
fo(z) =0 cyrb {a:, :E5} ua?=—x—2=4x+3.

Beraucnisgewm:

7’ = (x2)2:z: = z(4r +3)* = z(2a® +4x +4) =
= r(dr +3+4x+4) = 2(3x+2) = 327+ 20 =
= 2v+4+42x = 4z + 4.
Orser: {3, x, 4x +4}.

3agava 2.27. Heasemesa Au MHO20MAEN
f(z) = 2* + 2 +2 € Fsla]

NPUMUMUCHbIM ?

Pewenve.  IlogcranoBkoit B f(x) Bcex seMeHTOB
0,...,4 nomsa b5 ybexjaemcs, 9TO JJaHHBIE MHOI'OYJICH
2-i1 CTeleHN He UMeeT JUHEHHBIX JeJUTeseil W, cae/ioBa-
TEJILHO, HEIIPUBOJIUM.

opsiyiok myabTuimkarusioit rpynmnsl GE(5?) ecro
25 —1 =24 = 23 3. OnpeeanM HOPAIOK JIEMEHTa €6 T,
Juist Kotoporo x2 = —x — 2 = 4z + 3.

[TockonbKy mpocTbie geautenn 24 cyTb 2 U 3, MpoBe-
pum pasenctBo ¢ =1 jus d € { % =12, 23—4 =38 }
meem:

ot =(2%)? = (4o +3)?* =2 +4o4+4 = ...
=342 # 1,
¥ =" = Bz +2)?%= 2 +2r+4 = ...
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.=3r+1+# 1.
o' =2t = B+ 1)(Br +2) = —2+ 4 +2 = ...
o= 441

CuestoBaresibino ordx = 24 u paccMaTpuBaeMblii MHOTO-
wien npuvurusen B none Fslz]/(a? + o + 2).
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[ naBa 3

Koabl, ncnpasnstolime
OLLKNOKW

3.1 DBJjokoBoe koaupoBaHue. Koabl X3aM-
MUHTA,

3ajiada IMoOMeX0yCTOMYINBOT0 KoaupoBaHud. [lo Ka-
HaJly C IIYMOM HPOXOJUT MOTOK OMTOBOH uHpOpMalUu
(mnm xpanuMasi uHGOPMATINS HCKAYKACTCS ), BCJIEJCTBUE
Yero BO3HUKAIOT OIIUOKH.

e Mosiesib omnboK: OUThI CjydailHO, HE3aBUCHUMO U C
PaBHBIMU BEPOSATHOCTSIMU MOTI'YT OKa3aThCsl WHBEP-
TUPOBAHHBIMU (080UYHBIT CUMMEMPUUHBLT KAHAA),
BCTABKU / BbINa/IeHKsi OUTOB HET.

e 3ajjaua: 00ECIIeUNTh ABTOMATHYECKOE HCIPaBJICHUE
OIMOOK.

[onxon k permernto (OJMH W3 BO3MOXKHBIX!):
1) BxomHO# mOTOK MHPOpPMAIMHA pPa3OUTh Ha coobuse-
HuA — Helepecekaromecss 0J0KKu (PUKCUPOBAHHOI
JUINHBL K;

2)  Kax/iplit 650K Koduposams (MopnduMpoBaTh) —
a) HEe3aBUCUMO OT JIPYIUX — 040K060€ K0JUPOBAHUE;
0) B 3aBUCMMOCTH OT HPEIBIIYIIUX — CEEPMOUNOE
WA Nomokosoe koduposanue (TypOO-KOIbL U Jp. ).
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HaJjiee paccMaTpuBaeTcst KCKJIIOIUTEILHO OJIOKOBOE KO-
JIIPOBAHHE:

e ecTb HAbOp Bcex coobwenutd S, ..., Sy, JIUHBL k
kaxoe (t = 2F), koropble Hy»)HO TepesaTh 10 Ka-
HAJIy CBSI3H C IIIYMOM;

e Jisi  oDecredeHusl IMOMEXO3AIUIIEHHOCTH BMECTO
TUX COODINEHUN IepealnT k0dosuie CA06a, KAXKI0e
JUIMHBL N > K, T.e. BBOAAT u30DiMOYHOCMD TIPU Tie-
penade nHPOPMAITUN.

Bosee ¢popmaibho:

K0od — UHBEKTUBHOE OTOOPaXKeHHe
. k n .
@{071} _>{071}7k<n7
Kodogwvie caoea — ODJACTH 3HAYCHUM

C =1Ime C{0,1}" xona.

YeM MeHblle u30LITOYHOCTL M = N — k 1 1eM OoJiblie
YUCI0 OHIMOOK, KOTOPBIE MOXKET HCIIPABUTH KOJI, TEM OH
JIy dIIIe.
dcno, aro 3T TpeboBaHUS TPOTUBOPEUAT JPYT JAPYry U
OJIHO JIOCTUTAETCS 33 CIET JAPYrOTO.

IlonsaTusa, cBa3aHHble ¢ Oy/ieBBIM KyOOM  — HAaIlo-
MUHAHWE U3 JIMCKPETHON MaTeMaTHKH.

e Hopma ||¥]| = uucio euHUIHbIX KOOPJMHAT B Ha-
bope 7 € B".
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e Mempurka (BcioMuHAEM, YTO ITO TAKOE) HA MHOXKE-
CTBE OMHAPHBIX HADOPOB — TAMMUHZ060 PACCTIOANUE
(® — cymma o mod 2):

0(w3) = a7

o [llap Xommunza ¢ uewmpom 6 & u paduycom v > 0:

Sy (o) = {BEB" | p(&,g)ér}.

Puvapd Yacau Xommumre

(Richard Wesley Hamming, 1915-1998)
— aMepUKaHCKUl MaTeMaThK, paboThI
KOTOpOTO B cdepe Teopun nHOpMaInu
OKa3aJii CyIIeCTBEHHOE BJIMSIHUE HA,
KOMIIBIOTEPHBIC HAYKH U
TEJIEKOMMYHUKAIIHN.

B 1950 r. onybsmmKoBaJ1 crocob MOCTPOeHHsT KoJia,
MCITPABJISAIONIEr0 OJIHY OMMOKY W HAa3BAHHBIII
BIIOCJIEJICTBUU €I'0 UMEHEM.

KomoBoe paccrosHmIe

Onpegenenne 3.1. MuHuMaJjabHOE PaCCTOSIHUE MEXKJLY CJIO-
Bamu Koja (' HasbIBaeTCs €ro K0006uiM PACCMOAHUEM,
CUMBOJINYECKH d.

V1eepxaenne 3.1. Mnoocecmso C obpasyem %od ¢ uc-
NPABAEHUEM HE MEHEE T OULUOOK, ECAU

Va,0eC:a+8 = S.@)ns.(8)=o.
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Llokazatenbctso. Eciu upu nepejiade coobIeHust o clea-
HO He boJsiee 1 OMMOOK, TO HAOOP ocTaHeTcs B mape S, ().
Ecau mapsl He mepecekaioTcst, TO KCKOMOe KOJIOBOE CJIOBO
o — Oyimkaiiee K MoJIydeHHOMY Habopy. O

Cneacteue. YV xoda, ucnpasasowezo r owubor, xodogoe
J J
paccmoanue doaxncno bwms ne menee 2r + 1.

Omnpejiesierre  KOJOBOIO PACCTOSTHUST [TPOU3BOJIBHOTO
koja C — Tpynoémkasi 3ajiada: Tpebyercs nepedpaTh Bce
2k(2Tk_1) nap KOJIOBBIX CJIOB, 9TO MPAKTUIECKH HEBO3ZMOXKHO
yxe ¢ k=50,

[TosToMy mpu HOMEXOYCTOMUMBOM KOJIUPOBAHUU HA
HEePBBIi TJIaH BBIXOAUT MPobJIeMa MOCTPOEHUsT KOJIOB C 3a-
JIAHHBIM KOJJOBBIM paccrossnueM. OHa pelaercs: Mpu uc-
noJib30BaHuu, HapumMep, T.H. BYX-K0/10B, KOTOpHIE OY/IyT

pPacCMOTPEHBI JlaJiee.

BiokoBoe KogupoBaHUE U JeKOAUPOBAHUE
Baoxosoe koduposarue — B3aMMHO-OJHOZHATHOE TIPE-
obpazoBaHne coODIeHn JINHBI kK B KOJIOBBIE CJIOBA, JIJIV-
HBI N > K.
Hexoduposarue — onpejeseHue COOOIIEHMsI 110 IPUHSI-
TOMY CJIOBY.

[Mpumep 3.1 (rpuBnanbHblii KOJ ¢ moBropernem k = 1,
= 3, d = 3). Undopmanus pasbusaercs Ha OJOKHU TI0
onHoMy Oury (T.e. qumabl k = 1 wu nepepatorcs t = 2
coobuienusi: Sy =0 u S; = 1).
Komuposanne 0~ 000, 1 — 111
ucrpapJjsier ogHy omubky. OHaKO Takoe KOJIWPOBAHUE
KpaitHe HeaPEeKTUBHO: JIJIMHA COOOIIEHUS yTPAUBACTCS.
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Tpusuasvhoili £K00-nosmopenue a — @. ..a, UCIPABJSET

2r+1
r OmudOK.

BanokoBoe kKomupoBaHme. DByjem obo3HavyaTh Karkjioe
coobmenne BekTopom-crosibnom u € {0, 1}

U
u = Ui, ..., Up — uHPoOpMayUOHHIE OUMDL

Uk

Onpegenerne 3.2.

® ¥ — KOJIOBOE CJIOBO JUIMHBI N = k + m, copepxKarliee
MOMUMO Kk UNPOPMAUUOHHOLT eIE U M Npo6epoH-
noix oum (pasdesumoe 6.40%060€ KOOUPOBAHUE).

e Muowectso {vy, ..., v;} Beex t = 2F xomommix
CJIOB JiuHbl N — (N, k)-k0d, nin, ¢ KOJOBbIM pac-
crosiaueM — (n, k, d)-xod.

e R=k/n— cxopocmv, m/n = 1 — R — usbvimou-
HoCcMb Koda.

BuiokoBoe kouupoBarue (orobpaxenne S — C) Bee-
IJIa, MOYXKET OBbITh OCYIIECTBJICHO C HCIIOJb30BaHUEM Ta0-
snnpl pasmepa 28 xn. OnHako Takoe «TabiInmdHOE» KOJU-
poBaHue BecbMa Hed(M(MEKTUBHO: 3HAUYECHUA N U Kk MOIyT
JIOCTUTATD JI€CSITKOB H COTEH ThICS.

[Tpu nepejade 1o KaHaJjy ¢ HIyMOM KOJIOBOE CJIOBO U
IpeBpallaeTcs B IPUHATOE CJIOBO W TOI »Ke JJIUHBL N

VvV — W=7+ e,
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rie e € {0,1}" — sexmop owubox:

1, ecnu B t-oMm OuTe 1pou3oIiLIa OIudKa.

e; =
‘ 0, ecanm OmMMOKH HET.

(n, k, d)-xkoy ucnpasiser e menee | (d —1)/2 | omubox.

JlekomupoBaHne KOIOB OOBITHO 3HATHTEJIHLHO CJOXKHEE
koguposanus’. Iexoauposanne (n,k,d)-koma OCHOBAHO
HA

e pasOueHun eguHuydHoro kyba B™ na k objacreit, co-
neprkaiux mapbl paguyca 7 = | (d —1)/2 ] ¢ nen-
TPaMU B KOJIOBBIX CJIOBAX;

® IIPE/IOJIOKEHAN, YTO MPOU3ONLI0 < 7' OIHUOOK.
3a/1ada 0 HAXOXKJCHUN OJIMXKANIIEro KOJIOBOTO CJIOBA
(obmmit corywait) ssasiercss NP-tpyaoit.
Buokosnblii (n, k) Kox: jiBa srana JeKOqHPOBAHHSI

KogupoBaHue ownbka Aexog.-1 - aekoq.-2
v w

(
N36bITOYHOCTL +e 6nux. kKop. cnoeo  ypaneHume nsbbIT.

1-it sTan: Boccranopyienne 1epejaHHOrO KOJOBOTO CJIOBA
v Kak Ommkaifimero Kk w B MeTpUKe X3MMUHIA —
HaXOXKJICHUE IEHTPa COOTBETCTBYIOIIETO IMTapa.
st aToro Haj0, BooOIIe roBopst, rnepedparh Bce 2"
c¢TpoK B 2" X k-rabiiuie KOoJIOBbIX CJIOB.

' /I3BeCTHEI, OHAKO, T.H. «IKCHAHIEPHBIE» KONBI C JIMHEHHOH CJIOYKHOCTLIO
JIEKOIMPOBAHMUSA, JIsT KOTOPBIX HEW3BECTHBI CYOKBAIPATUYHBIE AJTOPUTMBI KO-
JUPOBaHUSA, HO 3TO — ucKo4Yerne. OHU JAIOT JIYUITUil U3 W3BECTHBIX KOMIIPO-
MUCCOB MEXKJy CKOPOCTbIO Koma k/n, KomoBbiM paccrosiiueM d u ObICTPOTOM
JIEKOIMPOBAHUSI.
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Ecsin paccrostaue 1o Guivzkaiiiero renrpa imapa, (Ko-
JIOBOTO CJIOBa) TipeBbimaer Besuuuny | (d —1)/2 |,
TO MPU Tepejiave MPou30IIo 0oJIbIe ONMKMO0K, YeM
MOKET MCIPABUTh KOJ U TIPU JIEKOJUPOBAHIE HEOO-
XOJINMO BbIJIATb OTKas3.

2-it aTan: BoccraHoBjienne 1o ¥ HCXOIHOTO COOOIICHUS U
yTEM YIaJIeHUsT TPOBEPOYHBIX OWT.

BbiBoJi: jekojuposatue 6,10k0Boro (n, k)-koja obrero su-
J1a — OYEHb PECyPCOSMKHIA IIPOIECE, MOTOMY €r0 MCIO b
30BaHMe TaKUX KOJIOB BO3MOXKHO JIMIIL NPU HEGOJIbIINX
3HadeHusgx n u k.

OjHaKO, TPUHSAB PsJi JIOHNOJHUTEJHHBIX OIPAHKIE-
HUIl Ha MHOXKECTBO KOJIOBBIX CJIOB, MOXKHO MEpeidTH OT
SKCITOHEHI[MAJIbHBIX TPEODOBAHUN 110 TaAMSITH JIJIS Xpa-
HeHus KOJa © IO CJIOXKHOCTUA aJITOPUTMOB KOJIUPOBa-
HUST/ JIEKOJIMPOBAHYsI K JIMHEHHBIM 110 1 1 k.

Syl OorpannvdceHusd INpuBOAAT K MCIIOJIb30BaHUIO 0JI0KO-
BbIX KOZOB CII€EIUAJILHOI'O BUJd: I'DYIIIIOBbIX, a U3 I'PYIIIIO-
BbIX — IHUKJ/IMYECKHUX.

Y100bl HOCTPOUTH KOJi MAKCUMAaJIbHOI'O pa3Mepa, UC-
IPaBJIAIONINNA 7 OMIMOOK, HYXKHO BJIOXKUTH B €JIMHUYHBIN
kyO6 B" MakcuMaJibHO BO3MOXKHOE UKCJIO HelepeceKaro-
IITUXCS IIapOB PAIRYCa T — 3a0a4a NAOMHOT YNaKkoeKy.

Bompoc: Ilpm kakux n u r B Kyd B" MOXHO yJIOXKUTH
HEllEPeceKalonecs Iapbl Pajiuyca 7  <«ILJIOTHOY,
«6e3 3a30poB» !
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Orger: Takoe ynaércs B (HeTPUBHAJIBHBIX) CJIydasiX:

1) n=21—1,r=1— xodw Xommunza, y vux
m=q n
2) n=23,r=3— xo0d [osea, k Hero m = 11.

D10 COBEPUWEHHDILE NIIN IKCITNPEMANDHDLE K0duL.

TpusunajibHble KOJbIL:
e (1n,0,0) — ¢ 2" KOJOBBIME CJIOBAMU;
e (2r+1,1,r) — ¢ HOBTOpEHUEM HEYETHOI JIJIHHBI;

e (n,0,n).

Teopema 3.1 (Xammutra). IIpu 2r < n wmakcumasvhnoe
yucao t kodoswvlr cao6 Haxrodumces 6 npedesax

2" 2"
<t < :
CY+CL+...+C7 CO+Cl+...+Cr

LokazatenbcTBo. t ecTh MaKCUMaJIbHOE YUCJIO HellepeceKar-
IOITUXCS MAapOB pajinyca 1, MOMEIIAIONUXcS B Kyoe B".
BepxHsisi onjenka (rpanuiia XoaMMUHIa) — IIap pajiv-
yca 7T COJEpPXKHUT TOYKU: CaM IEHTP + BCe TOUYKH C O]
HOM, IBYMS, ..., T U3MEHEHHBIMU KOOPIMHATAMH, T.€. BCETO
CY+Cl+ ... 4+ C" mTyk u mapbl He TEPeceKaloTes.
st orleHKn cHE3Y TIOCTPOUM HETrpyIoBO# KOJI:
1) ©GepeMm mpOU3BOJILHYIO TOUKY B’ U CTPOUM BOKPYT
Hee 1ap pajuyca 27;
2) GepeM MPOU3BOJLHYIO TOUYKY BHE TIOCTPOCHHOTO IITa-
pa M CTPOMM BOKDYT Heé miap pajuyca 2r;
3) ¥ T, KaxK/ias HOBas TOYKa BHIONPAETCs BHE OCTPO-
eHHBIX ITapOB.
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B pesyJibrare:

@ IIapbl, BO3MOXKHO, MEPECEKAIOTCH, HO KaxKIbII Iap
zanumaer CV+ Cl 4 ...+ C? Touek = mapos He
menee 2"/ (CO+ CL+ ...+ C¥);

e IIapbl PAJIMyca 7 ¢ IMEHTPAMU B BBIOPAHHBIX TOUKAX

HE IepeCceKatOTCA.

o

Iocrpoenne koma Xommunara n =29 —1,r = 1.

[Tokakem, aTo B ciyuae n = 279 — 1 momyumm t =

O

277,

1+n?

T.€. BEPXHsisl OIIEHKA B TeopeMe XAIMMUHIA, JJOCTUTAETCS.
[TocTponm Ko, a MOTOM OIPEJIEIIM €T0 KOJIOBOE PACCTOsI-

Hue. PaccMorpum TadsuiLy:

100...000 1100...000
010...000 1010...000
001...000 1001...000
k=29—(q+1)
000...100 1111...101
000...010 1111...110
000...001 1111...111
k=21 (g41) g=m

CreBa — equnudHas MaTpuiia nopsyka 29 — 1 — q),

cipaBa — Bce OMHApPHBIE HADOPBI JIJIMHBL @, COJEPXKalne

He MEHee JIBYX €JIMHUIL.
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[TpocymMupoBaB BCEBO3MOXKHbBIE COBOKYITHOCTU CTPOK

Tabsunel, nonyunm t = 2F = 221=(g+1) Pa3JIMIHbBIX KO-
JIOBBIX CJIOB, HO
22‘1—1 on
t —_— 22q7(q+1) f— f—
24 1+n

Haiiiém komoBoe paccrosinie moCTPOEHHOIO KOJA:
® B KaXKJIOi CTPOKe Tab/IUILI — HE MEHee 3 €JIMHUIIL;
® CCJIN CJOXKUTh

JIB€ CTPOKH — B JIeBOIl dacTu Oyjier 2 €JMHUIIBI, a

B 1IpaBoit — xorst Obl 1,
He MeHee TPEX CTPOK — B JIEBOI YacTu OyJeT He Me-

Hee 3 €JIMHUIIL.

T.e. Bcerma p <&, E) >3 = mApbl eJAUHATHOTO PANYCa
C HEHTPAMK B TIOJYYEeHHBIX HADOPax He MePeceKaroTCs.
[Mpumep 3.2 (xkom Xovwmumra juabl 7). Umeem g = 3,
n=2-1=7 k=2"—(3+1) =4,

st maHHOTO mapaMerpa ¢ = 3 COCTaBUM TabJIUILy KOJA
X9MMuUHTA:

1 0001 10
01001 01
00 10j0 11
0001|111

CrkutajipiBast 10 mod 2 Bce COBOKYIHOCTH TTPUBEJIEH-
HBIX 4 CTPOK (BKJIOYas IycTyio), noaydaem 2 = 16 pas-
JIMIHBIX OMHAPHBIX CJIOB JUIMHBI 7, KOTOPHIMA MOYKHO 3a-
KOJMPOBATL 16 coobmenwmii.

DToT KOJI cojiepkuT 1mo 1 cjoBy Beca O u 7, mo 7
cjoB Beca 3 u 4; ucnpaniisier 1 omubky, obHapyKuBaer
2-, 5-, 6-xparnbie ommbku 1 80% 3- u 4-KpaTHLIX.
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Huci10 KOJIOBBIX CJIOB KOJIa XIMMUHIA ¢ PA3IUIHBIMA
BeCaMU eCTb KO3(DMHUITUEHTBI NPou3sodau,e20 nosHOMA

Wi(z) = nil (42 n( )7 097 ]

Haupumep, juist n =7 nojydunm

W(z) = %[(1+z)7+n(1+z)3(1—z)4} —

= 14754724+ 27,

T.e. y2Ke U3BecTHble 3Hadenusa 1, 7, 7 m 1 ajsa dncia Ko-
JoBBIX cyioB Beca 0, 3,4 u 7 COOTBETCTBEHHO.

Asnstercst u KogoM XeMMUHTA TPUBHATBHBIA (3, 1)-Kom?

Mapceawv T'oaeti

(Marcel J. E. Golay, 1902-1989)

— mBefnapcKuit MmareMaTuk u (pusmK.

B cBoeii enuHCTBEHHONE pabOTe 10 TEOPUH
urdopmain (1949) nperoxun

COBEPINEHHDBIA JIBOUYHDLIA KOJI, UCIIPABJIAIOININI TpH
OTITHOKH.

B xoze kocmuueckoit mporpamMmbr CIITA
Boadoicep (1979-81) mus mepegasn
nBeTHBIX u300pakenuii KOmurepa

u Carypha ucnosbzoBascs koj Losest.
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Kon Tomes — (23, 12, 7)-kom. M. Toseii obnapyxu,
qTO0

0 1 2 3 _ oll
Coy+ O3+ Cy3+Cgy = 27
00bEM Lual;z; pagmyca 3

DTO MO3BOJIMJIO IIPEIOJOXKUTh, YTO CYIIECTBYET COBEp-
[MIeHHDBIA COEePKAIUI

223

t = == = 2% = 4096

911
KOJIOBBIX CJIOB coBepIeHHblil (23, 12, 7)-Koj, ucrnpasisi-
fommit 10 3 ommbok, u M. [oseit B cBoeit crarhe ykaszal
TaKOM KOJI.

JHokazano, 910 Apyrux map (n, 1), yI0BIETBOPSIONAX

YCJIOBUIO
27’L

CO+...+Cr

— IeJIoe,

kpome (27 — 1, 1) — koj X9MMHUHTa W TPUBHAJBHBIX
(n,0), (n,n), (2r+1,r), r=1,2,... He cymecrByer.

3.2 JImHeiiHbIe KOIBI

JluHeilinble KOJIbI: OIIpeeJieHne, CBOMCTBA

Bonpinas 4acTb Teopunm OJOKOBOTO  KOJMPOBAHUSA
MOCTPOCHA HA  AUNETUHLT KOJAX, MO3BOJIAIONIUX pPe-
aJIn30BbIBATh  3(P(PEKTUBHBIE — AJTOPUTMbI  KOJMPOBa-
HUST/ ICKOIMPOBaHKsi. B JBOMYHOM cilydae UX HA3BIBAIOT
2pYNNOBLLMU, T.K. OHM 00pPA3yIOT IPYHILY OTHOCHTEJHHO
orepaluu «cyMma mo mod 2.
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VTeepxaeHue 3.2. VcroiidauBasi omnocumenvbHo 0nepayu
+ (cymma no mod 2) cosokynmnocmo xodosvix caoe C 06-

pasyem 2pynny.
/lokazaTenbcTBoO.

YeroitunBocTsb (Ipegmosaraerest):  Jiis JOOBIX  KOJOBBIX
cnoB a, f € C Bomonnsercss a @ =7 € C;

AcconnaTuBHOCTD:  CBOMCTBO omeparun P ;

Cymecrsoarne 0: a@a = (0,...,0) = 0 € C;

~ ~

HpOTI/IBOHO.HO}KHbIe AJIEMEHTBhI: —& = ( — CM. BbIIIIC.

O

Teopema 3.2 (CBOWCTBO KOZOBOTO PaCcCTOSIHUS FPYMMOBOro
koga). Kodosoe paccmoanue d 2pynnosozo koda pasho

d = min p (& 5) = min|],
a5 340

2de a, Bu vy — xodosvie caosa us C.

Lokazatenbctso. J1jis1 IpOU3BOILHBIX KOJOBLIX CJIOB Qi 3
BCeTJla CYIIECTBYET UX CyMMa — KOJIOBOE CJIOBO 7:

p(@B) = |ae s = 1Al

npudeM 7 # 0 npun & # A.

Orciojia moJiydaeM ONEeHKY min p (62, ﬁ) > min [|7]|,
ap 740

~

KOTOpasi gocturaercs, Hanpumep, npu 3 = 0. 0
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Cneacteue. Jlaa svivucienus 0006020 paccmosnus 2pyn-
106020 Koda docmamouno nepebpams 28 —1 xodosw caos.

{0,1}" = B™ ecTb n-MepHOE KOOPJIMHATHOE BEKTOPHOE
IIPOCTPAHCTBO Ha,l KoHeunbiM 1ojieM Fo = {0,1}.

Onpegenenne 3.3. Brokossiii (n, k)-kox C' HazbiBaeTcs
AUNETHDLM, €CITH OH 006pa3yeT BEKTOPHOE ITOJIMPOCTPAHCTBO
pa3MepHOCTH k KOOPIMHATHOTO TpocTpancTBa B

9TO0 03Ha4aeT, UYTO B JHHEeHOM Koje C —

1) CYyMMa, JIIOOBbIX KOJIOBBIX CJIOB — KOJIOBOE CJIOBO, T.€.
9TO I'PYIIOBOH KOJI;

2) komoBoe paccrosinne d = min ||¥]];
~veC

3) cymecrsyer 6asuc { go, g1, - -, gk—1 ; U3 k BekTO-
poB g, € B", i« = 0,...,k — 1, u 11000ii BeKTOp
v € C' MoxeT ObITh NpeJicTaBIeH Kak

k-1
v = Zuigi, u; € {0,1}.
i=0

Ilopoxkmatoniass u mpoBepoYHast MaTpullbl. .JInHer-
HBIH KOJ: MaTpHu4YHOE IIpEICTaBJIEHUE
k—1
v =) g = Gu, e Gur = [gog1 ... gr1]

i=0
— NOPOAHCOMOULAA MAMPUYA KOJIA.

[Mpumep 3.3 ((7, 4)-kox Xammunra). Panee Obuia mosyde-
Ha TabJIMIA, CJIOXKEHHEM CTPOK KOTOPOM IIOJydaroTCs BCe
2% = 16 KOJIOBBIX CJIOB. [Topoxk jaromiasi MaTpuIia, Moy da-
eTCsl TPAHCIOHUPOBAHUEM 3TOH TaOJNIILL:
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— TOPOXKIA0IIasl MATPHUILA,
B cucmemamuseckot opme:
[IPU KOJUPOBAHUN HCXOJIHBIE

COOOITEHHST TTIOMEIAIOTCS B
nepBbie 4 OUTa KOJOBOI'O CJIOBA,

Q

X

>~

|
O R = OO oK
o RO OO
=0 OO = OO
— === O OO

IIposepounas mampuvua H,y,xp,, m = n — k st jim-
nefinoro (n, k)-koma obmamaer coiictreBom Hv = 0 g
JIIOOOTO KOJIOBOT'O CJIOBA V.

ITycty I u I, — eUHUYIHbIE MATPHUIILI TOPAJIKOB Kk 1
m cooTBeTCTBEHHO. Toraa ecianm mopoXKIaioast MaTPUILa,

I
mek
OyJieT MPOBEPOUHOIA.

umeer sun G = [ ], To Marpunia H = [mek Im]

[Mpumep 3.3 (npogoskenne — (7, 4)-kox Xommunra). s
IIOCTPOECHHON mopoxkaatorieit MmaTpunbl (G7y4 HIpPOBEPOU-
HO¥T OysieT

H3><7 —

O = =
_ O =
_ = O
—_ =

1
0
0

S = O
o O

Vupaxxknenne: 3akonupyiite marpuieii G Kakoe-HHOYIb
4-6uTHOE COODIIICHHUE, TOJIYUYUB KOJ ¥, W YOCJIHTECh, UTO

Hv = 0.
XapakTepuCcTukyu Kojia, XoOMMHUHIA:

e Ko cojiepxkaliiuii ¢ = m 11poBepoUHbIX OUT, JIJIMHbI
n = 2" — 1, ucnpaBJdIONINil OJHY OIIHOKY.
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e CoBepriieHHBIH — KOJ ~—  OCYIIECTBJISIET  TLJIOT-

HYI0O yHakoBKy: KyO6 B2 ~! pasbuaerca Ha
_ 2" 92— (m+l _

t = o3 = 2 (m+1) mapos pagmyca r = 1

¢ IIEHTPaMHU B KOJIOBBIX CJIOBaX.
e Ckopocth Kozta — R=1— 5.

e (C'Tos101IBI TPOBEPOYHOH MATPHI[HI — BCE HEHYJIEBBIE
BEKTOPHI U3 2.

e lcropuueckasi cnpabka. [leppoit 9BM, B koTOpOIi
UCII0JIB30BaJICS Ko, XaMmmunra, oblia IBM 7030, mo-
crpoernas B 1960 1. (depes 10 Jier mocsie mnosipiie-
rns koma Xammunra). o sroro 8 BT ncnonszosad-
Cs JIMIIb IPOCTEHIIHI CI1I0cO0 MOBBIIICHUS HA/ IeXKHO-
CTU — NPOBEPKA MG LEMHOCTD.

3.3 KojaupoBaHue JiuHEeAHbBIMHI KOAaMu

K00UPOBAHUE
U v=Gu

n30bITOYHOCTD

Haubousiee ynobHo cucmemamuveckoe Wi pasdesumoe
KOJIMPOBaHUE, 11pU KOTOPOM Kk OUT cOODIIEHMST KOIUPYIOT-
cd B 3apanee (DHKCHpOBaAHHbBIE MO3UITAN KOJIOBOTO CJIOBA.

Takasi BOBMOYKHOCTH OCHOBaHa, Ha TOM, UTO MAaTPHUIA
(G ompejiesieHa ¢ TOTHOCTHIO JI0 AKBUBAJEHTHBIX 1peodpa-
30BaHmii CTOONOB (MEpexof K JIpyroMy Gasucy Toro xe
KOJIA).

[Mpumep 3.4 (cucremarnyeckoro (pasjesmuMoro) Ko uposa-
HUS).
IlycTh MHEeHDBIM KOJI 3a/laH OpoXK patoiieil Mmarpunein G.
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1. C mnomompio 3SKBUBAJEHTHBIX IPEOOPA3OBaHUIL
crosibnoB MaTpuna (G MOXKeT ObITH NpPUBEJEHA K BHUIY, B
KOTOPOM IIepBbhle k ¢TPOK 00pas3yioT eIMHUIHYIO MaTPUILY

I
k I

ank‘ — ank = )z N
mx

2. Torma xKogupoBanme v = Gu OyzeT cucreMaTude-
CKUM: TIepBble k OUT KOJIOBOI'O CJI0OBA ¥ SABJISIOTCS OMTAMUI
HCXOJIHOTO COODITIEHNSI U.

Bormpoc: 1uTo npousoiiiéT npu mepecTaHoBKe CTPOK KO-
JINPYIOIIEH MaTPHUILbI?

Orer: Byner 3aman gpyroi JHHEHHBIH KO (;prme
HAOOpB! U3 B" OyiyT KOJOBBIMU CJIOBAMH).

[Ipu cucremaTnueckoM KOIMPOBAHUHM 2-fl 9TAIl JEKO-

JupoBatus (yjanaeHue u3dbITOYHOCTH) CTAHOBUTCS TPUBH-
AJILHBIM.
OproronaJjpHOE JIONOJHEHHE K MOJIPOCTPAHCTBY KOJIA.
Nrak, C' — k-mepuoe nomnpocrpancrso {0,1}" = B".
Quementnl B", oproronajbHble KO BceM vmementam C', 00-
pasyioT opmozonaavroe nodnpocmpancmeso CL:

Vo Vw: vI xw = 0.
c ct

SamedaHust:
no__ 7 . 1.
o B" =dimC+dimC—;
n k m=n—k
o CUCt # B" 1e. B" — ne ecmv npamas cymma
nopnpocrpancts C u C*;

® IIPOM3BOJILHBINM BeKTOp U3 B MoxKer He pasjiaraTb-
Cs1, WM PA3JIaraTbCsl HEOJHO3HAYHO, B CYMMY BEKTO-
pa u3 C u Bextopa nz C*.
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Onpegenerue 3.4. Ilycrs {hg, ..., hy1} — 6asuc C,
h,e€ B", + =0, ..., m— 1. Torna marpura
BT
hi
men - :
|1

HA3bIBAETCsT NPosepounots mampuuetd koma C.

dcno, aro
e Vve (C: Hv = 0 — HyJleBoit m-MepHbIil BEKTOD;
e HG = O — nynenas (m X k)-marpura;

® IIPOBEpPOYHAsT MATPUIA ONPEJIEJIEHa ¢ TOYHOCTHIO JI0
9KBHUBAJICHTHBIX IIPE0OPa30BaHuii CTPOK.

Hanpuwmep, ecu nuneitnsiit Kog C' 3a1aH UCXOTHOM 11O~
poxkrafomieit marpuneii G ¥ MOCTPOEHA MATPHUILA

- I,
G =
ok [mek:| ’
TO poBepouHoii Marpureit H koma C Oyner

men - [mek Im}

JleiicTBUTEIHHO, B 9TOM CJIydae

I

Hv = HGu = [Py In] % [mek

] = (P+ P)u =
= Ou = O.
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Taxum 0Opa3oM, JUHEHHBII KO JJIsi COODICHUN JIJIMHBI
k wmeer jnuny n = k 4+ m u 3a7a6TCA
oo ropoxtatoreit marpuneit H pasmepa nxk,
b0 1mpoBepodHoi Marpuiieit GG pasmepa mXxn.

DT MaTPHUIIBI ONPEJEJEHbl ¢ TOYHOCTBIO 10 IKBHBAJEHT-
HbIX 1peoOpa3oBaHuii cToJIOIOB U CTPOK COOTBETCTBEHHO,
9TO COOTBETCTBYET BBLIOOPY Pas3JIHUHBIX OA3HCOB B IPO-
crpancreax C' n Ct, onnako ¢pukcupoBanme HO3UIHI HH-
hopMAaIHOHHBIX OUT ITPH CHCTEMATHICCKOM KOJHPOBAHIHI
3818 TTOPOXK/IAOIIYI0 U [IPOBEPOUHYI0 MATPHILY OJHO-
3HAYHO.

YBenuueHne m BEIET K YBEJIMUEHHIO KOJOBOTO pac-
croguus d (KaK KOHKPETHO — TPYJAHBII BOIIPOC) H, CJie-
JIOBATEJILHO, K YBEJIMUYEHUIO KOJMIECTBA, OLIKOOK, KOTOPbIE
MOXKET MCIPABUTH KOJI.

[Mpumep 3.5 (KomupoBaHusi HJIOKOBBIM JMHEHHBIM KOJIOM ).
[Tycrs jan gunedinniii (6, 3)-kox C' 3aj1aH OPOXK TatoIeit
MaTpulen

= =0 OO

1
1
0
1
0
1

O = = == O

Tpebyercst:

1) ¢ uCHONIBL30BAHUEM JIAHHOIO KO/l OCYIECTBUTD
(a) mHecucremarmieckoe n
(6) cucremarnieckoe KojMpOBAHUE BEKTOPORB

u = [0117 uuy = [101]7;
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2) mocrpouTh MpoBepouHyto MaTpuity H Koja;
3) OmpesesnTh KOMOBOE PACCTOAHNE d JAHHOIO KOJIA.
1(a). Hecucremaruveckoe KOJUpOBaHUE HAXOIUM

HENOCPEJICTBEHHO (TOJIbKO 3-#f 6uT coobIeHust nepeiiiér
B 1-if OUT KOMOBOTO CJIOBA):

[vivy] = GXx[uyuy| =

O R = = =)k O
_— = _= 0O O O
_ O =
I

— O R ORKR ~
X
— = O

O R OO ==
—__ 0 = O

1(6). Mg cucTreMaTwvIecKoro KOAMPOBAHUS C TOMO-
I[HI0 9KBUBAJIEHTHBIX T1PE0OPA3OBAHNUI CTOJOI[OB BHIICINM
B Mmarpuiie G eIMHUIHYIO HOJMaTpHUIly pasmepa 3X3
(HaJ CTPEsIKOi YKa3aHO MPOBOJMMOE PEOOPA30BAHIE HA/
crosnbramu):

= = O OO
— O, O~
— =0 O O

—_— O O = = O
— O~ O K

O = == O

B nocjejneit marpuie B crpokax 3, 5 u 1 crout eju-
HAYHAs MMOJMATPHUIla — 9TO NPHUBEJET K TOMY, 9TOo 1, 2 1
3-if OUTBI MCXOJHOIO COOOIIEHMSI TIOCJIE0BATEILHO IIepeii-
ayT B 3, 5 u 1-it GUTHI KOJAOBOI'O CJIOBA.
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Haiiiém cucremaruyieckoe KOAUpPOBaHUE U1, Us:

_— o O == O
_ = _ 0 OO
—_ O R Ok =
X
——= O
_ O
I
O = OO = =
OO = = O

2. Haxopum nposepounyto marpuily H, dopmupyst
MaTpuIily Psxg w3 ¢cTpok (G, OTJIUYHBIX OT CTPOK C €JIH-
HUYHOW TTOMAaTPHUIICH:

Psy3 =

_— o =
_ = O
—_ =

11 mocTpoenns NpoBepodIHOi MaTpuIlbl H HY>KHO

® 110CJIe/IOBATE/ILHO pa3MecTuTh cTojionpl P B 3, 5 u
1-M eé cTosb1ax COOTBETCTBEHHO,

e ocrajbHble 2, 4 u 6-ii croybipl H j107KHBI 00pa-
30BBIBATH €JMHUUIHYIO MOJIMATPHILY.

B nTore moyiyauM IpOBEPOIHYIO MATPHUILY

111000
Hs3.6 =11 00110
101011

Basuc C cyrb crobus marpuipl G (i G), a 6asuc
C+ — crpoku marpuisl H:
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00 1 001 111
10 1 101 100
ltoo] =~ |too0 r 101
G=l1al “= o1 T =lo1o
110 010 011
01 1 11 1] 0 0 1]

Véeanrecn, uto HG = HG = 0 — nynesas (3 x 3)-

MaTpHIla.

[IpoBepum, 4T0 B pe3ysibrare KakK CUCTEMATHIECKOIO,
TaK U HECUCTEMaTHYECKOI'O KOJMPOBAHUI ObLIM JIeiCTBY-
TeJIbHO HaliJleHbl KOJOBbIE CJIOBA.!

1 111

Liaooq 101
Hx[v]vivivy] = L0011 10IxI00g (=

101011

1110

010 0

(0 0 0 0]

=100 00

000 0]

3. Haiimem xomoBoe paccrostnue d. st 3TOro 3akKo-
JaupyeM Bce 23 = 8 coolliennil 1 HailJileM MUHUMAJIbHbIIT
HEHYJIEBOI X3MMUHIOB BEC KOJOBOTO CJIOBA:

~

C = ['Ul...’vg] = GX[’U,l...’U,g] =
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0 01
183 00001111
=101 1% 00110011 =
010 01010101
111
(0101010 1]
wy, ..., Ug — Bce 8
BO3MOXKHBIX COOOIIEHUI 01011010
’ 00001111
vy, ..., Vg — BCEe 8 _
BO3MOXKHBIX KOJIOBBIX CJIOB. 01100110
_ 00110011
Oxazajsocy d = 3
01101001

3.4 JlekoaumpoBaHUe JUHEHHBIX KOJI0B

Merospl JieKoIMPOBaHUsT JIMHEHHBIX KOJOB OCHOBAHDI
Ha TPEJIOJOXKEHUN O MUHUMAJBLHOM YHUCJIE IIPOU3OIIE]I-
MUX ONMIMNOOK.

TpuBuaabHblii MeTon. IlycTh mepemgano KomoBoe CJio-
BO v, a IPUHSITO CJIOBO

w=7v+e.

XOoTsi B 9TOM PaBEHCTBE M3BECTHO TOJILKO w, HO v € C

1, 110 IIPEJIIIOJ0XKEHNI0, BEC BEKTOpa OIIMOOK € MUHUMAa-

jen. IToaromy nepebupas Bce KOJIOBbIC CJIOBa MOXKHO Bbl-

YUCIATH BEKTOPHLI OMMOOK €; = w + v;, ¢ = 1,2% u BoI-

OpaB ej Takoii, uro k = arg min ||e;||, BoccranosuTh cio-
1

BO U = w + ey,
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Acho, uro Takoit mMeroj Tpedyer XpaHeHUs TabJIUIlbI
BCEX KOJIOBBIX CJIOB pasMepa 1 X 2F u peanusaruu aJro-
pUTMa HaXO0XKJICHUS BEKTOPA OINMOKU MUHUMAaJILHOTO BECA.

UsBecrhnl 60J1ee adeKkTrBHbIE METO/IbI JIEKOIUPOBa-
HUS JIMHEHHBIX KOJIOB, OCHOBAHHBIC Ha MCIOJb30BAHUU II0-

HATUA CI/IH,ZLpOMa,Q.

Cunnapom. /lekogmpoBaHue JIMTHEHBIX KOJIOB

Onpegenenne 3.5. Cundpomom caosa w € {0, 1}", npunsi-
TOIO 1PU 1epejiade CoODIEHKs, 3aKOANPOBAHHOIO JIMHET-
HbIM (7, k)-KOZIOM H, BO3MOYKHO, COJIEPYKAITErO OIUOKH,
Hazosém Bekrop 8 = Hw € {0,1}", rne H — uposepou-
Hasi MaTpuiia, m =n — k.

CroiicTBa cUHJIpOMA:

e s=0 <& w — KOJOBOE CJIOBO®;

e s=Hw=H(v+e) = Hv, + He = He.
—0

Orciojia sicHO, 94TO BEKTOP OLIUOOK € YJIOBJIETBOPSIET HEOI-
HopoHoi nenoonpegenentoi CJIAY

He = s, ()

a KOJIOBLIE CJIOBA SIBJIAIOTCA PEIICHUSIMUA COOTBETCTBYIOIIEH
OJIHOPOJIHOM CUCTEMDbI

Hv = 0,

2 Cundpom — COBOKYITHOCTDL STBJICHHIH, BHI3BAHHBIX OTKIOHEHWEM OT HODMEIL.

3Tounee, s = 0 03HAYAET OTCYTCTBUE ONMOOK OTPEIETEHHOTO THIIA, a He UX
OTCYTCTBHE BOODIIE; 3TO 3aMeYaHWe OTHOCUTCS W K JIEKOJMPOBAHUIO BCEX DaC-
CMaTPHUBAEMBIX JaJjiee KOJIOB.
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(MJIH, MHBIMU CJIOBAMU — $IJIPOM JIMHEHHOTO Mpeobpa3oBa-
nng H :{0,1}" — {0,1}™).

Takum 00pa3oM, BEKTOP € MOXKET ObITh IpeJICTaBJIeH
KaK JYACTHOE pellleHne € HeOIHOPOHOMN CHCTeMbI (%) 1 00-
mee pemrenne GU COOTBETCTBYIOIIEH OIHOPOSHON —

e = e+ Gu.
¥ CPejld BCEX BO3MOXKHBIX BEKTOPOB € HEOOXOJIUMMO Bbi-
Oparh UMEIOINi MIHUMAJbHBIN Bec.
Cxema, JIeKOIHPOBAHMUST:

w

s=Hw —— e=e+Gu —— v=w+e
He=s |l e]| —min

JlekommpoBaHme M0 CUHAPOMY. [locKOJIbKY U 1IpuHsi-
TBIi BEKTOP W, ¥ COOTBETCTBYIOIIUI €My BEKTOD OIIMOOK
€ WMEIOT OJIMHAKOBBIE CHHIPOMbI, MOYKHO MOTTBITATHCS BOC-
CTAHOBUTb HEU3BECTHBLI BEKTOP €, UCIOJIb3ys TOT (PakT,
ITO OH SIBJISIETCST PEIEHUEM CHCTEMbI ().

11 9TOr0 HY>KHO COCTABUTHL CAOBAPL CUHOPOMOE —
TaOJINILY, CTPOKW KOTOPOI COOTBETCTBYIOT BCEM BO3MOXK-
HBIM CUHJIPOMAM 81, ..., Som, & KaXKJasi CTPOKaA COJIEPIKUT
HauboJ1ee BepOSTHBIH BEKTOP OIIHOOK, JJAHHOMY CHHJIPOMY
COOTBETCTBYIOIIHUI. DTOT BEKTOP JIOJXKEH UMETh HaWMEHb-
WA BEC CPEJIN BO3MOXKHBIX DEIIeHUil CHCTeMbl (%) JIIst
JIAHHOTO 8 W €ro Ha3bIBAIOT AUJEPOM KIACCA BEKTOPOB
OIMMOOK, NMEIOINX OOIHit cuuapoM S. Ecin Takmx BeKTo-
POB MUHUMAJILHOTO BECA HECKOJHKO, TO B KATeCTRE JIUIEPa
MO2KeT ObITh BbIOpaH JIIOOON U3 HUX.

Takum 0Opa30oM, JaHHBIH METOJ IOTPedyeT XpaHEeHUS
[IPOBEPOUTHON MATPHUIBI pa3Mepa, 1M X 1, CJOBaPs CUHJIPO-
MOB pa3mepa 2™ Xn, HO He TpeOyeT HaxO0XKIeHUsI BEKTOPOB
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OIMOOK MUHUMAJILHOI'O BECa, (OHI/I y2Ke HallJeHbl Ha 3Talle
IPOEKTUPOBAHMUSI JIEKOJUPYIONIEr0 YCTPONCTBA).

OjiHako B JIIOOOM Cilydae aJirOpUTM JIEKOMPOBAHMSE
OCTaCTCA IKCHOHEHIIMAJBHO TPYJOEMKHAM W TIO MaMATH, U
10 YUCJIy OIeparuii.

[Mpumep 3.6 (mekomupoBanust juHEHHOrO Kojma). PaceMor-
pum smnHeitabii (6, 3) -kon n3 Ilprmepa 3.5.

1. Bakomupyem coobmenns uw = u; = [0 1 1]T.

CucremMaTnieckoe KOJIMPOBAHUE JJIsi HErO ObLIO y2Ke
nosyaeno: v = [1100 1 0]7.

[TycTh mpu nepeiate TpoOUCXOIUT OIIHOKA BO 2-M Oure,
T.e. npunaT Bektop w = [1 000 1 07,

Haiiém cuaipoM NpuHSTOrO CJIOBa W:

1
111000 8 1
Hw:100110><0=O:s
101011 1 0
0

SapaHee, 11py MPOEKTUPOBAHUN YCTPORCTBA, JIEKOIUPO-
BaHUsI, JIOJ2KHBI ObITh HailJIeHbI JIMJIEPbl KJIaCCOB BEKTOPOB
O1MOOK JIJIsI BCEX BO3MOXKHBIX CHUHJIPOMOB.

JlJ1st TI0JIy9EeHHOTIO CHUHJIPOMa, 3TOT KJIACC COCTABJISIIOT
CTOJIOIBI MATPUIIBI BCEX KOJOBBIX 0B C' (y2Ke 101y deH-
woit B 1. 3 IIpumepa 3.5), ci0XKeHHbIE, HAIIPUMED, C BEKTO-
pom w. B srom ciaydae ais cungapoma s = [1 .0 0]7 6bin
MOJTYIeH KJ1acce
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10101010
01011010
00001111
01100110
11001100
01101001

HauMeHbIui BeC B 9TOMH MaTpure nmeer 4-ii crojber, u,
TaKUM 00Pa30M, JINJAEPOM MHTEPECYIONIEro HAC KJIacca siB-
nsercst Bektop € = [01 00 0 0]7. On To u nomeraercs
B CJIOBapb CUHJPOMOB.

CxajpiBas HAWIEHHBIA IO CJIOBAPIO CUHIPOMOB JaH-
HBIA JIUJIep ¢ NPUHATBIM CJIOBOM, IIOJIyYaeM

D=w+e=01000107+[010000]"
=[110010" = v,

" 1IepeganHoe KOJoBO€E CJIOBO BOCCTaAHOBJIEHO BEPHO.

[Tycrs mepepaéres coobmenne u = ug = [1 0 1]7;
ono Kopupyercst ciopom v = [1 0110 0]L. ITyers Takxe
omunbKa OIATh BO3HUKJIA BO BTOPOM Pa3psjie.

Borauciaem CHHJIPOM IPUHATOIO CJIOBA
w=[111100:

0
1
111000 1 1
Hw = |1 0011 0f x 1| = 0] = s,
101011 0
0
0

T.e. CHHJIDOM OCTaéTCs mpexkHuM. EMmy coorBercTByeT TOT
we mmgiep e = (01000 0]7 u kozmosoe cioso Takxe
BEPHO BOCCTAHABJINBACTCH.
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JlekomupoBaHme KoAa X3MMWHTaA. B ciydae Koja
X5MMHUHIa JIEKOJUPOBAHUE MOXKHO CYIIECTBEHHO VIIPO-
CTUTD.

OcobennocTpio 1poBepouHoit MaTpulbl H,y,y (gm_1) KO-
J1a XOMMUHTA, SIBJISIETCS TO, UTO €€ CTOJIOIbI IPEICTABIAIOT
coboii JiBonuHbIe KOJIbl unces or 1 go 2™ — 1. Hanpuwmep,
B IIpumepe 3.3 nojiydyena marpuiia

Hsy7 =

O~
—_ O
— = O
— =
O O =
O = O
_ o O

XOMMUHI IIPEJJIOXKUAI UCIIOJIb30BaTh KOJIbI, § KOTOPbBIX
pacIioJioKeHue CToJI0OB IPOBEPOUHOil MaTpullbl H ObLIO
TaKoe, YTOObl CHHJIPOM SIBJISLJICS IBOMIHBIM IIPEJ[CTABICHH-
eM ITO3UIUH OITHOKH B IIPUHSITOM COOOIIICHHUH.

st sroro cronbipl H  JOJIKHBL 110C/I€10BATEIHHO
OBITH JBOMYHBIMU TIPeJICTaBIeHusAME dncena 1, ..., 2" —1.
Torma s1000#f CUHIPOM €CTh COOTBETCTBYIOIIUiT CTOJIOEI]
H, r.e. jBonuHoe npejcraBieHue CBOEro HoMepa — IHO3H-
IUsi OIIMOKM. 3aMeTUM, YTO €JUHUIHYIO [OJMATPUILy Ta-
KOl MaTpuiibl Oy/1yT 00Pa30BbIBaThH CTOJIOIBI ¢ HOMEPAMHU,
ABJIAOIIIMECH cTerenbio 2: 1,2, ..., 2™~ L,

Hanpuwmep, juist ¢ = 3 310 MaTpuia

H3><7 —

SO =
o = O
O ==
_ o O
—_ O =
—_ = O
— = =

Torpa mopoxgaroras MaTpuIia eCTh
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R

X

=~

|
SO OO = =
OO )R =) OO
O, O, OO
_ o O = O = ==

Ona momeraer coodIeHne Mocjae0BaTeLH0 B 3, D, 6 u
7-10 TIO3UIUN KOJOBOI'O CJIOBA, & OCTaJIbHbIE OUTBHI SIBJIsI-
I0TCsI TIPOBEPOUHBIMU: TIOJAMATpHIIA oOpa3oBaHHasd 1, 2 u
4-i1 cTpoKaMH siBJIsieTcs moaMaTpuiieir H, ocraBiieiics mo-
cJie yJaJaeHus U3 Heé eIMHUIHOM MoIMaTpUIbl. 1ora, Kak
serko mposeputh, HG = O — uyneBas (3 X 4)-marpura.

JIuneiiabie koapl (n, k): pe3pome

o JIuHeiHbIe KO/bl MOI'YT UMETh IIPOM3BOJIbHBIE IIapa-
MeTpbl n 1 k < n.

e TpeboBanne JIMHEHHOCTH IIPOU3BOIUTHL II03BOJISIET
YIIPOCTUTH KOJMPOBAHUE U JIEKOJMPOBAHHUE.

1. KojmpoBaHue OCyIIeCTBIISETCH OCODEHHO TTPO-
CTO — YMHOXKEHUEM BEeKTOpa COOOIIEeHNs Ha, [T0-
POXKJIAIONITY IO MATPUILY.

OjiHaKO BOIPOC <«KakK HaiTH IOPOXKIAIOILYIO
MaTPHILY JJIS HOJIY YeHHU KOJla ¢ XOPOIIUMHU Xa-
PAKTEPUCTHKAMH?» OCTAETCST OTKPBITHIM.

2. /JlekonupoBaHme OCYIIECTBJISIETCA C IIOMOIIHIO
JIETKO BBIYMC/ISIEMbIX CHHIPOMOB, & dTall 2 Mpu
CUCTEMATUYECKOM KOJIMPOBAHUU dJIEMEHTAPEH.
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[Tpu sroM mporecc JEeKOAMPOBAHUS OCTAETCS
TPYJOEMKNM.

3.5 IMukamdeckue KOJIbI

OmnpenesieHne u MMOCTPOEHNE ITUKJINYECKNX KOJIOB

Onpegenenne 3.6. Koxg € HasbBaeTcs UuKAUYECKUM
(cdeuzo6vim), ecii OH WHBAPUAHTEH OTHOCHTEBHO IHK-
JINUECKUX CJIBUTOB, T.e. jiist Jitoboro 0 < s <n — 1 cupa-
BEJIJINBO

(g, ..., ap1) € C =
= (Qsa g1y ooy -1, Qp, ..., 05871) cC.

Panee Ob1JI0 TTOKA3aHO:

e B kombiie R = F,[z]/(2" — 1), paccmaTpuBaeMom
KaK NM-MEPHOEe BEKTOPHOE MPOCTPAHCTBO HAJ MOJIEM
[, umeerca bazuc

{T,f,...,x”—l}.

[Iuknueckuit CIBUT KOOPJAWHAT B 9TOM Oa3uce paB-
HOCUJIEH YMHOXKEHUIO Ha .

e Bekropnoe nognpoctpanctBo [ kKoabla R aBiger-
¢ mukangeckuM iff I — ujgean R.

[TosTomy mocTpouTh TUKITIECKU (1, k)-KOJ JIJTHHBI
MOXKHO CJIEIYIOIINM 00Pa30M.

1. Boibupaem so6oit gequrens ¢g(x) ounoma z' — 1.
Muorowien ¢(x) Ha3BIBAIOT NOPOAHCOGOULUM WU
0bpa3yIOIHM.
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2. Haiijienublii 1OJIMHOM IOPOXKJIAET HJieaJl B KOJIbIIE
R =F,[z]/(«™ — 1), a ko3ppuruenTsr MHOTOUIEHOB
n3 maeana (g(x)) OymyT KomoBbiMu cioBaMu. Torya
m=degg(z) u k=n—m.

3. Ilpu yjaunom BbIOOpE HHOPOXKJIAIOIIETO 11OJIMHOMA, OY-
JIyT TOJIy9IeH KOJI ¢ MpUeMJIeMbIM 3HadeHueM d.

Onnaxo:

® ¢CTh TOJBKO HECKOJbKO KOHCTPYKIIMI IUKINIECKUX
KOJIOB C XOPOIINMU TTapaMeTPaMu;

e B O0IIEM ciiydae Olpe/Jie/ieHne KOJOBOIO PacCTOAHMS
HUKJIMIECKOTO KOJIa — YPe3BbIYaiiHO TPY/I0EMKas 3a-
Ja4da.

Hukmmaeckuit kox — anri. CRC, Cyclic Redundancy
Code. U3 Beex Jsmmeiinbrx (n, k)-komoB Oynem jajee pac-
CMaTPUBATh I[HKJITICCKHE.

ITosimHOMMAJIBHOE IIPECTABJIEHUE CJIOB. YCTAaHO-
BIM COOTBETCTBHE BeKTOpos coobmenus u € {0, 1}* u xo-
nosoro cioBa v € {0,1}" ¢ X HOJMHOMUATBHBIME [TPEJI-

craprenusamu u(x), v(z) € Falx):
w = [ug, up, ..., up1]
o u(x) =uy+wr + .. +upqxt !
vV = [Uo, Vly vvvy Un_l]T —
S v(r)=v+vr+... .+ IR Al

JIroboe koI0BOE CJIOBO v(X) MPEICTABISIETCS B BUJIE

v(z) € (9(x) = {g(z)q(x) | q(z) € Fafz], 2" =1}
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Kospr Xommuara moryt ObITh 1ukjandeckumu. IlocTpoen-
nas Ilpumepe 3.2 tabauna 4 X 7 g Kojga XIMMUHTa He
MTOPOXK JTAeT IHKJIMIECKOIO KOJA.

OHAKO €eCJIi IepeCTaBUTDL 3-3JIeMEHTHBbIE OKOHYAHMSI
JIBYX IOCJIEJHUX CTPOK, TO IOJIyUeHHas Tab/IuIa,

1 0001 10
01 00j0 11
0010111
000T1|1 01

yKe HopoxKjiaer HHKandeckuii kog (nposepbre!).

[Mpumep 3.7 (mocTpoeHust UKIXIECKOTO Koja). [locTponm
MUAKJITICCKHE KOJ JIJIHHBI N = 23.

st onipeniesiennst TOPOKJAIOIIETO MOJTUHOMA KOTa Ha-
XOJIMM pasiiozkenne 6uHoMa 2% — 1 Ha HenmpuBOIUMbIC
MHOTOYJICHBI.

OJinH KOPEeHb HAXOJUTCS Cpady: 910 1 1 uMeeM pasJio-
JKEeHHe

P+l = (r+1)@*2+2*+.. +2i+2+1).

~~

f(z)

[Tepebopom HenpuBoguMbIX HaJ Fo MOJIMHOMOB HAXOIUM

f@) = (@42 +2" a5 +2° 4o+ 1)x
fi(@)
x (@ + 2 + 2% +2° + 2’ + 2?4 1)

f2(x)
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[Tockoubky deg fi(x) = deg fo(x) = 11 = m, n0boii
13 mogMHOMOB  f1(x), fo(x) MOXKeT OBITH BHIODAH MOPOXK-
JIAIOMMM®? 115l TOCTPOEHUS (23, 12)-koa.

MoKHO TOKa3aTh, 9T0 B 000MX CJIydasix KOJOBOE pac-
CTOsIHME OKA3bIBaeTCs paBHbIM 7. Hampumep, npu Bbibope
nopox gafomum nojuaoma g(z) = fo(x) u Hecucremaru-
4eckoM Kojuposannu coobmenuss  [100000000000]7  110-

JiydaeM Kojosoe ciioso [10101110001100000000000]7 se-
ca 7.

Acuo, uro nocrpoen kou lLosiest.

2

Bamernm, 4To gesuTenu obunoma 2 — 1 mpunuioch

HCKATDL 11epebopOM.

KoaupoBanue mukJjandeckumMu  Komamu. llycrs
onpeJieJéH nopox gaomuii noaunom g(x): g(x) | 2™ — 1,
deg g(z) = m < n, 3agaromuii kox C.

Hecucremaruieckoe KomupoBaHue OCYIIICCTBJIACTC
IyTEM YMHOXKEHUs KOJIMPYEMOI'0 1IOJIMHOMa Ha [OPOXK/la-
FOIITUIA:

u(x) — v(x) = g(r)u(z).

CucreMaTnieckoe KOAUPOBAHHIE OCYIECTBIISETCA IIy-
TEM [IPUITUCHIBAHUEM K KOJIOBOMY CJIOBY CJIeBa (B MJIa(iiue
paspsipl) octatka r(x) ot genenns zu(z) na g(x).

[Tockonbky

z"u(z) = g(x)q(z) + r(z) u degr(x) < m,

Ipu BBIGOpPe g(x) = =+ 1 Moay¥nM KOJ, ¢ TPOBEPKOil Ha uéTHOCTDL (M = 1),
upu ¢g(z) = (x4 1)(fi(x)) wm g(z) = (z + 1)(f2(x)) nonyuum pacwupenmoii
kox Tosteas ¢ m = 12.
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o z™u(x) + r(x) = g(x)q(x) € C u cucremarnyeckoe
KOJIPOBAHKE MOXKET ObITh 3aJIaH0 Kak

uw(z) — v(z) = 2"u(z) + r(x),

pU KOTOpOM moJiHOM v(x) copepxkur k koabdurmen-
TOB MOJIMHOMA u(x) B k KpafHHX IMpaBbIX MO3HIHIX (TpH
CTApPIIUX CTEICHAX T).

llpumep 3.8. 1. IlocTpouMm TmUKIMYECKN KOJ JJUHBI
n="r.

Cravajia Hy>KHO HalTH KaKO#-inOO JlesuTe/ib OnHOMA
27 — 1, st 9ero HeOOXOMMMO PABJIOZKUTH €r0 Ha, HEIIPUBO-
JIIMbIe MHOYKUTEJIN.

Bamernm, uro 7 = 23—1. Ho F' = F3 — noJse pasioxe-
nust Guaoma 22 1 —1 u IIO9TOMY €0 KOPHSAMHU SBJISIOTCS
BCE HEHYJIEBBIE JIEMEHTHI 110Jist F.

[enaem BbIBOJI: BbIOOD juinHBI Kojga n = 29 — 1 oueHb
VJI0O€H, T.K. JIEPKO OIIPEEJIsIIOTCS YUCJI0 U CTEIIeHU Hellpu-
BOJMMBIX Jejureseii ounoma " — 1 = 2~ 1 — 1.

I[Iyctb v — mMpOM3BOJILHDIN TPIMUTHBHBIN 9JIEMEHT T0-
na F = [F3. Torna ¢ yderom of = 1 naxogum pasbuenne
Kopueit 7 — 1 (= Beex sjeMentoB F*) Ha opOUTHI:

{1}, {a, a?, &4}, {ozg, ab, 045}.

Takum 06pa3oM, MHOrOWIEH T +1 uMeer ojuH Helpu-
BOJIMMBIii JIeJINTENIb 1-if CTeIIeHN ¥ JBa HEIIPUBOIUMBIX JIe-
auresis 3-i creneHn (MX BCEro JIBa).

B pesyibrare mosydaem passioKeHue

1 =a"4+1=(z+1)(@* +2+1)(a*+22+1).
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B kadecrBe nopoxjaoriero mosuHoMa  ¢(x) MOXKHO
BHIOpATH JTI000I 13 BHINIEYKA3AHHBIX OJIMHOMOB 3-ii cTere-
nu. Torna m = 3, k =4 u Oyjer MOCTPOEH I[UKJIHUICCKHUIT
(7,4)-kox’. Beibepem koukperno g(z) = x° +x + 1.

2. 3ako/MpyeM HECHCTEMATHICCKUM U CHCTEMATHYC-
ckum Kogtam coobmenne u = [0011]7 « wu(x) = 23 +a2
Hecucremarnieckoe KOJqUPOBAHHE.
v(z) = u(r)g(r) = (2* +23) (2 +2+1) =
=24+ 2+t 427 < 001011 1) =w.

Cucremarnueckoe kojupopanme. Haxomum ocraTok
r(x) or nenenus muorounena r3u(z) na g(x):

PP+ 2?) =2 +2° = (P + 2P+ )@ 1)+,
O3TOMY

v(x) = 2Pu(z)+r(r) = 2%42°4+2 < 010001 1)7 = w.

=v

JlekoaupoBaHUE IUKJINYECKUX KOJIOB

Onpegenenue 3.7. Cundpomom noauroma w(x), TPUHITO-
ro TIpW nepejade cooOIIeHNsI, 3aKOINPOBAHHOIO ITHKJINYe-
CKUM KOJOM M, BO3MOXKHO, COJEPXKAINEro OIMMOKH, Ha30-
BEM octaToK s(z) oT gesennst w(x) Ha MOPOXK AW
Kol MHOTOWIeH ¢(x).

Omnpenenienne CUHIPOMA JJIsT IUKJINIECKOTNO KOJIa, OUe-
BUJIHO, €CTb lepedpa3upoBKa, B TEPMUHAX IIOJMHOMOB
olpeJieJIeHUsl CUHApOMa, JIJisl JUHEMHBIX KOJIOB.

CaoiicrBa cuHpOMa-TIoJMHOMA W(T):

54cno, 310 KO, X3MMUHTa!
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e 0 < degs(z) < m=n-—k;
) = 0 < w(x) — KOJOBOE CJIOBO;
o 5(x) =y w(r) =g (V(x) +e(2)) =40 ().
JlekopmpoBaHye MUKJINIECKOTO KOjla MPOXOJIUT M0 00-
el cxeme JIeKOJIMPOBAHUS JIMHEHHOIO KOJIA:
1) Beramcaszercss cuugpoM s(x) TPUHATOrO cioBa w(x);

2) BeuHCAIOTCA nonuHOMbl e(x) = s(x) + g(x)u(x)
ns Beex 28 BosMOKHBIX coobmennit u(x).

3) OmpeJessaeTcs MOJTHHOM OITHOOK €((T) Kak pernenne
¢ MUHUMAJBHBIM 9HCJIOM MOHOMOB.

4) BOCCTAHABJIUBAETCS HEPEJAHHOE COODICHHE
u(z) = w(z) + eg(x).

[Tpumeps! eKOIUPOBAHMUS NUKIXIECCKUX KOJOB OYIyT
JaHbl 1pu paceMmorpennn BYX-koos°.

[Mukiugeckue aunHeiinbie Koabl (n, k): pe3romMe

e Jluneitublii K01 Gy/I€T UKJITIECKUM, TOJBKO €CJIH OH
npuHajiexuT aeaay (g(x)) B KoJblle MHOrOUJIe-

nos Folz]/(z™ —1).

e llopoxjatomuii  nosunom  ¢(r)  HUKJIUIECKOIrO
(n, k)-xkoma siBisiercst jmenuteseMm Ounoma x' — 1;
deg g(x) = m — 1m0 IPOBEPOUHBIX OUT KOJIA.

6 Cym1ecTByIOT 1 abTePHATHBHDLIE METOBI JEKOUPOBAHNS ITHKIIIeCKIX KO-
noB obuiero Buga (nexoaepsl Merrura, Kacamu-Pynonbda, noporosbiii, Mazxko-
PHUTAPHBII, ...) TAKXKE IKCIOHEHUHMAJIBHON 110 k TPYyJ0EMKOCTH.
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MorkHO BbIOpaTh J1H000I JIeJINTEIIh, OJIHAKO HaX0XK J1e-
Hue ¢(), MOPOXKIAIOIIEro KOJ ¢ OOJIBIITNM KOJTOBBIM
paccrosinueM d — cJI0XKHAsT 3aja4a (OleHKa CBepXy:
d He MPEBOCXOJIUT UHCIa MOHOMOB B ¢(7)).

o [[ukymmdeckne Kojbl 0DIEro BuJia MOTYT UMETh IPO-
M3BOJILHYIO JUIMHY N, HO, B OTJIMYUE OT JIHHEIHOIO
KOJ1a o01iero Bujia, ero mapamerpbl m = deg g(z) u,
CJICJI0BATEIBHO, k = N — M y>Ke He IPOU3BOJILHDL.

o KosmpopaHne n JeKOJHPOBAHIE CBOIUTCS K BBITIOJ-
HEHUIO Ollepalluil yMHOXKEHUS U JIeJIEHUS 1HOJIMHOMOB,
JIEIKO peaJid3yeMble Ha pPerucrpax CJBura ¢ oopar-
HbIMU CBA3SAMU.

O,ZI;H&KO AJITOPUTMbI JEKOJMPOBAHWA IIO-IIPE2KHEMY
NMEIOT 9KCIIOHEHIIUAJIbHYIO CJIO2KHOCTDH 110 k.

3.6 Koabsl boyza-Hoyaxypu-XokBuHremMa

Onpenenenne m ocHOBHbIE cBoiictTBa BYX-komgoB
Komsr Boysa-Hoyuxypu-Xoksuurema (BUX, BCH) — nog-
KJIACC IUKJIMYECKUX KOJIOB, UCITPABJISIONINX HE MEHee 3apa-
Hee 3aJlaHHOr0 uucja omunbok. [Ipemnoxens: P.HY. Boy3zom
u JI.K. Peit-Hoyaxypu B 1960 1. He3aBUCHMO OT OIyOJIMKO-
BaHHON Ha TOJ paHee paboThl A. XOKBHHTEMA.

Teoperndeckn komabl bYX MoryT mcnpaBiasgTh Npous-
BOJILHOE KOJIMYECTBO OIMOOK, HO MPKU 9TOM CYIIECTBEHHO
YBEJIMUINBACTCS JIJIMHA KOJIOBOI'O CJIOBA C YMEHbBIIEHUEM €I'0
ckopoctu R.
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Pamx Hanapa Boy3
(Raj Chandra Bose, 1901-1987) —

HBaitkeaapa Kamap Peii-Hoyaxypu
" (Dwijendra Kumar Ray-Chaudhuri, 1933) —
wHnicKIit MmaremaTnk, paboratoriuit B CIITA.
Ob6nagaTenn Megaan Jiijepa 3a BKJIAT
B pa3BUTHE KOMOMHATOPUKH.

Anekcuc XokBuHTEM'

MATHEMATIOUESS (Alexis Hocquenghem, 19087-1990) —
¢gpaHILy3cKuil MaTeMaThK.
B ero pabore 1959 r. cojep:kuTcsi 1eppoe
ONKCAHKE JTUHEHHDBIX MUKJINIECKIX KOJIOB,

UCIIPABJISIIONINX KPATHBIE OIMTNOKH.

OcHoBHBIE CBOHCTBA MHHHMAJBHBIX MHOTOYJICHOB (HAIIO-
MHHAHHE).
n
1.V3 € by F'mp(z), mm. mg(z) nenpusommm un
degmp(z) < n;

2. Ecm f(z) € Fy[z] m f(B) =0, to mg(x) | f(x).
3. MuHUMAJBHbBI MHOTOUYJIEH IPUMUTHBHOTO 3JIEMEHTA
10JIsl HA3BIBACTCS NPUMUNMUESHYM MHOZOUAEHOM.

"Hocquenghem sBisercd TaJuMuHE3EPOBAHHON (DOPMOH I'epPMAHCKOH MIH
dramanackoit amusiuu, npaBuibHoe €€ urenne — (Okenzem.
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I[MuknoroMmuyeckuii KJiacc 3JIeMEHTa MoJist. Hanou-
HUM, 9TO ecjii 3 — KOpeHb HENPUBOMMOTO MHOIOUJIEHA
f(z) € Fplz] crenenn n, to

{8,887, ... 0"}
— BCE M PA3MIHBIX (CONPsKEHHBIX) KopHeil f ().

Onpegenernne 3.8 (ans noneir xapaktepuctukn 2). Ilycrs
n | N. Huxasomomuneckum kaaccom (WA KAGCCOM CONPA-
oicénmocmu) snemventa o € FY nan noanonem %, nasmi-
BaeTCs MHOMKECTBO BCEX PA3IMIHBIX daeMenToB [ | aps-

nt
formxes 2"-mu crenenavu o o, t=0,1,....

CBoiicTBa MUKJIOTOMHICCKAX KJIACCOB.

1. IlukJjioTOMHUYECKHE KJIACChl PA3JIMIHBIX 3JIEMEHTOB
Jin0O COBIIAJIAIOT, JIMOO HE NEePECeKATCss => ITUKJIO-
TOMIYECKHIE KIACChl BCeX aeMenToB nojs [ obpa-
3YIOT pasOHeHne ero MyJIbTAILINKATUBHON TPYIIIILL.

2. Ecau o — npumurusHbii sgement moas FLY, to nuk-
2
JIOTOMWYeCKnit Kjace « Haj nojanonem [5 conep-
JKUT POBHO ( 9JIEMEHTOB, T.€. 9TO KJIACC

0-n 1-n n 2n (g—1)n
{a2 =a, a0 =ad, %, ..., a }

3. Ecoin o — npumurusnsii snement nons FA" u npk-
o k n
JoTOMUYecKnit kjacc o Haj nojanoseMm [y conep-
SKAT 1M 9JIEMEHTOB, TO MOJUHOM
m—1
— AV .
ma(@) = I (v = (@) =
t=0
= SE'm_l + )\m_gxm_2 + ...+ )\1$ + /\0
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ABJIACTCA M.M. JIJIsSI BCEX 3JIEMEHTOB, BXOJSAIINAX B
JTAHHBIH MUKJIOTOMHYECKHI KJlacc.

[lpumep 3.9. IlpuBeném mnpumepnl Pa3JaOKEHUST MYJIHTH-
nimkarupapix rpynn nogeir Fi' na umksioromuueckue
Kjaccol HaJ 5.

l.n=1, ¢g =3 u o — NPUMUTUBHBIN JEMEHT TOJIsI
F% = F. Torna o =1 u paznoxenne F* nan Fo
ecTb (KaXKJIblii 9JeMEHT [UKJIOTOMUIECKOIO KJIACCa
MOCJIEIOBATEHHO yMHOXKaeM Ha 2" = 2) —

{1}, {a, 0% o'}, {a?, of o’}

2. n=2,¢g=2 U o — NPUMUTUBHBIA JIEMEHT I10JIsI
F3 = F. Torma o’ = 1 u pasnokenne F* nayn F3
ecTh (KaxKJblii 9JEMEHT MUKJIOTOMUIECKOTO KJIacca
OCJIeJIOBATE]HHO yMHOKaeM Ha 2" = 4) —

{1} {a, o'}, {o® o™}, {0}, {o’},

{0}, {a®, 0"}, {a, 0}, {a!, o},

3.n=1,¢g=4 v o — NPUMUTUBHDBINA JIEMEHT TOJI
FQL = F. Torna o =1 u paznoxenne F* wan Fo
ecth (yMHOXKeHUe Ha 2" = 2) —
2 4 8 3 6 12 24 9
{1}, {a, 0%, o, a®}, {a’, a’, %, a® =a’ },

{@5’ 0410}, {057, @14, 0428 — 0413, 0426 — Oéll }

BUX-koxpr: onpenesienue (mpocreimuii ciayvail) u
OCHOBHOE CBOWCTBO

[Tycth BbIOpaHbl HAapaMerp ¢, OUPEJCJ[IONUN JIJINHY
kKoja n = 29— 1 u xoncmpyxmuenoe paccmoanue d. < n.
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Koy BUX ecrb nukinueckuit (n, k)-Kojl, B KOTOPOM Jie-
ganmit " — 1 mopoXKIaoNnuii MHOTOWIeH ¢(x) sABJsieTcs
MOJMHOMOM MUHUMAJIBHON CTErneHr, MMEIOIMM KOPHSIME
nyau woda o, o, o, ..., %"l rne o — MpEMETHBHLI

saement ot Fi m =degg(x) u k=n—m.

Kososoe paccrosinue d nocrpoennoro b4X-koja oka-
3BIBAETCST HE MEHEe BHIOPDAHHOIO KOHCTPYKTHBHOTO Pac-
crostaust d,..

Koapt BYX: cumapombl. Ilockosibky Bce KOJ0Bble
CJIOBA IIUKJIMIECKOro Kojia, C' jiesisitest Ha osinHoM g(x) ¢
KOPHAMA v, &2, ..., a1, 70 9T KOPHE — OJHOBPEMEHHO

1 KOPHU JII0OOI0 KOJIOBOI'O CJIOBA:

v(ir) €eC < va) =0, i=1,...,d—1.

Onpegenenne 3.9. Cundpomamu nosuroma w(x), npuHs-
TOrO HpH Ieperade coodIeHns, 3akoaupoBannoro bYX-
KoJloM ¢ ayasmu o', i =1,...,d—1 u, BO3MOXKHO, conep-
JKAITEro OMMUOKY, HA30BEM 3HAUYEHUsT w(T) B HYJIAX KOJA:
s; = w(at).

Acno, uTo

e omnpejesieane cuagapoma g bYX-koma, odeBmIHO,
ecThb 1epegpazsupoBKa B TepMUHAX HYJICH KOJa I10-
JIHIHOMOB CHHJIPOMA JIJIsl IUKJIMIECKOI0 KOJIa;

® OCKOJIbKY
w(z) =v(x) +e(x), 10 5 =w(a')=ela);
® «BCE CHHJPOMbI PABHBI HYJII0» <> w(T) — KOJ0BOE
CJIOBO.
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3.7 Ilocrpoenne bYX-koa0B

Anroputm moctpoenns BYX-koma. BUX (n,k)-
KOJI, KaK ¥ JI000H MUKIMIECKUi, 3aJIaéTCsi MOPOXK JIat0-
M moJuHOMOM  g(x) — mesuresieM Oumoma " — 1,

k=n—degg(x).

,B;JIH €ro HaXOXKIEeHUA HY2KHO:

1)

2)

3a/laTh BEJIMYUHY ¢, ONPEJEJISIoNy0 JIJIMHY KOJia
n = 29—1;
3a/l1aTh BEJIMUUHY KOHCTPYKTUBHOI'O PACCTOSIHUS

d. = 2r + 1 < n, eciu IpeamoJaraeTcs UCIPaBJIATh
JI0 T OImKOOK;

onpesesnts nosie F4 = Folz]/(a(z)), Bribpas nenpu-
BojuMblil osimaom a(x) € Folz] crenenn g n npu-
MUTHBHbI 9JEMEHT TOJA

OlIpeeJINTL TUKJIOTOMUYECKHNE KJlaCCbhl 3JIEMCEHTA

a € Fl man monem Fo, B KOTOpBIE TOMAIAIOT HYy-

am Konma o, a2, ..., a% ! myers Takux Kiaccos ki

HallTu h MUHUMaJILHBIX MHOMOWIEHOB ¢1(T), go(T),
-y gn(T) TS KAXKJIOTO MUKJIOTOMUIECKOTO KJIACCa,

BBIYUCJIUTDH HOpO}K,ZLaIOHH/Iﬁ ITOJIMHOM

g(x) = gi(z) - g2(x) - ... - gn().

[Tpumep 3.10 (nocrpoenusi kogoB BYX). Beibepem g = 3
1 rocrponM pasimanbie BUX-kopl jumnbl 1 = 23—1 = 7.

JLjist OJIy9eHUsT PA3JIOKeH s OnHOMa &' — 1 paccMot-
pum nojie F = Falz]/(a(z)) = F3, dega(x) = q = 3.
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Tornma F™, Kak 1okaszaHo paHee, pa30MBaeTCsi Ha CJIEYIO-
e MUKJIOTOMUYECKHe Kaacchl Hal [Fo:

{1}, {oz, a? oz4}, {a3, al, a5}.

KoHkpeTHO B KadecTBe MOPOXKIAIOIIET0 MHOTOUICHA
BO3LMEM MPUMUTHUBHBIA MHOrOwIeH a(x) = z° + x + 1,
KOTOPBII SIBJISIETCST M.M. JJIsl TIPUMUTHUBHOIO 3JIEMEHTa,
Q. = X ¥ BCEro Kjacca {oz, o?, ot }

JLj1st ToCTpOeHUsT KOJIOB, UCIPABJIAIOINIMX PA3HOE KOJIU-
4ecTBO OMIMOOK, HEOOXOJUMMO OIIPEJIEIUTh COOTBETCTBYIO-
AN TTOPOXKTAIOIINI TTOJTUHOM.

1. Konr bYX pgmmuer n = 7, ucopapisommii © = 1
orbKy Koy XoaMMuHra).

B srom ciyuae d. — 1 = 2r = 2 u nyiu koua «, o

MOMAJIAI0T B OJIMH UKJIOTOMIIECKHUI KITacc.

MuHuMaJIBLHBII MHOTOWIEH JIJIsT 000UX 3JIEMEHTOB JTO-
ro xmacca — a(x), MOITOMY MOPOXKJAIOMHUI TOTUHOM
g(z) = a(x), m = degg(x) = 3 u B pesysbrarTe MONY-
qaeM yxke n3BecTHblii (7,4, 3)-kom XoMMuHra.

2. Kon BYX jmmapr m = 7, HCIpaBJISIONIUi HE MeHee
r = 2 oImbok.

Tenepp d. — 1 = 2r = 4. Hynu crposiierocs Ko-
na o, a2, &, a* BXOAAT B JIBA IMKJIOTOMUUECKUX KJIACCA!
{a, a?, 044} " {a3, ab, a5}, IOPOZKJIAEMBIX @ U o
COOTBETCTBEHHO, IIO9TOMY

9(7) = gal) - gus(x),

e go(z) u gos(x) — Mom. st @ u o

M.m. it v usBecter: go(x) = a(z) = 23+ + 1.
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Haitgem m.M. st o = o + 1:

goa(x) = (z— ) (& — o) (2 — o) =

= x3+(043+045+046):1:2+(a8+0z9+0z11)x+al4

Boraucsinm ko3 duimenTbl noauHoMa gas () ¢ yué-
Tom o =1 u o =a+1:

P4+’ +a =(a+l)+f(a+1)+(a+1)? =
=a+l+a’+al+a’+1 =1,
B+ +a' =’ +a+at =atf+tatalat+rl)=0,
ot =1,
To.  gw(z) = 23+2*+1 (410 MOKHO GBLIO ONIPEIIUTh
cpasy: 910 BTOPO# U3 JIByX HEIPUBOJMMbIX MHOI'OUJIEHOB
crerenu 3) u

9(x) = go(x) - gus(x) = ($3+x+1)(x3+g;2+1) _
=2+’ +at 2P+t + 1

[Tonyaaem degg(z) =6 u k = 1, T.e. HoCTpoeH TpH-
BUAJIbHBIN KOJI ¢ 7-KpaTHbIM ITOBTOPEHUEM, HCIIPABJISIO-
Uit 3 OMOKM U COoep Kalllniii BCero JBa KOJOBBIX CJIOBA:

0000000 m [1111111].

Koy mostyuaniicsi oueHb MJI0X0¥: XOTsS OH U UCITPABJIs-
et OoJibllie OMIMOOK, YeM IJIaHUPOBAJIOCH, €I'0 CKOPOCTh
R =1/7 apesBbruaiino masa.

[ToribiTaemcst MOCTPOUTD JIYUNIUI KOJI JIJIsi MCIPABJIE-
HUS 2 OMMOOK, B3sIB OGJIBIIYIO €ro JIJINHY.
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[lpumep 3.11. Boibepem ¢ = 4, 1.e. jJjimHa Koja Oyjer
n=271—1=15.

Jlist moJtydeHnst pasjioxKenus ounoma z'°—1 paccmor-
puM none F = Fylz]/(a(x)) = F3, dega(z) = ¢ = 4.
Torna F™ pasbuBaercs Ha CJeAyOIIHe NUKJIOTOMIICCKHIE
kJiaceol HaJL [Fo:

{1}, {oz, o, o, o }, {043, al, a'?, 049},

{0557 &10} ’ {05770414,0413,0511} .

KonkpeTHo B KadecTBe MOPOKJIAIONIETO MHOTOYJIEHA
BO3bMEM [IPUMUTUBHbBIE MHOrOWwIeH a(x) = ot x4+ 1,
KOTODBIIl 4ABJsA€TCA M.M. JJIsl IPUMUTUBHOI'O 3JIEMEHTa
Q. = T U BCero Kjacca {cv, a?, a4, a® }

1. Koy BYX summabr n = 15, ucupapisiionmii r = 2
OIMOKM.

B srom cayuae d, — 1 =2r =4 u nyin «, o2, o, o
KOHCTPYUPYEMOTO KOJIa PACIOJNATAIOTCS B JIBYX IHKJIOTO-
MUYECKIX KJIAaccax — JJIs 9JeMEeHTOB o 1 .

M.M. /15 (BCEX) 97€MEHTOB 9THX KJIACCOB:

nepBoro (a): go(x) = a(x).

sroporo (a?): gus(z) =

= (z—a®)(z - %)z - )z —a'?) = ...
=ttt o+ L
Torma mopoXK Jaomumii MOJMHOM KOJI €CTh
g(x) = ga(@) - gas(x) = 2® + 2" + 20 + 2" + 1.
[Tonyaeno m = 8, k = 7 u, KAK MOXKHO I10Ka3aTh,

d = d. = 5, r.e. nocrpoen BUX (15,7,5)-koy co cKopo-
creio yxke R =7/15 > 1/7.
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[TocTpoum Ternepb

2. Kon BYX jmapr n = 15, mcupapisomuid © = 3
OITIMOKH.

Tenepb HY>KHO HANTH TOJUHOM, SIBJISTIOIIUICT M. M. JIJIsI
Hysneit o, o, ..., o KoTopble IONAIAIOT B 3 IUKJIOTOMHU-

YECKHUX KJlaCCa:
{O(, 052, &47 Q’8}, {Qi’)’ &6, &9’ Q/lz}, {&57 Q/lo}

(mmerorcst emé 1- n 4-X 9JIeMEeHTHBIN KJIacChl ).

ITycrs nioste pasioxkenns ounoma x'° —1 To xe, Torma
M.M. JUIA « B o° yKe HafieHbl.

Ouesngno g.s(x) = 2 + x + 1 u nopoxaatomnmii 1o-
JIMHOM TIOJIYYeHHOT'O KOJIa €CTh

9(7) = galT) + ga3(x) - gas(z) =
10, 8, .5, 4 2
=z 424+ +2x+a"+xr+ 1.
[Tonyaeno m = 10, K = 5 u MOXKHO MoKazaTh, UTO
d=d.=T.
Oror (15,5,7)-kon BUX mpu Toii xke jwne, 91O
U HpEeJIbILYIINNA, UCIpaB/seT 0oJibie OMKnbOK, HO UMeeT
MEHBIYI0 cKopocTh R = 1/3.
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3apucumocru ckopocru BYX-k010B 0T KOJL0OBOrO paccTosi-
HHST

length n =63 length n = 255

speed k/n

0 5 10 15 20 25 30 35 0 20 40 60 80 100 120 140
distance d distance d

«Crynenbkny Ha rpaduKax COOTBETCTBYIOT CUTYAIIWH,
KOI'JIa peasibHOE KOJI0BOE PaCCTOsiHME 0Ka3aJioch 0OoJIbllle,
YeM BbIOpAHHOE KOHCTPYKTUBHOE.

JexkoaupoBaaue komoB bUYX
JlekoupoBanue Kojia XoMMUHTa KaK JIMHEITHOT'O KOJ1a, C 110-
MOIIBIO TTPOBEPOYHON MATPHUIIHI U BBITUCIAEMOTO C €€ M0-
MOII[bIO BEKTOPa-CUHIpOMa, ObLIIO yrKe paccMoTpeno B Pa3-
nesie 3.4, OnuineM erré ouH MeTOJ, IEKOINPOBAHNS KOJIOB
XsMMuHra Kak npocreitimnux koo bYX.

B srom ciiydae d = 3, 1 1109TOMY HYJIsSIMU KOJIa siBJIsi-

oTCa o U o2, TIe @ — DPEMUTUBHLIN 31eMent mnojsa F5,

n=29—1.

it EeKOMpPOBAHUS TIPUHATOTO CJOBA wW(T) BBITHC-
nsiem cungipom s1 = w(a) = s (cungpom so = w(a?) nam
He 1orpedyercs).

e [Ipy s =0 cuuraem, 4TO OMIUOOK HE IIPOUBOIILIO.
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e Eciu s # 0, To onpeiesisieM 3HAYEHUE J, JIJIsT KOTO-
poro o’ = s W cuUMTaeM, YTO IPOU3OIILIA e TUHITHA
omubka B j-M paspsije st 7 = 0,1, ..., n— 1.

[Mpumep 3.12 (nekojuposatue Koja Xammunra). Paccmar-
puBaeM (7,4)-xkon X3MMUHTaA, TOCTPOEHHBINH B [Ipnme-
pe 3.8 JIs INKJIMIEeCKNX KOJIOB.

Tam  Ob1 BBIOpaH  MOPOXKJIAONIUANA  HOJHHOM
g(z) = 2% + 2 + 1 u Haiigeno cucreMaTHIECKOE KOIUPO-
panne v(zr) coobmenus u(z) = 3+ 2% « (00 1 17

o) =2 +2°+2 < [0100011]"

[Tycrs npu nepejade coobuienuss u(x) 0pousoLLIa
omubKa B 5-if O3UIKH, T.€. IPUHATO CJIOBO

01000017 < w(x) = 25+ 2.

st nexkopupoBanust w(x) HaiijeM CHHIPOM, YIUThI-
Bast, uto o’ =a+1 (n o’ =1):

s =wla)=a+a = (@3)2+a = (a+1)P+a =

—a’+a+1#0.
OHpe,ZL.e.HI/IM renepb 3nadenue j € {0, ..., 6}, jst ko-
TOoporo o’ = s:
¥ =1, o = a+1,
ol = a, ot = ala+1) = a* +a,
o’ = a2, o =at+a? =al+a+1l=s.

Taxum 0Opa3oM 5-si MO3UIIKST OITUOKY OIIpejiesieHa Bep-
HO.
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Ecin »xe npousonuio e ormubKu, Harpumep, B b u 4-ii
MO3UIUAAX, TO

w(zr) = 2%+ 2 +2, s=1,j=0,
o(x) =2%+2'+24+1 < [1100101"

n Gyner packoanposano coobmenue [0 10 1]7 smecro To-
cnannoro [0 0 1 1]7.

JekonupoBanue kojo BUYX B obiem ciyuae. Pacemor-
pum (n, k, d)-xkonx BUX gumusr n = 2¢7—1 npu noctpoeHun
KOTOPOTO J1JIsT OTIPE/IE/IEHHUsT TIOPOXK IAIOIIETO TTOJTUHOMA, UC-
nosib3oBasiocs nose F = Fl = Flz]/(a(z)), dega(z) = ¢
M (@ — HEKOTOPBIN TPUMUTUBHBIH 3jieMenT F, HysIh Koja.

[Iycrs npu nepejade 3aKOAUMPOBAHHOIO COODILECHMSI
IIPOM3OIILIO0 ¥ OIINOOK.

Torna
e(r) = o + a2+ +al, v<r=|(d-1)/2],
rjie CTenenu ji, ..., J, — TO3UIUU ONMTHOOK.
Samnuiem paBeHCTBA Juis CUHJ/IPOMOB
si = w(a') = e(a'), i = 1,2,...,2r Kak cucremy
s1 = alt + a2 + ...+ ol

so = ()2 + (a2)® + ... + (a¥)?

Jlroboe pewenune (ji, ..., j, ) JaHHONW CUCTEMbI Jijisi
HEKOTOPOro V < T OyIeT HCKOMbBIM®.

8Takoe perenme BCeraa CyIecTByeT H eUHCTBEHHO, T.K. KO, IO IIOCTPOCHHIO

CITOCOOEH MCIPABJIATE IO 7 OMHIOOK
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Beném oboswavenust ; = ofi, i = 1,..., v; 3TN
BEJIMIUHBI HA3BIBAIOT A0KAMOPAMU OULUOOE).
[Tepenuiem cucremy:
51:61+62+---+6V7
_ 32 2 2
52_61+62+"'+6y7 (*)

r :5%T+5§T++53r

OHpG,ZI;eJII/IM NnNoAUHOM A0KATNOPO6 ouwubor

U(I) - H(1+61x) = 1—|—0'1£C+0'2.CL‘2—|—...+0-V$V’
i=1

KOPHSAME KOTOPOI'O BJISIIOTCSA BEJIUUYUHBL [3; L = a7,
1 =1,

Cas13b MexJ1y 0} U [3; onpejensier Teopema Buera:

(o1 =61+ B+ ... + B,
oy = B1f2 + Boff3 + L1z + ... + Bu_1B,
os= D Bububi. (%)

Bpesiénnbie cucteMbl 3aJal0T BEJUUNHBI CUHJPOMOB 1
KO3 DUIMEHTOB TOJIMHOMa, JIOKATOPOB OIMOOK COOTBET-
CTBEHHO KaK 3HAYEHUS CUMMEMPUUECKUT NOAUHOMOG:

(¥*) — cyMMBI k-X cTeremeil JJOKATOPOB OIMHOOK;

(#%) — 3JEMEHTAPHBIX.
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COOTHOIIIEHNST MEXKJIy ITUMU JIByMsl THUIAMU CHM-
METPHYECKUX  IOJHMHOMOB  3aJIal0TCs  1MOACIECNEaMU
Huviomona-2Kupapa, xoropble B jaBondHOi apudmeruke
ToxkaecTBa Huiorona-2Kupapa 3anucbiBaioTces Kak

S1 +0_1 = 07
So + 0181 + 20’2 = 0,
S3 + 0189 + 09581 + 303 = 0,

S, + 01Sy-1 + ... + 0,181 + Vo, = O,

)
Sy+1 + 018, + ... + 0y—182 + 0,81 = 0,
Sy+2 + O1Sp+1 + ...+ 0,183 + 0,80 = 0, '
Sor + 0182p—1 + ... + Op—182%—p+1 + OuSor—y = 0. )

[locnemuune 2r — v paBeHCTB JAHHON CHCTEMbI sIBJIsI-
iorcst CJIAY ornocurensuo oy, ..., 0,. B aureparype mo
KOJIAM OHA MOJIyYIJIa HA3BAHUE K.A104%€68020 YpasHeHus. Ké
pelenne TO3BOJISeT HAWTH MOJMHOM JIOKATOPOB OHIMOOK
o(x).

[Tocne maxoxenusi o(x) MOTHBIM EPeOOPOM MOKHO
OTBICKATh BCE €ro KOPHU Qi a 110 HUM — TO3UINH OIIIN-
OOK (jl, ,jy)

Ocnorast TpyaHocts B permennn panaoit CJIAY co-
CTOMT B TOM, UTO 3HadYeHHe U HemszBecTHo. EE pemaresn
Ha3BIBAIOT dekxodepamu.

Hexoyep PGZ (Peterson-Gorenstein-Zierler) cocrout B
IOCJIEIOBATEILHOM PEIIeHNN KJIFOUeBOr0 YpPaBHEHUs JIJIsl
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v =r,r—1,... JI0O T€X 10p, MOKa MaTpulla 0YepeHO
CJIAY He oKaykeTcst HEeBBIPOKICHHOH (IIpH epexojie oT 7
K 7 — 1 nomaraem o, = 0).

Aneopumm BMA (Berlekamp-Messey) naubosee -
dexTrBen I He CIUIIKOM JIMHHBIX KojgoB BYX; ero
3J1eCh HE PACCMaTPUBAEM.

Jlekostep Ha ocHOBe pacimpeHHoro ajroputva Eskiin-
Jla — pacCMOTpeH HUXKe.

AnropnrM gekomupopanns BYX-kona

Pacemorpum (n, k, d)-kog BUX, n = 29 — 1, ucupas-
maaromuii 7 = [(d — 1)/2] ommbok n « — Hysnb KOmA —
IIPUMUTUBHBIA 3JIEMEHT MYJIATUILIMKATABHON TPYIIILI 110-
as F3 = Folx]/(a(x)), nopoxaéunoro nosunomom a(x),
dega(x) = q. [lycrs npunsiTo ciioBo w(x), KOTOPOE, BO3-
MOXKHO, He SIBJISIeTCSI KOJOBBIM, MOCKOJILKY MOXKET COJep-
’KaTh OINNOKHN.

1. s cnosa w(x) naiitu Bee cunapombl s; = w(at),

i=1,...,d—1.

2. Haitru nosunom jiokaropos omubok o (), uciosib-
3ysl TOT WJIK HHO# JIEKOJIEp.

3. Haiitu Bce kopuu o(x) HONHBIM TEPeGOPOM BCEX
seMenToB nosst Fi; mycerh HaliieHHbe KOPHU CyTh
ozkl, Ce alv.

4. Haitru nosunuum omubok j3; =, —k;, ¢ = 1, ..., V.
5. WcnpaBuTh OMubKM, MOJYIUB CJIOBO

0(z) = w(z) + a7 + ...+ av.
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6. Haiitu Bce snauenus v(a'), ¢ = 1,d — 1; ecau ne
BCE OHM PABHBI HYJIO, TO BBIJATL OTKA3 OT JICKOH-
POBAHMUS.

M1 Oyj1eM HCIIOJIB30BATDL dek0dep Ha 0CHOBE PACUIUPEH-
nozo anzopumma Eexauda. Onminem ero.

JlJist HAXOXK JIeHUsI IOJIMHOMa JIOKATOPOB O1nboK o (x)
a 3aTeM U ero KOpHeil, paCCMOTPUM BCIIOMOTATEIbHBIA cuH-
IPOMHBLT NONUHOM

s(x) = 14+ s+ Sox2 4+ ...+ sox?,

re s; = w(at), i = 1, ..., 2r — cunapoMbl 1 (HGOPMAJIL-
HO Sy = 1.

Eciin nepeMHOXKUTL MOJIMHOMBI — CHHJIPOMHBIH 1 JI0-
KaTOPOB OLIMOOK, HOJYUUM TNOAUHOM 3HAMEHUT 0wubok:

s(z)o(x) = 14 Mo+ Aoz + - + Aoy 2”7,

KoadduimenTsbr 3T010 1MoJMHOMa OIPEIEISAIOTCS COOT-

HOIIIEHUEM JIJIsI IPOU3BEJICHUSI MHOTOUYJIEHOB —
i
)\i:ZSjUi—ja 1=1,...,2r+v.
j=0

3ameuaeM, 9TO 3HAUYECHUS A; IO JAHHON (opMmyJie Jijisd
1 = v+1, ..., 2r cyTb JieBble HaCTH PABEHCTB KJIOYEBOTO
ypaBHEHUs, T.e. Bce OHU paBHBI (.

Takum oOpa3oM, IOJMHOM 3HAUECHIH OITMOOK UMeeT Hy-
JIEBYTO «CPEJHIOI YacThby. OB03HAUNM TEpBYIO YacTh A(X),

a U3 3aKJIOUYNTEJIbHONW YaCTU MOXKHO BBIHECTH 34 CKO6Ky
x2r+1.
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s()o(z) = (14 Mz + X+ ...+ A2" ) +

= A(z)
+ g2t (/\QT_H + ...+ )\QT_H/ZCV_I) , v=>1.

DTO 03HAYAET, UTO
s(x)o(x) = mod2r+1 A(T).

Takum 06pa3oM, HEKOTOPbIH MHOTOWIEH A(x) cTeneHun
v < 1 W TOJMHOM JIOKATOPOB OMHUOOK 0 (T) yIOBIETBODSI-
10T COOTHOIIEHUIO Besy

s(z)o(z) + 27 Ma(z) = Az)

(manomunanue: padoraem B nose Fh = Fo[z]/(a(x))).

DT0 COOTHOIIEHUE MOXKET OBITH PEIIEHO OTHOCHTEIHHO
o(x) TOMOIIBIO PACIPEHHOTO ajropuT™Ma EBKinma, mpu
ITOM:

® YCJIOBHE OCTAHOBKHM — CTEIEeHb OYEePEHOrO MOy YeH-
HOI'O OCTaTKa < T;

® KOJIMUYECTBO COBeplleHHbix omubok v = dego(x);

e 1Ipu pelieHur He Tpebyercs 3HATh CaM MHOI'OYJIEH

A(z).

[Mpumep 3.13 (nexopmposanns BUYX-koma wa ocHOBe pac-
IMPEHHOIO ajiropurMa EBkiinja).

Paccmorpum BUX (15,5, 7)-kom 15 =29 — 1 =24 — 1,
ucupapJsiomuit 10 r = 3 omnbox. Ilycrs npu mocrpoe-
HUM KOJIa B KadecTBe T0JId pasjioKenus omnoma 0 — 1
ucnosbsosasock nose Fy = Fyfz]/(a*+2+1) n a —
HYJIb KOJIA.
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[Iycrn TaK>Ke neperaércst cooO1eHne
011017 < u(x) = 2* + 2% + 2.
[Ipr cucreMaTnyeckoM KOJAMPOBAaHUU (OIMYCTHM 3TOT
9TAI) KOJOBOE CJIOBO €CTh
v(z) = s+ 2P+ + 2P+t P+
< 011110001001101)7.

[TycThb ommbku npousontiu B 0, 6 u 12-ii mo3unusx, T.e.
HPUHSATOE CJOBO —

w(r) = s+t + 2P b vt + 1 &
— [lllllOlOlOOlQOl]T.
Hnsg  pajgbHERIMMX — BBIYKUCJAEHHI  HaM  ITOHAJIO-

OUTCs  NpEJICTaBJIeHNe  HEHYJIEBbIX — 3JIEMEHTOB  110JIsI
Folz]/(z* + 24 1) kak crememeii ero remepaTopa «:

ol |«

a? | a?

ad | ad

atla+1

o’ a’+a

ab | ad +a?

o'l +a+1

a®la?+1

o | o+ a
a2 +a+1
al'lad+a’+a
a? P+’ +a+1
a? |l ad+a’+1
ot a?+1
a1
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1. IMockosibky d — 1 = 2r = 6, naitjiem Bce 6 cuHPO-
MOB JIJIsl TIPUHSATOTO CJIOBA!

s1 = w(a) =
= (®+ 1)+ (@®+a’>+a)+ (@®+ 1)+ (a® + )+
+(a+ D+’ +a*+a+1 = a,

sy = w(a?) = (w(a))® = o,
_ 3\ _ 42 33 24 18 12 9

s3 =w@’) = o +a” +o" +a +ta+a'+

=ql2 =03 =a9 =od
+a’+al+l=a’+al+1 =4 +’+ AP+ 1 =
= ao?+1 = 048,
s = w(al) = (w(e?)? = al,
s5 = w(a’) = o™ +a” + o + ¥+ + o+
Lol L fa] =
a0 b1+ 0P 41400 F 1 = 1,

s¢ = w(a®) = (w(®)? = (®+1)* =a*+1 = a.
Takum 0Opa3om, CUHJPOMHBII IOJIMHOM €CTh

s(x) = ax® +2° + o'zt + PP+ f2? fax + 1.

2. Ilo nekojuepy Ha 6aze paciiupeHHoro ajaropurma Ep-
KA1 HeoObxoumo 1o a(x) u $(x) permuTh COOTHOIIEHUE

z'a(z) + s(x)o(z) = M)

oTHOCHTENILHO O (x). Permaem:
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[ar 0. r_o(z) = a7,
r1(z) = s(r) = axb + 25 + ot
3

+a823 + a?2? + ax + 1,
0'_2(55') - 07
0’_1(517) = 1.
Mar 1. r_o(x) = r_1(x)qo(x) + ro(z),
wo(z) = als + a3,
ro(z) = a82® + a2zt + altad + a3,

oo(z) = 0—2($)$0—1($)QO($) = q(z) =

[Mlar 2. r_y(z) = ro(x)qlz(a:) + ri(x),

Mar 3. ro(z) = ri(z)g(z) + ra(z),
@(z) = o',
ra(x) = @’r +a'?,
oo(z) = oo(x) + o1(x)ge(z) =

= az’ —+ a’x? + 0414:1: + a3,

D10 nocseanui mar agropurma EBkinia, T.K. octaTok
ro(x) mmeer cremenn 1 < r = 3.

Taxum 0Opa30M, MOJIMHOM JIOKATOPOB OIIKOOK HalijieH:
o(z) = oo(x) = ax® + o’z + oz + o3

n v = dego(x) = 3.
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3. Haiijiém kopru o(x) nosHbM 11€pebOPOM, UCIIOJIb-
3ysl TIOCTPOCHHYIO paHee TaOJUILy CTelneHeil

ola) = a*+a"+14a'® = a?

=a +a’+a+al?® = 043—|—042—|—04,

o(a”)

o(0?) = a4 all 4o 4 = 0,

ola') = a® +a¥ + o’ +a? = a® +1,
o(a®) = a+1+a*+a"? =a',

0@ = a*+a® +a’+a”? = o’ 4o,
ol =a" +at+ab+a'? =’ +1,
oc(@®) = a+a’+a" +a = P+’ + 1,
o(@”) = a® +a®+a+a? =0,

o0 = a+ o+ +ab = a

o) = a'+a?+ o’ +a = o’ +q,
o(0'?) = o + a4 all +a® = 1,

o(0®) = o +ata?+a® = a?fatl,
o(a) = a® + P +a? +ab? = o +1,
o(a'®) = a+a® +altta® = 0.

4. Tlo waitnenunim kopusaM o, o, a'® Berancasem mo-

SUIUN OIIHOOK:
= -3 =15 12,
J2 = —9 =15 6,
j3 = —15 =15 0.

5. T.o. monunom ommbox e(x) = 2+ 2%+ 1 onpene-
JIEH TIPABUJIBHO,
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v(x) = w(x) +e(r) =
=2+ 2P+ 2+t P+ 2 = v(n)

n KOZ0OBOE CJIOBO BOCCTaHOBJIEHO.

6. Ilposepka () = D(a?) = ... = 0(ab) = 0
TOBOPUT OT TOM, YTO BOCCTAHOBJICHHE BepHOE' .

BYX (n,k,d)-kompr: ucropmiueckue cBegerusi. llep-
BbIM [paKTU4YecKu peasin3oBaHHbiM  bBYX-kojom  ObLI
(127,92, 11)-kop, uctnpapisiiormuii 5 OMmuboK.

B cucremax nepejiaun JI@HHBLIX HUPOKO MCHOJIB3YeTCsE
aponunbiit BYX (255,231, 7)-kox (255 = 28 — 1) nocrpo-
eHHBIH C MOMOIIBIO IPUMUTHBHOIO 3jeMenTa o € F5:

® CreleHb [OPOXKIAIONIEro Koj MHorodwieHa ¢(x) —
m = 24,
e B O0OINEM YHCJIE CJIOB JIIMHBI 255 JI0JISI KOJOBBIX —
—24 o, 1
277" ® 15579, @ BCe Maphl pajuyca 3 ¢ I_Iel.{.TpaMI/I B
KOJIOBBIX CJIoBax 3aHuMaior = 16,5% obbéma Kyba

3255
B redennn MHOIUX JieT He ObLIO cjIydast, 4T0ObI OIrbKa,
nepeladn Ipolia He3aMedeHHOI!.

BYX (n,k,d)-xkoapi: pe3rome

e BbYX-KoJbl ABASIOTCS ITOJKJIACCOM ITHKJIMIECKHX.

o Camoe I11eHHOE CBOMCTBO — BO3MOXKHOCTH ITOCTPOE-
HUS KOJ& C KOJIOBBIM PACCTOSTHHEM HE MEHBIIe 3a-
JIAHHOTO.

9¢ yudroM 3aMeuanus Ha c. 134.
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e KojmupoBanue OCyIIECTBIISIETCS € MOMOIIBIO MOPOXK-
JIAIOIIEro TMOJUHOMA, MMEIOIIEro KOPHAMU CTEIeHU
HEKOTOPOT'O TPUMUTUBHOTO JIEMEHTA TOJIS.

e JlekompoBaHue MOXKET OBITDH MTPOBEJIEHO ¢ TTIOMOIIHIO
sdpdekrusabix agaropurmos (Popuu, Bepieksmia-
Msccen, Ilutepcona-lI'opencreitna-lupaepa, EBkin-
JIOB aJITOPUTM, ...).

e Teoperuuecku kojbl BUYX moryT ucnpapisith Mpo-
U3BOJIBHOE KOJIMYECTBO OIIUMOOK, HO 1IPU ITOM CYIe-
CTBEHHO YBEJUUNBAETCA JJIMHA KOJOBOTO CJIOBA M,
YTO HPUBOJUT K YMEHbBIIEHUIO CKOPOCTH IEpejiayin
JIAHHBIX U YCJIOXKHEHWIO MPUEMHO-TIepealoneil amn-
naparypbl, U 03TOMY HPU OOJIBIIUX JIJIMHAX [TPUXO-
JINTCS UCTIOTB30BATD JIPYTHE KOJIbI.

e [Ipu nebosbimmx n cpeju kojos bUYX cymecrytor
xopotre (HO, KaK MpaBWIO, HE JIyUIne U3 U3BECT-
HbIX ) KOJIbI.

Koawst Puma—CoJsiomona: obmime cBegenus. [llupo-
KO UCMOJb3yeMbIM JYaCTHBIM ciiydaeM KojioB bYX aBisaioT-
cst kodve Puda-Conomona (Reed—Solomon codes), koropbie
TO3BOJISIOT UCIPABJISITH MAKETHI OIMHIOOK.

Iaxem owwubor (error burst) — rpynmna 6uToB, B KO-
TOPOI JIBa MOCJIEI0BATEIBHBIX OIMMOOYHBIX OWTa BCErja
pasjiesieHbl TPaBUILHBIMIA OUTAMK, YACIO0 KOTOPHIX MEHee
YCTAHOBJIEHHOTO.

Kospl Puja—Conomona:

e HeOuHapHbIe (B 4aCTHOCTH, OY€Hb PACIPOCTPAHEHbI
KOJIbI, paboTalomme ¢ baiTamm);
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® YACTO HCIOJIb3YIOTCS B YCTPOHCTBAaX IM(pPOBOIH 3a-
ITUCH 3BYKa, B TOM YHCJIe HA KOMITAKT-JIUCKHU.

[Mpumep 3.14 (Herpymnmosoro Giokosoro koja). [lycrs mo
JIBOUTHOMY CHMMETPUUHOMY KaHAJY C IIYyMOM TPeOyeTCst
nepejaBath ¢t = 4 OuroBbix coobiienusi S, So, S3, Sy
JIJINHBL 2.

BiiokoBbIit pazenumblit HerpynmnoBoit koj C, ncrnpas-
Jgstforuit 1 ommbky 3ajaérest Tabsuieit

S C
0000110
01101101 | «3azop»: 25—4°(1—|—5):8 CJIOB;
10 1 10011 rpaHuIa [ImoTkuna mocTuraeTcs
11111000 (mpoephTe)

KoyoBoe paccrosinue nocrpoentoro koja C paBHo 3
¥ TIOCTPOEH cucremarTwdeckuii (5,2, 3)-Ko/, cojepKalimii
MCXOIHOE COOOIIEHNE B MEePBLIX BYX MO3UIAIX.

IomexoycroiitunBoe KOJMPOBaHUE TPUMEHSIETCS:

® I IOJYyYCHUs HAaJeXKHOH CBA3M, KOUJa MOIIHOCTH
MPUHUMAEMOTO CUTHaJa OJIn3Ka K MOITHOCTH TeIIo-
BbIX I1YMOB;

e JUIsl 3AIll[UTHl IPOTHB HAMEPEHHO OpraHu30BAHHOMH
MPOTHBHUKOM HHTEpgEpeH i (B BOGHHBIX TPHUJIO-
KEHUSAX);

e [IpU [epejiatie JAHHBIX B BEIYHCTHTEIBHBIX CHCTEMAX
(kOTOpbIe UPE3BbIYAIHO UYyBCTBUTEJIbHBI K OO
KaM);
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® JJIs 3AIUTHI JIAHHBIX BO BHYTPEHHUX U BHEIIHUX 3Y
(7T€HTDI, THCKN...);

® DU CHHTE3¢  OTKA30YCTOHYMBBIX  JIMCKDETHBIX
yerpoiicrs (manpumep, BUC, TIJIM, ...);

® JIJIs1 TIOJIYYCHUST yCTOMYUBBIX IIPU3HAKOB U3 OHOMET-
PHYECKHX XapaKTepHCTHK (ceTdaTka IJasa, OTIe-
YaTKW MAJbIEB, ...).

J11s1 BEIOOpa MUHUMAJILHBIX MHOTOUIEHOB IIPHU ITOCTPO-
ennn BYX-komoB cocrapiiennl crenuababie TaOJIuIb.

Koppeknun ommbok MOXKeT TpeOOBAThLCSI HE BCETTA:
MHOTHE COBpPEMEHHBbIE KaHaJIbl CBA3M 00J1aal0T XOPOIITH-
MU XapaKTEPUCTUKAMU, ¥ ITPUHUMAIONIEH CTOPOHE 4YacTo
JIOCTATOYHO JIMIIb IIPOBEPUTH, YCIICIIHO JIX IPOIILIa Iepe-
Jlada U B cJlydae HaJudust olnbOK OBTOPUTH €€ (He MeHee
2-X pa3 — MayKOpUTapHbIil METOI).

Tak>ke nipu cunrese cooeycroiramsbix UMC qacto Tpe-
Oyercs JIUIIb 3a(UKCUPOBATH HAJUIHE OIIMOKM, KOTOpas
ncIesaeT Mpu MOBTOPHOM BBIUNCIEHUU BBIXOIHOTO BEKTO-
pa.

B sTux ciaydasx IPpUMEHAIOTCS KOJIbl CIEIUAIbLHO IIPE/I-
Ha3HAYEHHbIE JIJIsi OOHAPYKEHHST OIMTHOOK, & He JIJIsT UX HC-
IIpaBJICHUS.

Besi maremaruka jeqinTcest Ha TpU pasjeJia; HebecHasi
MeXaHUKa, M'MJIPOJMHAMUKA U TEOPHUsT KOJUPOBAHUSI.

B. U. Apnoavd
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3.8 3agaunm c pemieHuAMMI

3apgava 3.1. Jaa aunetinozo xoda, 3adannozo ceoeti npose-
pourol mampuued

0010111
H=101011T1FO0
1011100

mpebyemcas
1) nocmpoums nopoxjawiiyro mampuyy G Koda das
CUCMEMAMUYECKO20 KOOUPOBAHUA, NPU KOMOPOM OU-
Mol UCTOOM020 COOOULEHUA NEPEXOOAM 6 TTOCTECTHIE
bumot k0006020 CA06a;

2)  matimu makoe Koduposanue 0aa coobuweHU
w; = [1101)7, uy =[1001)7,

Pewenne. IIposepounast marpuna H wumeer pasmMepHOCTh
3 X 7, clienoBaTelbHO KOJ MPHU JJIMHE N = 7 COJEPXKUT
m = 3 npoBepoUHbIX U k =7 — 3 = 4 uHdOpMaAIMOHHBIX
OuT.

[lopoxatorniasi mMarpuiia Koja G, obecrevdnBaroriast
TpedyemMoe CucTeMaTuieckoe KoJIMpoBaHue, JIOJXKHA UMETD

P
BIJT [ 14] .

Marpuity P MOXHO TOJIyUUTh, €CJIU TTPUBECTU TTPOBE-
pounyio marpuily H K BUIY []3 P}, Ipeodpas3yst CTPOKH:

0010111} . [L011100
0101110 %101 01110|—
1011100 0010111
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S O =
o= O
—_o O
(R R
=)
= =
—_ O

Terepb MOXXHO TTOCTPOUTDH TPEOYEMYIO TTOPOK TAIOTILYIO
MaTPWILy W OCYIIECTBATH Koanposanue aias wy = [1101)7,

Uy = [1001]T

1011 00
1110 01
0111 01
G=1|100 0, [vl,vg]:Gx[ul,ug]: 1 1
0100 10
0010 00
0001 11

Ouesu 1o Obt 3ajan (7,4, 3)-koj XoMMUHIA, HOMEIAKO-
it nHOpPMAaIMOHHBIE OUTHI B IIOCIeHNe 4, a IPOBEpOY-
Hble — B TIepBble 3 TIO3UINHU KOJIA.

3aMeTuM, 4TO TPAJUIUOHHO MPOBEPOUYHBIE OUTHI pac-
nojaratores B 1, 2, 4, 8, ... MO3UIMAX KOJOBOI'O CJIOBA.

3agava 3.2. [Tukauveckuti (9,3)-x00 3adan c6ouM NOPoHC-
AaI0ULUM NOAUHOMOM

g(z) =2+ 23 + 1.

Tpebyemes onpedeaumsv MUHUMAALHOE PACCMOAHUE KOO
d, a maxoice ocywecmsumsd CUCMEMAMUECKOE KOJUPOBA-
HUE NOAUHOMA

u(z) = 22+ + [011]7,
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Pewenune. [list onpejiesienrisi MUHUMAaJILHOTO KOJIOBOT'O
paccTosdHud d HaiiIEM Bce KOJOBBIE CJIOBA:

v(z) = g(x)(ax?+br+c) = (2423 +1)(az’+br+c) =
= ax® + bx" + cxb + a2’ + bat + ca® + ax® + bx + ¢,
a, b, c e [s.

B BEKTOPHOM BHJIE€ BCE KOJOBbLIE CJIOBa MTPEJICTABJIAIOT-

Csl Kak
[a, b, ¢, a, b, c, a,b, cl.

OueBu/IHO, YTO MUHUMAJIBLHDBIA XIMMUHIOB BEC HEHYJIEBOI'O
KOJIOBOT'O CJIOBa pPaBeH 3 H, cjejoBaresbHO, d = 3.

[IpoBoiuM cucreMaTHiecKoe KOAUpOBaHue COOOIICHUs
u(x):
v(x) = a:6u(:z:) +r(x) [=]

r(z) =y 2u(@) Zpoigei 2®+27 = 2"+ 2t + 27 + o,

=] 28+ +2%+ 2t +2P 42 < 01101101 1)"

1 yOexkjaeMcsi, 9TO0 OMTHI COODINEHUsT HAXOMATCS B Kpaii-
HUX TPaBBIX MO3UNKUAX KOJOBOTO CJIOBA.

3apaya 3.3. Paccmompum kod Xommunza cucmemamuie-
K020 KOOUPOBANUA ¢ NOPOINCOUMOULUM NPUMUMUBHBIM NO-
aunomom a(x) = 2%+ + 1.

Tpebyemcsa dexoduposamvp NOAUHOMDL

1. wi(z) = 2°+ 2%+,

2. wo(z) = 2® + 2% + 23 + 2% + x,

3. wy(x) = 25+ 2%+ 2% + .
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Pewenune. Ouesujno, umeem (7,4, 3)-koj XomMmunra, B
KOTOPOM COO0DIIeHne ecTh KOA(P(DUIMEHTRI ITepe;] CTelleHs-
Mu 3, ..., 6 dpopmasibHOI 1IepeMeHHOl T KOJIOBOT'O MOJIU-
HOMA.

s nekoimpoBanus He0OXOIUMO BBIUYUCIUTE CHHIPOM
s = w(a) ¢ yudrom a® = a+1 (a — reweparop noJst
Fala]/(a(a)))

Eciu s = 0, To cunraem, 4To OmIMOOK 1IPU IEpe/ia-
Yye He IPOU30IILI0; NHaYe HeOOXOAUMO HailTh Takoe k, 9To
of = s u nepeJ; BoccTaHOBIIEHNEM COODIIEHUS MHBEPTHUPO-

BaTh k-it paspsiyi w(a) (9TO, OUEBUHO, HMEET CMBICT IIPHU

ke{3,...,6}).
1. wi(z) =a%+2*+2 < (011000 1]
s=ad"+a*+a=(+al+a=

= (a+1)0+a*+a =’ +1+a’+a=a+1#0.

OueBnzno, a + 1 = o2, re. k = 3, omunbka npousornuia

B 3-M paspsjie u v(x) = w(zr) +e(r) = 2%+ 2% + 2% +
v [0111001], u(z) < [1001].

2. wa(z) = b+ 2%+ 2P+ 2P+ < (011101 1]
s=a"+’+aP+’+a =
= (a+ 1)+ (a+ )’ +a+l1+a’+a =
= d* 14+’’’ +1l = P +af = P +a+1 # 0.

Ouesuno, a®+a? = (a+1)a? = o re. k=5, omubka

npousonia B 5-M paspsijie u cHoBa u(x) <> [1 00 1].

3. ws(z) =a+2%+274+2 « [0111001]
Yoexjjaemcs, 4To B 3ToM ciiydae § = 0, T.e. omunbOK He
npomsomnio u u(z) <> [1 00 1.
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Bameuanne. Jlexouposanne cuCTeMaTUIeCKOro Kojia XoM-
MUHIa MOYXKHO HPOBECTH JIEJIEHHEM TPUHSATOrO TOJUHOMA
Ha, TMOPOK JAIOIINIA: OCTATOK OT JICJICHUsI €CTh CUHJPOM S
w(z) = q@) - g(z) + (@), (@) = 5.
B namem ciyuae:
1 2+ 22 +2 = (B +2+1)2+2+1;
2. B+ 2P+ +at 4 =
= P42 +r+ )@@ e+ D)+ 22+ 1
3. 29+ + 2+ = (B +a) P +2+1)+0.

3agava 3.4. Jaa woda BYX ¢ wysamu o, o?, o

u o, ede o — npumumuenvi saemenm  noad
F = Folz]/(z* + 2+ 1) u npunamozo caosa

w(r) =" 4+ 210 4+ 2° + 2,
HATMU NOAUHOM A0KAMOPOE 0wubok o(x).

Pewenune. [dnsg ymobcrBa BbIUKCIeHn B mojse [ mocTpo-
UM TaDJIMILy COOTBETCTBUN MEXKJY CTENEeHHBIM U TTOJIMHO-
MUAJIBHBIM [IPEJICTABJICHUEM JIEMEHTOB 110JIS.

al |« (0010)
a? | a? (0100)
o | o? (1000)
at la+1 (0011)
@’ | a?+a (0110)
ab | ad + a? (1100)
Q| ad+a+1](1011)
a® | a?+1 (0101)
¥ | o+« (1001)
ol a?+a+1|(0111)
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oo +a?+a (1110)
a? | +a?+a+1](1111)
a®la?+a?+1 (1101)
altla?+1 (1001)
al® |1 (0001)

C 1noMoIbio 9T TaOJIUIbI BHIUUCIMM CHHIPOMbI:
s1 = wla) = o'+ o’ +a’ +a' =
=@+ D+ (@+a+D)+(@+a)+(a+1) =
=od+a+1l=a,
s2 = w(a’) = (w(@)” = o',
s3 = w(a®) = a?+1+14+a' =0,

s, = w(at) = (w(a2))2 = a® = a3

Cunapomubiit mosmaom — s(z) = ol¥z! + alt2? +
o’z + 1.

CHHJIDOMOB BCEr'0 4eThIPe, CJIEJ0BATEbHO YUC/IO0 OLIN-
Ook 1 = 2.

[TosmmHOM JIOKATOPOB OMKOOK 0 () SIBJISIETCS PEIIeH -
eM ypaBHEHHUsI

¥ Ha(x) + s(x)o(z) = Mz), deg\(z) < 7.
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Periaem ¢ 1oMoIIbi0 paciimpeHHoro ajaropurma Kxim-
JIa:

[ar 0. r_s(z) = a°, /) Mnunpanusanus
r_i(x) = 0413 Yo’ 4o’z + 1,
yali) = 0, yale) = 1

[Mar 1. r_o(z) = r_1(z)qo(x) + ro(z),

// Hemnum T—Q(SU) Ha 7“71(%) C OCTATKOM
2

q@(r) = a’x,
ro(z) = az’® + 2% + o,
y(x) = y-o(x) —y-1(z)g(z) = —qo(r) =

= Oé2$.

Mlar 2. r_1(z) = ro(x)q(x) + (),
/| Hemuwm rfl(x) Ha ro(x) ¢ ocraTKOM
qi(z) = o'z + o,
ri(z) = aM2? +1 — degri(z) =
(@) = ya() = go(r)a(r) =
= 1+ o’z(a! a:+a) =
= a14 ‘+a'r+1=o(x )
TIOJTMHOM JIOK;;OPOB orruboK

3apgava 3.5. Paccmompum xod BUX, nysu xomopozo onpe-
deasromes cmenenamu o, 20e o — NPUMUMUGHHIT de-
menm noan Folz|/(z* + x +1).

ITIyems das nexomopozo npumnamozo caosa w(x) no-
AUHOM A0KAMOPO6 owubok ecmy o(x) = o’x? + oz +1.

Tpebyemcea onpedeaumo 1ozuruu ommnbok 6 w(x).

Pewenune. HaiijéM KopHH IOJMHOMa JIOKATOPOB OIIMOOK
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HOJIHBIM TIepebOPOM.

st BBIUMCIIEHRH yIO0OHO MOJIb30BAThCS TAaOJUIEH CO-
OTBETCTBUIl MEXKJIy CTENEeHHBIM U MOJIUHOMUAIBLHBIM TPE/I-
CTaBJIEHUEM SJIEMEHTOB I0JIsI, BBIYUCJICHHOW B IPEJIbIIY-

e 3ajiaqge.
o(xr) = o®2* + o’z + 1

o) = a*+a"+1 = o

o(@®) =a’+a®+1 = o,

o@®) =¥+’ +1 = ®+a’+a,
ola®) = a® +a'%+1 =1,

o(@’) = a?+ a4+ 1 =0,

o) = a*+a%+1 =’ +a+1,
o) = a4+ a®+1 =0a+a’+1,
o(@®) = a®+a"+1 = 0.

JlanbIie MOXKHO He BBRITHCIITH: 00a KOPHST KBaJIpaTHO-
ro mojuHoMa o (x) Haii/IeHBI.
Urak, 110JintHOM JIOKAQTOPOB OIIUOOK
o(xr) = o®2® + o’z + 1.
nMeeT Kopan o’ u o,
OnpejensieM MO3UINH OMINOOK:

—5 =15 10,
—8 =15 77

(1 mosmHoM ommbok ecth e(x) = x4+ 27).
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3agava 3.6. ITocmpoumv BYX-x00 daunve 15, ucnpas.is-
rwutl ne menee 2-x 0wubdok.

Pewenne. Nneem ¢ =4, n=2*—-1=15n
d.—1=2r =4.

O6pazyem nosie F' = F3 = Fy[z]/(a(x)), B3siB B Kaue-
crBe a(z) HenpuBOAMMBIH moamHOM 4-it crenenn i +x+1
(mpuBosUM GoJtee OIPOOHOE perienue npuMepa 1, Bap. 4
paznena Kogupoanne BYX-konamn).

[TosiuroM a(x) — IPUMUTHUBEH, T.€. SIBJISIETCS M.M. JIJIsI
Q = T — re’HepaTopa MyJIbTUILIMKATUBHON rpyrinbl F™* .

HaxomuM IUKJIOTOMUYECKHE KJIACChl [IJIsl 9JEMEHTOB

a, o, a3, o nona F, yaursiBag, uto o = a+1, a® =1,
al® = o, o = o
2 4 8 3 .6 9 12
{oz,oz,a,oz}n{oz,a,cv,oz },

TaK 9TO JIJisi MOPOXKIAIONIEr0 MHOTOWIeHa ¢(X) KOHCTDY-
upyemoro bYX-kojia Oyjem numern

9(7) = ga(T) - gus().

deno, uto go(x) = a(z) = a2t + 2+ 1.
Boraucamm a/1eMeHT b IIKIOTOMUTIECKOTO KJTacca, B KO-
TOPBII BXOJIUT a:
o’ = a'a? = (a+1)a® = o’ +ad?,
2 2
o’ = (a)a = (a+1)a=("+1)a =a’+a,

3
a? = (") = (a+1)P° =+’ +a+1.
BbraucsmM M.M. JJIs1 9TOTO TIHKJIOTOMUIECKOTO KITACCa;

go3(z) = (z+a®) - (z+ab - (z+a°) (z+a'?) =
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= (2*+ (®+a®)z+a") - (" + (@ + o)z + ") =
= @+ (@ +a+lz+1) (®+ (@@ +a)z+1) =
AR Y A LN e

[Tostyuum nopox iaroiiuii nojunom Jyisi (15,7, 5)-koa
BYX:

9(x) = ga(w) - gas(x) =
= (' +z+1) (" +2°+2°+2+1) =
=2+ + a4t 1,
degg(x) = m =8, k=15-8 = T.

Samedanne. Panee ObLIO yCTaHOBJIEHO, 9TO MMEETCsI BCEIO
3 HEmPUBOJMMBIX MHOTOUJIEHA, 4-TO MOPSJIKA.

OjuH u3 Hux BbIOpaH B KadectBe a(r) = go(x) u 10-
STOMY M.M. JUlf o MOXKeT OBITH OJIMH U3 JIBYX OCTATBHBIX:
et 3+ 1 v 2t 3 o+ 1

YoexxjaeMcs, UTO TOJCTAHOBKa & +—> «° obpalaer

nepsbiit B o + 1, a Bropoit — B 0, M TIO3TOMY OH M €CTh
a3 (:U)

3

3apgava 3.7. Ilocmpoums 15-paspadnvii BIX-xo0d daa uc-
npassenus He menee 3 owubok.

Pewenne. Unmeem n =15=2*—1,r=3,d.—1 = 2r = 6.

[Topox jaroriuit MHOro4wIeH ¢(T) KOHCTPYUPYEMOro

KoJla JIOJKEH HMeThb KOpHH o, o, o, at, o, af, rne

Qv — NPUMUTHBHLII dsement nons F = 3.
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[Tpu pazduenuun F™* Ha NUKJIOTOMUYECKHUE KJIACCHI BCE-
rjna Oyner TPUCYTCTBOBATHL YETBIPEXIJEMEHTHBIN KJlacc
{a, o?, ot of }

OcraJibHbIe paccMaTpUBaeMble CTEIIEHN @ OyJIyT BXO-
JIATH B MUKJIOTOMUYIECKHE KJIACCHI

fad, o} u {ab ),

Herpyamno ycTtaHoBUThH, 9TO 3TO 4- M 2-37€eMeHTHbBIE
KJIACChI COOTBETCTBEHHO:

{043, al, al?, 0424=oz9}, (2-9: 18 =15 3, oz18:oz3);

{a’, 0}, (1k.2:10=20=;3=5 u o™ =a’).

Panee Obuin HalijieHbl HENPUBOJAMMbBIE MHOTOUJIEHBI YeT-
BEpTOIt cTerenn Ha [Fo:

) 2t 42 +1, 3) ot + 2P+t o+ 1,
2) at+ 2% +1,

[lepBble jBa MHOTOUJIEHA — MPUMATUBHBIE (MX KOPEHb
a GyjieT TeHepaTOPOM MYJILTHIIMKATHBHONW IPYIIITHI COOT-
BETCTBYIOIETO TOJIS).

C apyroii cropobl, MHOroujseH Ne3 He HpHMHTHB-
HbIH, T.K. TIOPsJIOK €r0 KOPHsi (v PABEH 5: 1PU yCJIOBUK
at=a+a’+ a+ 1 uveen

o = adt = a(a®+P+a+1) = '+l +al4a =

=+l o+ 1+ P+ oo = 1

OTO 03HAYAET, B KAUeCTBE [TOPOKIAIOIIEr0 HOJe TOJNHOMA
a(x) moryT ObITh BbIOpAH TOJIBKO KaKOH-1ub0 U3 1EepBbIX
JIBYX MHOT'OYJIEHOB.

Mosowum a(x) = zt+23+1 (Muorousnen Ne2) u rora
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go(z) =alz), a* =a+1, o' = 1.

HMasiee, cpasy scHO, 4TO M.M. Jijist sjiementa o (n o'?)
Oy/leT HempuBOAUMBIH TOJUHOM 2-ii cremeHu (OH eJuH-

CTBEHHBbIH ):
— 2 1

gos(x) = x°+ 2+ 1.

OcraJjioch onpejesuTs M.M. Jist @ (1 Beero ero 4-

9JIEMEHTHOTO ITUKJIOTOMUIECKOTO KJIacca) — UM JIOJIZKEH

ObITh JinO0 MuOrOusIeH Nel, jinbo muorousen Ne3.

[Toncranoska B Mmuorowren Nel paér
(@' +z+1)| = aP+a’+1 = (@®+1)°+a’+1 =
= (@®+1) ((&® + 1) +1) = o'+ J+ ¥) = a'%%# 0.

[Tosromy (MOXKHO M HE HPOBEPSATH) M.M. dj1eMeHTa o Gy-
JIeT ocTaBIIniicst MHOro4ien Ne3 u

9(z) = ga(T) - go3(T) - gos(x) =
= @'+ 2+ D@+ B+ D@ e+ 1) =
=W+ a8+ 4t 42+ +1, m=10, k=5.

B pesysbrare moctpoen BUX (15,5, 7)-Koj, yuKe moJrydeH-
Hblil pabee B paszjene Kogupopanue bYX-komamu.

3apava 3.8. Ilocmpoumsv 31-paspadnvit BIX-xo0d das uc-
npasieHuA He MeHee 3 0wubox.

Pewenve. Nmeem n =31=2°—1,r=3,d.—1 = 2r = 6.
[Topox jaromiuit MHOro4YIeH ¢(T) KOHCTPYUPYEMOro
KoJla JIOJKEH HMeThb KOpHH o, o, o, at, o, af, tne

Q¢ — TIIPUMUTHUBHBI ss1ement nost F = 3.
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[Tpu pasduenun F* Ha IUKIJIOTOMUYECKHE KJIACCHI
BCeryia OyJIeT TPHUCYTCTBOBATH MATHIJIEMEHTHBIH KJlacc
{a, a?, at, of, ot }

OcraJibHbIe paccMaTpuBaeMble CTEIIeHH @ OyJIyT BXO-
JIATH B IIUKJIOTOMUYIECKUE KJIACCHI

[ad a8 .Y u {o® ...},
Herpy/iHO yCTaHOBUTH, U4TO 3TU KJIACCHI TaK¥Ke OyJIyT
MATUIJIEMEHTHBIMU:

{a3, ol al? o ot = l7 } , (rk. 34 =3 3);

{a5, a? o ot =, oft b, (rk. 36 =3 5).

Panee OblLiu NnpuBeeHbl HEIIPUBOIUMBIE MHOTOUJIEHEI
usiToit crenenn "HaJl Fo: nx mecrs —

1) 2° + 2% + 1, 4) 2 4t 2t 4+ 1,
2) 2°+ 2% +1, 5) 2 +at+ a2t o+ 1,
3) 2+ P+t +1, 6) 2P+ttt

10

Bo MHOrnx MoHorpadusix ™ ecrb COOTBETCTBYIONIME Ta0 M-

1Bl

Bcee 91 MHOro4j1eHbI, KaK yKa3aHO B TaOJIMIAX, siBJIsi-
FOTCS IPUMHUTUBHBIME (KODEHb (v = & — T€HEPATOD MYJIb-
TUIJIMKATUBHOM TPYIIIBI COOTBETCTBYIOIIEIO [OJIs) U BCE
OHHM MOI'YT OBITH BBIOpAHBLI B KQUECTBE MOPOXKIAIOIIETO 110~
e nosuHoma a(x).

Mosowum a(x) = 2°+x3+1 (Muorousnen Ne2) u rorna
go(z) = a(z), @® = a®+1, a3 = 1.

19Hampumep, JIuda P., Hudeppaiimep I'. Koneunsie mons, Tom 1, Tabmuma C.
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OHpe,ZLe.HI/IM, KaKHne 13 OCTaJIbHBIX MHOI'OYJICHOB COOT-

BETCTBYIOT NUKJIOTOMHUYCCKUM KJIlaCCaM JIJIsd 043 n 045.

Nwmeewm:
JIsT MHOTOYTeHa Ne3 —

(x5—|—x3—|—x2—|—x—|—1)‘$:a3 = a4+l +aP+1 =
= (@ + 134 (P + D) +a(a®+ 1) +®+1 = ... =0,

JIsT MHOrO41eHa N —

(x5+x4+x3+x+1)|x:a5 — a25+a20+a15+a5+1 —
= P+ 1)+ @@+ D)+ (P +1)3+a°+1 = ... = 0.

Taxum obpazom,
Go3(2) = 2+ 23+ 2% Fx+1, gos(z) = 2242+ +a+1

(COBHa;LeHHe HOMEPOB MHOI'OYJIEHOB CO CTeleHAMU Ie-
HepaTopa CJIyan‘/’IHo) 1 TMOPOXKJIAIOIMNIA MHOTOUJICH JIJId
(31,16)-koma BYUX, ucnpasisiioiiero ne mesee 3 OIllu-
00K —

9(@) = ga(T) - gar(2) - gus () =
e e e S S S A S S
degg(x) =m =15, k =n —m = 16.

3agava 3.9. Paccmompum BUX-x00, nyau xomopozo onpe-
DeAANOMCA CMENEHAMU NPUMUTNMUCHO20 INEMENNG X NOAA
F = Folz]/(z* + x4+ 1).
Iyems daa nexomopozo npunamozo caosa w(x) no-
AUHOM A0KAMOP0o6 owubox ecmy o(x) = bz + ald.
Onpedesums nosuyuu owubox 6 croée w(x).
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Pewenne. Hawm nonamoburcs tabimiia, BhIparkarolias dJie-
MEHTBI MYJIbTUILINKATUBHON Ipynnbl F' depe3 crenenn eé
reHepaTropa «, y»Ke MOCTPOCHHasi paHee.

al | o

a? | a?

ad | a?

at la+1

o |2+ a

ab | o 4 a?

a’ o +a+1
ad | a?+1

o |+ a

ol a?+a+1
all | 0® 4 a2+ a
a2 P+l +a+1
0413 053 + &2 +1
atlad+1

a® |1

[Tepebopom HaliIEM KOPHU HOJMHOMA, OIINOOK
o(x) =z +a®= (&’ +a®)w +1:
ol@) =a*+a*+1 =a+1+a® # 0;
o0 =a’+a'+1 =a’+a+a+1+1=a®#0;

= (P4 +a+l)+@+a*+a)+1=0.

Jluneitnplit nomunom o(x) umeer oauH Kopenb — ) u

II09TOMY TIO3UIUsl €JIMHCTBEHHOM o1nbKu ectb —9 =15 6.
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[ naBa 4

Teopusa nepedvncneHns
[lona

4.1 JleitcTBue rpynibl HA MHOXKECTBE

e ['pymma G = (G, o, ¢e), |G| = n.
e Muoxecrso T, |T| = N.

— Bij(T) — muOXecTBO Beex bueknuii (mepecra-
HOBOK ) 3JjieMeHTOoB 1.

— Sym(T) — cummerpuveckasi Ipyiia MHOXKe-
ctBa 1"

Sym(T) = (Bij(T), *, 1r),

Onpegenerne 4.1 (1).

a € Hom (G, Sym(T)).
Heiictere v rpynnbl G Ha MHOXKecTBe T CUMBOJIHYe-

cku — G :T.

Onpegenerne 42 (11).  « = (G, T, o, x, e, 11),
e

G x G = G — rpymiosas Oneparus;

G x T 5 T — uoBag oneparusi.
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AKCHOMBI JIJIsT OIepaIiuii:

e ext = {;

e (goh)xt = hx(g*t).

Banuce onepaiuu x: g(t) = t'.

Akcuombr: e(t) =t u (goh)(t) = h(g(t)).

T.e. amemenTsl g rpynnbl G MOPOXKIAIOT TEPECTAHOB-
Ku Ha 1, 0bJiaJatonye BhIlleyKa3aHHbIMUA CBONCTBAMU.

Puc. 4.1. K onpejiesieHunio 1eiiCTBUsI I'PYIIIIbI HA, MHOYKECTBE

st jaHHOT 1I€peCTaHOBKH §:
Beeném oTHOIIEHNE 5KBUBAJICHTHOCTH ~, Ha 1 —
/ - —
t~gt' & JkeZ:gi(t) =t
Pegaercusnocmos (R), cummempuunocmo (S) u mpansu-
muerocms (T) oTHOIIEHNST ~; JIETKO MOKA3bIBAETCHL.
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CMeXKHble KJIacChl 9KBUBAJICHTHOCTH ~, Ha3bIBAIOTCS
g-uursamu. JeficTBUTENBHO, JIETKO BUJIETH, YTO 3JIEMEHTBI
9TUX KJIACCOB 00Pa3yIOT IUKJIbI:

g 9 g
t >t = ...t My KakJOro 3JeMeHTa —
110 €IMHCTBEHHOH BXOJAIICH U UCXOJAIICH CTPEJIKE.

OboznayeHus:
e ((g) — ancio ¢g-nuKIOB (CMEXKHBIX KJIACCOB TIO 9K~
BUBAJICHTHOCTH ~g).

o v, vy, ..., vn (mmm vi(g), v2(9), - .., vn(g)) — KO-
JMYECTBA, IUKJIOB JHbl 1, 2, ..., N .

e (v, 1o, ..., vN) = Type(g) — mun nepecmanosku
g (ynopsijioueHHast COBOKYITHOCTH KOJUYECTB I[HK-
JIOB).

N N

[lonsarno, uro > vp(g) = C(g) u > k-vp(g) = N.

k=1 k=1

[Mpumep 4.1 (Tun nepecranosku). [ycrs
T ={1,...,10},
7 8 9m>_
710 3 4
(

(123456
g_<961852
= (1,9,3)(2,6)(4,8,10)(5)(7) = (1,9,3)(2,6)(4,8, 10)

Torna Type(g) = (2,1,2,0,...,0), u
Clg) =2+1+2=5, |[T]|=2-1+1-2+2-3 = 10.

ITo Bceit rpynne G:
OTHotienne SKBUBAJIEHTHOCTH ~g Ha T —

trgt! & gg:g(t) =t

Caoiicta (R), (S) u (T) orHomennss ~¢g 0o4eBUIHBIL.
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o Kitaccnl 9T0#l 9KBUBAJIEHTHOCTH HAa3LIBAIOT 0pOUMaQ-
Mu; OHA 00pa3yoT pasdueHune MHoxKecTBa 1.

e Kuiacc 9KBMBAJICHTHOCTH, B KOTOPYIO TOMAJIAeT Jie-
MeHT t obosmataem Orb (t).

e Yucso nosyumsimuxcsa opour — C(G).

Ecin C(G) = 1 (mo6oii smement T MoxkeT OBITH TIepeBe-
JICH B JIIO6OI71), TO JeiictBre G : T HA3LIBAIOT MPAH3UMUG-
HOLM. “

CoOTBETCTBYIONIYIO 3KBHBAJEHTHOCTH OyJieM 00O3Ha-
JaTh TaK Ke, KaK W MOPOXKIaloliee e€ jefcTBre TPyIibl
Ha MHOXKECTBE — (¢ W MMO3TOMY

I.,(t) = I.(t) = log| Orb (¢)].

~g

dukcaTop MepecTaHOBKMN 1 CTAOMJIN3aTOP dJIeMEH-
Ta MHOX>KeCTBa. Dyjem pemarh ypaBHeHue

g(t) = t.
[Ipy BBIOJIHEHUH 9TOrO PaBEHCTBA MOYXKHO (DPUKCHUPOBATDH

aubo t, mmbo g.

1. QukcupyeMm ¢, T.e. HAXOJUM BCe IJTEMEHTHI MHOXKe-
cTBa 1', KOTOpbIE MTePeCTAaHOBKA ¢ OCTABJISAET HA Me-
cTe — 3TO urcamop nepecmanosky, g € G:

{teT|gt) =t} = Fix(g9) C T.

2. QukcupyeMm t, T.e. HAXOJUM BCe IEPECTAaHOBKH (,
KOTOPBIE OCTABJIAIOT JIAHHLIM 3JIEMEHT HEINOJIBUK-
HBIM — 3TO cmabuauzamop sremenma t € T

{geG|g(t) =t} = Stab(t) C G.
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Ouesngno Vt € T : e € Stab (t), re. Stab(t) # O,
1 BO3MOXKEH ciydaii, korma Stab (t) = G.
Bosiee Toro, crabunnzarop ecth MOATPYIIa Ipymibl G:

Yreepxgenve 4.1. Stab (t) < G

Lokazatenbcreo. 3adukcupyem t € T U paccMOTpPUM
g, h € Stab (t). Torna g(t) = h(t) = t u h™1(t) = t.

CrenoBaTesbHO

(goh™)xt =t = goh ' € Stab(t). .

[Tosromy crabuamsaTop Stab () HaswiBatoT emé cma-
yuonaproti nodepynnot (WIm uzomonuueckol nodzpyn-
not) anremenma t.

Stab (t) Oyuem rakxke 0bo3HadaTh Gy 910 BOOOIIE 10~
BODsI, HE CTh HOpMaJibHas noarpymnmna G.

Vreepxaenue 4.2. Ilpu deticmeuu epynnv. G 1a Mmruooice-
cmeo T meostcdy MHoAHCECMBOM NEBVLT CMENCHHLT KAACCOB
G no cmayuonapnoti nodepynne Gy anremenma t € T u
e20 opoumoti Orb (t) cywecmsyem 63aummo 00no3HauHoe
COOMBEMCMBUE.

Lokazatensctso. Jlesbie cmexubie Kiaacchl G o Gy 000-
saadaeM ¢Gy, g € G, cauTas Ipu 3TOM, UTO HA IJEMEHTHI
T cuavaja jeiicTByer HekoTopasi nmepecraHoBka n3 Gy, a
3aTeM — (PUKCUPOBAHHAS MEPECTAHOBKA, (.

Ho torma mobast mepecranoBka h € gG; OJnHAKOBO
nogeiicryer na t: h(t) = g(t) = t' € Orb(¢) (r.k. Bce
sjieMeHThl Gy OCTABJIAIT © HA MECTE) U yTBEPKJICHUE JI0-
Ka3aHo. 0

N3 stroro YTBEP2KAECHN A BBITEKACT BaKHOE JIJId HaC
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Cneacrsue. dauna opoumuve Orb (t) pasna undexcy cma-
yuonapnoti nodepynno, Stab (t) epynnv G:

¢ _ |G : Stab (t)].

| Orb ()] = [Stab (1)]

Lokazatenbctso. Ilo Teopeme Jlarpam:xa,

H<G = |G|=|H|-[G:H]
YUCJIO CMEXKHBIX KJaccoB Tpymmbl (G O €€ MOATpYyIIIe
H < G paBHO unjiekcy [G ; H} 0

4.2 Jlemma bépHcaiija

Jlemma 4.1 (ne-Béprcaiipa, unu Kown-Ppobetnyca).

‘G‘Z‘FIX )| = ﬁ;‘Stab(t)

Nepeoe PaseHcmeo Has3vi8aemcs semmoti Bépncatida.

Hokazarensctso. llycrs |G| = n, |T| = N u neiictue
Q T zagaéres nx N marpuneii A gi(tj)|l, i =1,n,

j=1,N.

[ogcunraem JBYMsi pa3IMIHBIME CHOCO6aMI/I MOTIT-
nocrb muoxkecrsa M = {(g,t) € G xT | g(t) =t}
10 CTOJIONAM ¥ [0 CTPOKAM MaTpHIbl A. HonquM

Z‘Fix(g)‘ = |M| = Z’Stab(t)‘.

geG

Eciu o wm y npunajjiekar oJHOMY KJIacCy SKBUBa-
genrHoctu 10 ~g, To Orb (x) = Orb(y) u ux crauumo-
HAPHBIE MOJTPYIIILI UMEIOT OJUHAKOBYHO MOIHOCTD:
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G| G|
Stab (z) | = = = | Stab(y) |.
S| = o @] ~ Tome) ~ | S W)
Breibepem 1o mpejcraBuTesio tq, ..., tog) "3 BCex

C(G) opbur. Torya

M| = 7| stab(1)] = Z]Stab [ |Orb ()| =

teT

_ G| _
_;‘Orb(t’ ’Ob } G| - C(G).

[lpumep 4.2. [eiicrBue rpyunbl V) Ha MHOXECTRE
T ={t1,..., t}

o) (& a\b\ab\ g*t tl tg‘tg‘tgl‘tg’,‘tﬁ‘
€ € b | ab € tl tg tg t4 t5 tG
a a e |lab| b a t2 tl t4 tg t6 t5
b b lab| e a b t3 t4 tl tg t5 t6
ab || ab| b a (& ab t4 t3 tz tl t6 t5
a: t, — 1y ts b: ty iy ts
FREE— ts ty ts ts
ab t ta ts
l3 Ly

Type(e) = (6.0.0.0.0,0), Type(a) = (0.3.0.0,0.0),
Type(b) = (2,2,0,0,0,0), Type(adb) = (0,3,0,0,0,0).
C(e) =6, C(a) =C(ab) =3, C(b) =
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Stab (t1) = Stab (t9) = Stab (t3) = Stab (t4) = e < Vi,
Stab (t5) = Stab (t5) = (e, b) < V4.
Fix (a) = Fix (ab) = @, Fix (b) = {t5,ts}, Fix(e) = T.

4 4
[Orb ()| = 5 =4, [O1b(t;)] = 5 =2
1 . 6+ 2
ZZ‘FD((!J)‘ :TZQ,
geG
1 4-14+2-2
ZZ}Stab(t)\ =—F— =2

teT

Kak npumensits jjemmy «He-Béprcaiiga?s

,HJIH ornpenesennsd 9ncjia KJaaCCOB 9KBUBAJICHTHOCTH Ha-
JO MPEJCTaBUTL 3KBHBAJICHTHDLIC 3JICMEHTDHI MHO>KECTBAa

T kak kJjaccol 3KBuBaJieHTHOCTH feiicteusg G : T neko-
«

topoit rpynbel G Ha T u 1o gemme onpegennts C(G).

3agaya 4.1 (po cIoBa; perenune mpsiMbIM HCIOJIb30BAHAEM
nemmbl Bépucaiina). Cocmasastomen caosa daunv, 1 > 2
uz angasuma A = {a,...,a,}.
Crosa cuumaromes sK6UBANEHMHLMU, ECAU OHU NOAY-
YAMea 000 u3 dpyz020 NEPECAHOBKOT KpatHuL OYKes.
Onpedesums wucaro S HEIKBUBAAECHMHBLT CAOG.

Pewenune. T" — MHOXKeCTBO CJIOB JunHBLI [ B ajdasure A,
IT| =N = ¢

Hajio upejcraBurh 3KBUBAJEHTHOCTH KaK OpPOUTHI
HEKOTOPOT'O JielicTBUs ojixo el rpynnsl G Ha T
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OueBn iHO, JBYKpaTHas IIEPECTAHOBKA HE MEHSICT HU-
qero, u nosromy nogxonut G = 7y = {e, f}. Heiicreue
f: mepecrapiyisier B c/ioBe KpaitHue OyKBHI.

YHCII0 HESKBUBAJIEHTHBIX CJIOB — YHUCJIO KJIACCOB SKBU-
BaJICHTHOCTH JIefiCTBUSI Z2 T —

’Fix ‘:|T‘:ql7 !Fix |:ql_2-q:ql_1

I -1 -1
q +q ¢ (qg+1)
S = C(Z») Fix (q)| = _ _
2) Z’ ix ( 9 9

gEG

st 1 =3, q¢=2 nueem [T| =8 u S =% =6.
[Iycts A = {a, b}, Torna cioBa n Kiaccs —

aaa, (1)
aab baa (2)
aba (3)
abb bba, (4)
bab (5)
bbb (6)
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ITramonosv, meaa — npaBUIbHbIE 3-MEPHbLIE MHOIOIDAH-
HuKd. PaccmarpuBaeM ux IpyIibl BpaIleHuit (caMocoBMe-
meHuii).

[InaTonoBwI Tena ['pynma [Topsimox
BpalleHMs] IpYIIbI
TeTPA3P T (rverpasapa) | 4-3 = 12
KyO 1 OKTas/p O (okrasapa) | 8-3 = 24
MKOCAdJIp 1 Jojekasp | Y (ukocasmpa) | 12-5 = 60

Uxkocasnp nmeer 20 rpaneit, 30 pédep u 12 BepinH.

OxTasap Uxocasp Hopexasnp

T — rpyiina BpallieHus: TeTpas/ipa

<t T = {(t, f), 3= f*=¢e, rue:

t — Bpamenue Ha 120° BOKpyr ocu,
IPOXOJAIICHl Yepes BepUIMHY U IeHTD
Terpadjipa (A—A); Takux oceii 4.

O

f — Bpamenne na 180° BOkpyr ocw,
HPOXOJAIIEH Yepes3 HEeHTPbI JABYX HPo-

A TUBOMOJIOKHBIX pébep ([0—[J); Takmx
oceit 3.

T =3-1)-4+(2-1)-3+1=12
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Heiicreue T Ha rpatu (WM BEepIIMHBI) TeTpasdjipa; TH-
IIbI [ePECTAHOBOK

O: Type(t) = Type(t’) = (1,0,1,0);

A: Type(f) = (0,2,0,0).
Terpasip JBOCTBEHEH caMOMy cebe => JieficTBue Ha I'pa-
HU = JIeficTBUE Ha BEPIIUHbI,

O — rpynna BpaijeHusi okrasipa (— Kyba)

O={(t fr)tht=f=rd=e e

t — Bpamenue Ha 90° BOKPYT ocH, TTPO-
XOIAIEH 1Uepe3 CepeuHbl IBYX IIPO-
TUBOMOJIOXKHBIX rpameil (O-—0), Takux
oceit 3;

f — Bpamenue na 180° BOKpPYyr ocu, IPOXOJsINeil yepes
cepeJiHbl JIByX IPOTHBOIOJIOXKHBIX PEbep (0—o), Takux
oceit 6;

r — Bpamenue Ha 120° BOKpyr ocu, TPOXOASIIel depe3
JIBE TTPOTUBOTOIOKHBIC BEPIHHBI (A—A) Takux oceii 4.

O] =3-3+1-64+2-4+1 = 24

Heiicreue O Ha BepIMHbI KyDa: TUIIBI TEPECTAHOBOK

O: Type(t) = Type(t’) = (0,0,0,2,0,...);

Type(t?) = (0,4,0,...
o: Type(f) = (0,4,0,...
A: Type(r) = Type(r?) = (2,0,2,0,...).

)i
)

)

[Tockombky |G| = |G, - [G : G], TO 1mcmo smeMenToB
B T'pyIIe BpaIleHnsi MPaBUIBHOIO MHOTOIPDAHHWKA eCTh
‘E()! : ’V’, re ‘E()’ — YHUCJ0 pédep, BBIXOAAINNX U3 OJI-

HO# BepmuHBLI 1 V| — 4YKMCIO BeplInH MHOTOIpaHHUKA.
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Huknosoit magekc. CylecrByer yHUBEPCAJIbHbIH CIIO-
co6 Berancaenus qucaa C(G) — KOIMIECTBA KIACCOB K-
BUBAJEHTHOCTH (= OpouT).

ComocraBuM KaxKi0il mepecranoBke g € G Bec w(g)
110 MIPABUITY:

Typ@(g) = <V17"'7VN> : UJ(g) :3:11/1 xjy\ii

'
MOHOM

Onpegenenne 4.3. Cpeianii BeC MOJICTAHOBOK B IPYIIIIE Ha-

3BIBACTCST UUKAOBVILM Undercom neictrust G @ T
«

1
P(go:éT, Tl ..., TN) = @Zw(g) =

geG

(D10 MPOU3BOAANIHIL TOJUHOM MHOTUX HEPEMEHHBIX)
Bynem TaKZKe UCIIOJIb30BaTh 0b03HaYCHUS

Pg(xla"'axN) u PQ? P(g)

[lpumep 4.3. Boruuciaum mMuKJI0BOR MHJEKC JEHCTBUS I'PYII-
bl BceX IpeoOpas3oBaHuii MPaBUJILHOTO TPEYTrOJILHUKA B
cebst (T.e. OCTABJIAIONIMX €0 HEMOJBUKHbBIM), HA €ro CTO-
POHLI.

Pewenune. T — cropoub! Tpeyrojbiuka, N = 3.
g = S3 — Bce nmepectanoBKH cTopoH, n = 3! = 6.
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G : T — camogeiicTBue rpymnmnl S3
«

TpeyrojibHuk —
caMoJIBoiicTBeHHAas (pUrypa =
= JeiicTBre Ha CTOPOHBI —

— JICACTBUE HA BEPIIUHDI

:<t7f>

g €S53 Type(g) | w(g) | # monomoB
e=(a)(b)(c) | (3,0,0) | 23 1
t, t? (0,0,1) | 3 2
f,tf, 2 f (1,1,0) | iz} 3
Beero 6

1
_ 3 1 1.1
P(Sg) = 6[331 + 21‘3 + 3331332],
— IUKJIOBOI MHJIEKC CaMOJCHCTBHS IPYIIILI S3, WU, 9TO
TO XK€, I'PYIIILI CHMMETPUU TPEYIOJbHUKA.

3aueM HY>KeH I[HKJIOBOH HHIEKC?
[Tycts 3amans maOX)KecTBO 1, rpynma G n aeiicteue G = T
«

1. Ilpunumem Kaxjomy 3jeMenTy 1’ ofHo u3 r 3Hade-
Huii (HedbOpMabHO: MOKPACHM B OJIH U3 T* TIBETOB).
Bcero, oueBmnHO, IMeeTcs 7Y pacKpacok.

2. He 6ynem paszsimuarh packpacku, ecjiu npu mpeobpa-
sopanuu ¢ : t — t' t' packpamen rakxke kak u t.
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Hanpumep, mosopor na 90° — He jaét HOBOrO pac-
KpalllnBaHUs BEPIIWH KBaJ[paTa:

O®—— @ — @

— ©® ® —— @

Bormpoc: CKoJILKO CyIecTByeT He3KBUBAJEHTHBIX pacKpa-
COK — KJIACCOB 9KBUBAJICHTHOCTHU !

Orper: D10 3HAYEHUE BLIYUC/ISETCS Yepe3 IUKJIOBOH HH-
nekc. NMvmeem —

1. Kaxplii Kjacc 9KBUBAJIEHTHOCTH 3TO (-IUKJI; UX
C(g) = v+ ...+ vy mryK.

2. Kaxjas nepecranoska ¢ € G ¢ TulnoMm
(v1, ..., vn) 6ymer umers |Fix(g)] = r¢9
HEMOJABMKHBIX TOYEK: KaXKIblil KJIACC SKBUBAJEHT-
HocTr 910 g-1uki, ux C(g) u

— C9),

|Fix (g)| = 2} ... &}
Ti=..=TN=T

Orcrona, o jemme bBépcaiiia, IuC/I0 MOJYIEeHHBIX KJIACCOB
9KBUBAJEHTHOCTH — HEIKBUBAJEHTHBIX PACKPaCOK:

Teopema 4.1.
C(G:T)=PG:T,x1,...,xN) :
@ o T1=...=TN=T
Hanpumep, Pg(1, ..., 1) = 1: ecsiu BCe 3/1€eMeHTHI IOKPa-

CUTDb B OJIMH IIBET, TO TaKUX PaCKPaCOK OJ/IHa.
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33,,[[8,"11/1 Ha IIpMMEeHEeHNnE IMNKJIOBOIroO MHAEKCa

3agava 4.1 (npo cioBa; pereHne, UCIOJIb3YIOIee IHKJIO-
Boii muzeKe). Onpedeaumsv wucio S HeIKEUGAACHTHOLL
croe daunve | = 2 6 q-6yxeennom angasume, ecau k-
BUBANCHMHMU CHUMANOMCA CA0BA, NOAYLAOULUECS OPY?2
u3 dpyza nepecmanoskol Kpatiinur 6yKe.

S|
Beuio pemenne: S = %
-2
——
Hogoe pemenne: G ={e, g} = Z3; T: O0O...OQ0.
M
geqg Type(g) w(g) # MOHOMOB
e (1,0,...,0) 't 1
g (1—2,1,0,...,0) | «7%x} 1
1
Huksosoit unjexc: P(xy, ..., x;) = 5[ L4 xll_%%].
I, -1
q+q
S =Plg....q0 = —

Krnaccnueckast koMbuHaTopHasi 3aja49a 00 0XKepesIbsx

o (Ooicepenve — OKPYKHOCTH, Ha KOTOPOH Ha PaBHBIX
PaCCTOSHUSAX 110 Jiyre (B BEPIIMHAX [TPABUJILHOIO
MHOTOYTOJTbHUKA) PACTIOIATAIOTCSA «OYCUHBI».

e 3aj1aua 00 OXKepesbsiX. CKOJIbKO PA3JIMIHBIX OyKepe-
JINi MOYKHO cocTaBuTh 13 N OycuH 7 I1[BETOR?

e Kakue oxkepesibs cuuTaTh HEPa3JuIUMbIMU !
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BapuaHTbI: ecjiv 0J{HO TIOJIyHaeTCs U3 JIPyroro camo-
COBMEWEHUCM —

1) TOJBKO MOBOPOTOM B TIOCKOCTH (OYCHHDI MTOC-
KHe, OKpallleHbl C OJHOI CTOPOHLI — KaApPy-
ceav) — camogieiicrsue rpyiibl Z y;

2) HOBOPOTOM W EPEBOPOTOM B pocTpancTse (Oy-
CHHBI KPYTUIbIe) — caMojieiicTBIe 2pynnv, dusd-
pa (deotinot nupamudu) Dy.

3agaya 4.2 (06 oxepesbsax N = 5, r = 3; 1-it BapuanT).
CKoAbKO PAZHBLET 02iCEPEUTE MOICHO COCABUMD U3 5 Y-
cur 3 usemos?

1. Oxepeitbsi OJMHAKOBbI, €CJIM OJIHO IIOJIyYaeTCsS U3 JIPY-
roro MOBOPOTOM.

Pewenne. G =X 75 = (1), 1" =¢, n=>5.

Qnement Zs | Type(g) w(g) | # MoHOMOB
e (5,0,0,0,0) | a9 1
t, 2 3, th 1(0,0,0,0,1) | x5 4
1
Huksosoit unjexc: P(xy,...,x5) = g[zv‘? + 4:1:5}.
3 +4-3
4Col(3) = P(3,...,3) = +5 _
3 -85
= — =3-17 = 51
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3agava 4.3 (Oummnuansr «ITokopun BopobbéBbl roppl —
2009»). Jaa 50 demetdi demckozo cada 3awynaenv, 50
odunarosvix mapenok. Lo kparo xascdotc mapesxu pasro-
MEPHO PACTON0ICEHO D beans kpyocoukos. Bocnumame-
AU TOAM NEPEKPACUTNG KAKUE-AUO0 U3 IMUL KPYHCOUKOE
6 dpyeotl usem mak, 4mobv, 6ce MAPEAKU CMANY PA3AUY-
HOLMU.

Kaxoe maumenvuiee 4ucao OnOSHUMEAOHOLT U4GEMOG
nompebyemcs um AL 3mMo20?

Kak JOJI>2KHBI ObLITH peniaTb NIKOJIbHUKH.

ITycts Tpebyercs r nperoB. OTOpocuM 1 BapuaHTOB

pPaCKpaCK1 B OAWH IIBET. Yucsio ocTaabHbIX BapWaHTOB —

oes3 yqéTa BOSMO>KHOCTHU IIOBOPOTa TapeJIKHN. 7"5 —T;

7“5—7“

C YYETOM 110BOPOTA: — (KaxKIblil BADUAHT MOBTOPSI-
ercst 5 pa3s).
5 5
ro —r ro + 4r
Nroro: #Col(r) = 5 +r = —p— ¥ mpH 2 10

nosiHuTebHBIX TBeTax #Col(3) = 51.

3agava 4.2 (06 oxkepesibsix N = 5, r = 3; 2-if BapuanT).

2. OxkepeJibst OJIMHAKOBBI, €CJIU OJIHO MOJIyUAETCsA U3 JIPY-
rOr0 MMOBOPOTOM H/HJIH TTEPEBOPOTOM.
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Pewetnne. G — 2pynna dusdpa Dy = (t, f), t° = f2 = e,

Diement Dj Type(g) w(g) | # MOHOMOB
e (5,0,0,0,0) | a3 1
t, 2, 83, ¢4 (0,0,0,0,1) | x5 4
fotfy .., t4f1(1,2,0,0,0) | 223 5
Bcero 10
[HukoBoit uuymekc: P = 10 [:1:? + 4dxs + 5x1:1:§ ]
#Col(3) = P(xy,...,x5) .=
3P +4-3+5-33
_ 2 + = 39.
10

3agayva 4.4 (o packpacke cropoH KBajpara). Cmoponvl cy-
WECBYEM, PABAUNHO OKPAULCHHHLT KEAIPATOE, ECAU UL
CMOPOHDL PACKPAUUBAINOM 6 T UBETM06 Y

Pewenne. I'pymnma camocoBMerieHus KBaipaTa B IPOCTPH-
crBe — rpynmna guyapa Dy = (t, f, s), |Dy| = 8, xoro-
pasi [OPOXKIaeTCst TpeMsi 00Pa3yIONIUMU:

t : Bpamenue Ha 90° BOKpPYI' LIeHTPa B BbIOpAHHOM Ha-
I paBJIEHUU;

f : cumMeTpusi OTHOCUTEILHO OCH, IIPOXOJISIeil depes ce-
PeJIMHDBI TPOTUBOIIOJIOXKHBIX CTOPOH — 2 OCH;

§ ! CUMMETPUsi OTHOCUTEJIbHO OCH, IIPOXO/IAIeil yepes ce-
PeJIMHDBI TPOTUBOIOJIOXKHBIX BEPIITHH — 2 OCH.
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[Ipu camopeiictBun rpymibl Dy (N = 4) eé sjieMeHTbI
OyJyT UMETDH CJEYIONINe Beca:
€ : eJIMHUYIHAs TIEPECTAHOBKA OCTABUT BCE CTOPOHBI HA, Me-
cre, T.e. umetorcsa 4 mukmaa aamnbl 1, Bec xy (1
NepecTaHOBKA);

t, 1 : CTOPOHBI IMKJIMYECKU TIePeXOJiaT JIPYT B Jpyra 110
1 TIPOTHB YacOBOi CTpeJIKe, JIMHA 1uKJa 4, Bec xj
(2 mepecraHOBKH );

t? : CTOPOHbI HMEPEXOJAT B POTHBOIOJIOKHbIE, UTO J1adT
JiBa MUKJa JUiaHbl 2, Bec — o3 (1 nepecraHoBka);

f 1 IBe TPOTHBOIOIOKHBIE CTOPOHBI HA MECTE, OCTAJIHLHBIE
JIBe MEHSIOTCS MeCTaMu, T.e. UMEIOTCS JIBa, €JUHUY-
HBIX NHUKJI& U OJWH JJUHBI 2, BeC — x%x% (1 mepe-
CTAHOBKA, 2 OCH);

S : B JBYX Mapax CMEXKHBIX CTOPOH 3JEMEHTHI MEHAIOTCS
MeCTaMU, UTO JaéT JIBa IHUKJA JIJIUHLL 2, BEC — :U%

(1 nepecranoBka, 2 ocu).

LlnkJjioBOI MHIEKC caMmoieiicTBus Dy:

1
Pp,(x1, ..., x4) = g[a:jl+2x4+3x§+2x%x2].

Yucsio packpacok KBaJjpaTa B 7" IBETOB:
1
Pp,(ry...,1) = g[r4+2r+3r2 +2r% ],

B YaCTHOCTH, B JIBa U TPU I1BETA:

24+ 4.922 494
#Col(2) = 5 =2+2+2 =6,
3t +2-3430

8

21.

#Col(3)
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3agava 4.5 (packpacka rpaneil Kyba B JjiBa 1pera). I panu
kyba packpawusarom 6 2 u 3 usema.
CroAvko cyuecmsyem passudno oKpatentoir kyooe ?

Pewenne. Hamomunanwme: G = O = (t, f, r), |O]| = 24.

O={t fr)tt=f=rd=e¢ e

t — Bpamenue Ha 90° BOKPYT OCH, TIPO-
XOJIdIel Yepe3 cepejinHbl JIBYX MpOo-
TUBOMONOXKHBIX rpameit (O-—0), Takux
oceit 3;

f — Bpamenne na 180° BOKpPYTr ocH, IIPOXOJsINeEl depes
CepeJiHbl JIBYX MPOTHBOIOJOKHBIX PEbep (0—o), Takux
oceit 6;

r — Bpamienue Ha 120° BOKDPYT ocH, MPOXOJIAIIell depes
JIBE [IPOTUBOIOJIOKHbBIE BepIIUHbI (A—A) Takux oceii 4.

Obozunaunm  depe3 F MHOXKeCTBO TpaHeil Ky0a;
|F| = N = 6. Boibepem mexoropyio rpaib Kyba (KBaJ-
par) u obozHadnM eé @, a napaiesbHyio eii — @.
[Iepenymepyem mociepoBareabHo Bepmuibl rpann @ guc-
aamu 1, ..., 4, a BepimuHbl rpanu @ — gucgamu b, ..., 8
TaK, 4TO BEPIINHA ¢ HOMEPOM i CMEXKHa, ¢ BEPIINHON ¢ HO-
vepom i +4, i =1,2,3, 4.

[lepecTanoBKE najee yKazaHbl JJIs CAydast, KO OCh
BpalleHust

(t) mpoxomut depes cepepuibl rpareit O u @),

(f) mpoxomuT depes cepeunbl pédep (3-7) u (1-5),

(s) mpoxomuT yepes seprnbl (1) n (7),
a rpanu obosHadensl: (1-2-6-5) depes @, napajuiesibHas eit
rpaib — ®, rpanb (2-3-7-6) — uepes @, napaJiesbHas efi
rpaip — ®.
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)
vl ° N
' ’ Q| ®
8 /7 © S| e
5 6 \
@
b
4 3
a 7
>
8 7\
5 6
g € O | nepecTaHOBKa Type(g) w(g) | #
€ (@)...(©) (6,0,...) 7y |1
t,t3 (@)(@)(®@@®®) | (2,0,0,1,0,) | 2224 | 6
t? (@)(@)(®®)(@®) | (2,2,0,...) |zjz;| 3
f (0@)(®@®)(@®) | (0, 3,0,...) v | 6
rr? | (D®)(@@6) (0,0,2,0,...) | 23 | 8
Bcero 24
P(xy, ..., x) = Y — [ 2§ + 6x{xy + 32725 + 625 + 823 .
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1
#Col(2) = ﬂ[26+12-23+3-24+8-22] = 10,
1
#Col(3) = ﬂ[36+12-33+3-34+8-32] — 48

IukJjioBo¥ MHIeKC JIefCTBUS TPYIIIBI OKTa3/Ipa Ha, MHOXKE-

cree R pébep kyba (|R| = N = 12):
g € O | Type(g) w(g) | #
e (12,0, ...) 12 1
L6 1(0,0,0,3.0,0) b |3-2=6
2 (0,6,0,...) 28 3
f (2,5,0,...) afry | 6
r,r? <0,0,4,0, ) x§ 4.2=28
Bcero 24
P(O:R) = ﬂ[x? + 6xi + 3:1;‘3 + 6x1x2 + 8x3]

IukjioBo¥ nHIeKC JIefiCTBUS TPYIIIBI OKTa3/Ipa Ha, MHOXKE-

cree V' Bepmmn kyba (|V| = N = 8):

g9 € O | Type(g) wlg)|  # |
e (8,0,...) 7y 1

L6 1(0.0.0,2,0,0) 22 |3-2—=6
2 (0,4,0,...) |k 3

f (0,4,0,...) |zl 6
ror? (2,0, 2, 0, ) | x2x3 |4-2=38
Bcero 24
PO:V) = 24[x1 + 623 + 92y + 83:1:1:3]
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3agava 4.6 (Ilepeunciaenue rpados). Ckoavko umeemcs
HEOPUEHTNUPOBAHHBLT HENOMEUEHNHT 2padios (0e3 nemen
U Kpamuur pébep) ¢ mpema 6ePUUHAMU?

Pewenne. T — croponns! Tpeyroibauka, N = 3.
g = S3 — Bce nepecranoBku cropor, n = 3! = 6.

Panee Obl1 HailJleH IUKJIOBOI HMHJIEKC CAMOEHCTBUSI
I'PYIIBL S3, WK, 9TO TO K€, FPYIIILI CAMMETPHH TPEYTOJIb-
HUKA! 1
P(S3) = 3 [:131 + 223 + 3x1x2]

['pad bl HEOpHEHTHPOBAHHBIE — T = 2 — IIOMETKHU «E€CTh
pebpo/ner pebpar, P(2,2,2) = 4: mycroit, ¢ 1, 2 u 3
pébpamu.

ITuknoBble uMHAEKCHI camopeiictBuda S,, Z,, D, u
neiictBuss O Ha 3j1eMeHTHI Kyba (F — rpanm, R —
pébpa, V — Bepiimmbl).

J1 .02

xltxl? L pin
P = _ 1492 n__
(Sn) . Z (1]1[7'1.)(2]2]2') L (njnjn!) )

1j1+2j2+...+njn =n

1 n/d
n d ) i )
Z,) - g o( )xd © — dyHKIMs ilepa

dln
n—1)/2 .
o) =@+ 1R ey
P(O(:)[V) i [ 2} + 925 + 627 + 82723 |,
P(O: E) :i[ 124 325 + 8z + 6a7x) + 675 |
P(O: F) = - [af + 3033 + 6% + 60 + 823 .

o)
l\D
NG
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4.3 IlIpumenenue teopemsbl lloiia aaga pe-
IMeHnss KOMOMHATOPHBIX 331249

K muoxecrsy T, |T| = N, rpynne G, |G| = n u
neitcreuto G @ T mobasum muOXkectBo R = {c1,..., ¢},
[0

MeTOK («KpacoK»), # COBOKyTHoCTh dbynkimit F = RT —
IPUIMTUCBIBAHUA METOK (packpawusanui) smementam T .
G, aeiicrBys na T, neiicryer u na RT — onepaiust
o: R x G = RT,
[Tpuyaum Bec anementam R: w(c;) = y;, @ = 1,7

Teopema 4.2 (Pepdunga-Moiia; 1927, 1937). [[ukao601 un-
dexc deticmeua epynnot G Ha RT ecmw

P(QO:[RT, YLy« s Yp) =

= P(G:T,xq1, ..., zN) .
@ xk:y’f+...+y’,§, k:m
Crneacreue. Ecau  e6ce  eseca  6vibpanv.  00UHAKOBIMU
(= ... =y =1), moxy = ... =y =71 u
W(F) — wucao kAaccos IK6USAACHIMHOCTIU
T
CG:R) =CG:T)=PG:Tr,....r)

— aemma Bépncatida.

Y10 MOXKHO onpeesuTh (MOJCIATATD) ¢ MOMOIIBIO:
geMMbl Bépucaiina — obmee 49mMCIO  HEIKBUBAJCHTHBIX

pasMeToK (pacKpacok);

reopema Pencuiia-Iloiia — 4ducio pasmMeTok JaHHOIO
TUTIA, T.€. COJIEPXKAITUX JIAHHOE KOJMIECTBO DJIEMEH-
TOB KOHKPETHOTO IIBETA.
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Jlvépdv Ilotia

(Pélya Gyorgy, 1887-1985)

— BEHIePCKO-IIBEATIAPCKO-aMEPUKAHCKUAA
2 MaTeMaTUK.

4 p ITocne okonuanus bynanenrckoro
{ & / j yHUBEpcHUTeTa paboTas B
' Bricmeit Texundeckoit mkose B Hopuxe,
a ¢ 1940 r. — B Crandopuckom yuusepcnrere (CIIA).

YeJIoKHUM 3aJ1ady 00 0¥Kepesbsix:

3agaya 4.2 (06 oxkepenbsax N = 5, r = 3, mpojioJKeHue,
boJtee CJIOXKHBIN BapuanT). I[[eema — KpacHbli, cunuil, 3e-
AéHvLt. Ootcepenva 00UHAK08bL, ECAU 00HO NOAYYAEMCA U3
dpY2020 NOBOPOMOM U TLEPESOPOTNOM.

Ckoavko umeemes oocepesuti, UMEUWUT POBHO 2
KpacHbIe 0ycunbL?

Pewenne. Bouto: G = Ds, NUKIOBOIT UHIEKC

1
P(:El, cee ZL’5) = 1—0 [ ?+4$5+5$1$%},

Beero oxkepesnii P(3,...,3) = 39 (rosbKo 1moBopor —
51).
r1=yityatys, T2 =Y tys, oo T5 =YY+

w(kpacHbIit) =y,

w(cunuit) = yo, =9 =

Y2 = Y3 = 17

w(zenéublil) = y3,
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k _ 1 E.
I :y—|—2’ Tk =Y ‘gz,k—l,f),
x = 2+27 )
= 7Y P(y) =) uy's
Ts :y5—|—2 UQZ?
1 5
P(y) = 10[U0+U1y+u2y+ Fusy’ ] =
1 5 2 2
= 1—0[(y+2) +4(y°+2) +5(y +2)(y* +2)*] =
1
= 1—0[...+C§23y2+...+5(y+2)(y4+4y2+4)] =
1
—1—0[...+(10-8+5-2-4)y2+...].

up = 8410 = 12.

3agaya 4.7 (o packpacke Ky6a). Bepwunot xyba nomeuarom
kpacuvmu v cunum yeemamiu. Ckoavko cywecmeyem

1) pasnonomeuennoir kybos (#Col(3));

2) Kyb06, Y KOMOPLIL NOAOGUHA GEPULUNGL KPACHBLE
(#Col(4,4));

3) Kybos, Yy Komopux He bosee 2 KpacHulr sepuium?

PewweHune.
[{uksioBoit unjekc aeiicteuss () Ha BepIIMHBI KyOa —
1
PO:V;xy,...28) = o — [ + 627 + 925 + 82723 ] .
«

r1=..=x8=2

1) #Col(2) = P(xy,...,x8)
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C2846-22+49-2'4+8-4-4  32+43+18+16
- 3 .23 B 3 -

23.
2) w(kpacueiit) =y, w(cuamit) = 1,
rr=vy"+1, k=1,8
1
#Col(4,4) = —[(y+1)°+9-(y° +1)" +6- (y' +1)"+
+8- (y+1)°(y°* +1)°] =

Ayt A 9 A eyt L)

1
_ﬂ["

62yt 82y )2+ ) ]
1 168

=5 24

[70+9-646-2+8-2-2] =

3) #Col(< 2,%) = up+ uj + ugz, 0ueBUJHO Uy = ug = 1.

1
up = [ 4287+ 9( ..+ 4y ) 8( Ly )] =

2
2843648

3.
24

#Col(< 2,x) = 1+143 = 5.

3agaya 4.8 (o uaucie mosekyn). Pacemompum monexyaol
4-sanernmmnozo yeaepoda C: 2de Ha wa mecme X Mo2ym
naxodumca CHs (memun), CoHs (omua), H (s0dopod)
usu Cl (xaop). Hanpumep — duzaopbyman. Hatimu

1) obwee wucao M scex moaekya;

2) wucao moaexya ¢ H = 0, 1,2, 3,4 amomamu 60-
dopoda.
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X CH3
C X Cl C CH3
X Cl

Pewenne. Kakaga rpynna jgeificTByeT U Ha KaKOM MHOXKe-
crBe? ¢
T Ha MHOYXKECTBE BEPIIWH TeTpadpa —

¢®e
[{ukaoBoit mHIeKC — ¢
geT| Type(g) [wlg)| 4 |
e |(4,0,0,0)| af 1
2 [ (1,0,1,0) | z1a3 | 4-2=8
f100,2,0,0) ] a3 3
1
P(T:V) = E[x%+8x1x3+3x§}
1. Becero M woutekya (4 pajukana, 1 = ... = x4 =4) —
44 +8-4-44 342
M:P(xl,...,x4) = + + = 30.

3-4

2. Becaryr=H,pp=ys=m=1
Ioncranoska B P: z, = HF +3, k=1,4.
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P(H) =

1
= 5[ (H+3)' +8(H+3) (H+3) +3(H2+3)"] =
— %[ (H*+4-H*-3+6-H*-9+4-H-27+81) +

+8 (H'+3H’ +3H +9) + 3 (H' + 6H* +9) | =
= 1-H'+3-H+6-H +11-H+15.

Hroro nmeercss MOJIEKYJT ¢ IUCTIOM aTOMa BOJIOPOJIA:
¢ 4ma — 1 mr., ¢ 3-Mma — 3 mT., ¢ 2-Mma — 6 mT., ¢
1-m — 11 mT., 6e3 aTomoB Bojopoja — 15 mmiT., Bcero —
1+3+6+11+15 = 36.

3agayva 4.9 (06 oxkepesibsix co cronMocTbio). Cmoumocmu
kameneti dasa oocepesuti pasuo: kpacrozo — 1 ed., cumne-
20 — 2 ed., 3eaénozo — 3 ed. Ckoavko cywecmseyem ootce-

peautds us 15 maxur xammet, cmoumocms KOmopur pacHa
30 ed.?

Pewenne. IlukJjioBoii mHEKC caMOAEHCTBUS I'PYIIIIbL -
s1pa (ObLT0 pamee):

lxlx(n_l)/Q, N HEYETHO,
1 n/d 2 2
P(Dn) - % ng(d)xd +
dn %[:1:;/2 + x%x;ﬂ_l}, n 49€THO,

Hnsan =15 D(15) = {1, 3,5, 15}
p()=1, ¢@3)=2, ¢(B)=4, ¢(15)=8.

Pp,. = [:zc%5 + 205 + 4o + 8a1y + 15:1:151:;].
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C yuéroM CcTOMMOCTH KaMHell HeOOX0[uMast TOCTAHOB-
Ka B IIMKJIOBOM MHJEKC: KPAaCHBIA — 11 = v,
CUHUNA — Yo = y2,
3enéHBI — Y3 = U°,
orkyma xy = y* +y* +y*h.

W = i[ (y+y2+y3)15+2(y3+y6+y9)5+

30
—|—4(y5+y10+yl5)3+8(y3+y30—|—y45)1+
+15 (y+y2—|—y3) (y2—|—y4—|—y6)7} = ...—|—u30y30—|—....
7
1 215 1,0 1,9—1,1 1,3—1,1
uzy = %[; +QZC +4ZC’

+8+1SZC” "] = 59788,
1=0

4.4 3aja4uu ¢ pemieHuaMNI

3apava 4.10. Hatidume nopadox cmabusu3amopos npo-
ussonvnol  (a) eepwunn, (0) pebpa, (8) epanu Kyba
npu deticmsuu epynno. okmasdpa O na coomeemcemaey-
rouue INEMEHMDL.

Kaxue nepecmanoskxu 6 nux codeporcamcs?

PeweHrune.

(a) IIycre O pgeitcrByer Ha BepivHbl Kyba U U — HEKO-
TOpast BepIInHA.
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Torpa Stab (v) = {e,s,s*} < O — rpynna spare-
auit Ha 120° (B BBIOpAHHOM HAIIPABJICHUN) BOKPYT
JMaronay Kyba, mpoxoJisiei yepes JaHHyIo BepIy-

"y, Stab (v) = Z.

ITycrs O peiicrByer Ha pébpa Kyba u r — HEKOTO-
poe pebpo.

Torpa Stab(r) = {e,f} < O — rpynna spaine-
nnit Ha 180° BOKpPyT ocu, TpoXoJdlieil uepes cepeJiu-
HbI PEOEp (JIaHHOTO 1 eMy ITPOTHBOTIOJIOKHOIO0) Kyba,

Stab (r) = Z.

ITycts O neiictByer Ha rpanu Kyba m f — HEKOTO-
pasi TpaHb.

Torma Stab(f) = {et, 2,3} < O — rpyn-
ma Bpamenuii Ha 90° (B BBIOpAHHOM HAIpPABJIC-
HUW) BOKPYT BOKPYT OCH, IIPOXOJIAIIEH depes cepejiu-
HbI TpaHeli (JaHHO U eif MPOTHBOIOIOKHOI) Kyba,

Stab (f) = Z4.

3agava 4.11. Hatdmu uukroeotl undexc das caedyrousum
0bpazom onpedesénnozo camodeticmeus wemeeprot 2pyn-
no. Kaetina

Vi={eabab|la®=b=(ab)’=e*=¢,ab=1ba}:

1.

(e a b ab (e a b ab
“\eaba ) “\aeab b )

b.eabab b_eabab.
"\ b ab e a )’ @Pr\ab ba e )
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2. (e
e .

(&

b:(e

(&

Q@ Q@ 2 2

b ab .
b ab )’ @
b ab

b b)’ ab.(

L 2 ®

a
€

a
€

b ab
b ab

b ab

ab b

)
).

Pewenne. Besue rpynna Kneitna V), jgeitcrByer na cBon
YK€ 3JIEMEHTBI.
g Type(g) | w(g) | #
1) e (4,0,0,0) | 27 1
a,b,ab|(0,2,0 0) |23 3
Ley 2
g Type(g) | w(g) | #
e [(4,0,0,0) | ] 1
2) >
a,b|(2,1,0,0) | zizy | 2
ab | (0,1,0,0) | xo 1
Py, = ~[z]+2xizs + 22 ].

4

[TepBasi rpyia mepecraHoBOK €CTh HOPMaJbHAsI TOAIPYII-
na Sy, a Bropas — HeT.

3agava 4.12. Hatdmu yuxao60l undexc mpan3umuenozo
camodeticmeus epynno, ZLg.

Pewenune. O0603HAUMM IOCEOBATEIBHO BEPIIUHbBI IIPa-
BUJILHOTO 1IeCTUyTOJibHuKa OykBamu A, ... F. Zgs = (t),
t — nmoBopoT Ha 60°.
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g € Zs Type(g) w(g)
e=(A)...(F) (6,0,0,0,0,0) | 2%
g = (ABCDEF) (0,0,0,0,0,1) | z
2= (ACE)(BDF) |(0,0,2,0,0,0) |2
? = (AD)(BE)(CF) | (0,3,0,0,0,0) | 3
g* = (AEC)(BFD) |(0,0,2,0,0,0) | a2
5= (AFEDCB) (0,0,0,0,0,1) | z
Py, = é[:c?+:c§+2x§+2x6} = %290(07)372”,
d|6

D(6) = {1,2,3,6}, o(1) = ¢(2) = 1, ¢(3) = ¢(6) = 2

3apgava 4.13. Ha cmexaannvir naacmunax pucyom oouna-
K0BVLE NPAMOY2OALHUKY (He K6adpamul) u packpauueaom
UL CTOPOHBI 68 T UBEMOS.

CKOABEO MOIHCHO HAPUCOBAMD MAKULT PA3AULHOILT NPA-
Mmoyzorvnukros? Konwkpemmno, npu r =27

Pewenne. Haiiném mukmaoBoil muuekc R : S jeiicTBus
o

rpynnbl R caMOCOBMeIennit mpaMOYTOJbHUKA B IMPO-
crpancrse Ha ero cropounl. ['pynna R = (¢, f) nopox-
JlaeTcs 00pa3yIonuMu: ¢ — BpallleHre BOKPYT IeHTPa CUM-
merpun Ha, 180°, f — oTpakeHme BOKPYT OCH, MTPOXO/Isi-
meil Jepe3 cepeInibl MPOTUBOIOMOXKHBIX CTOPOH, 2 OCH.



4.4. (LI norok) Teopusi nepeancienns Ioiia 221

geR| Type(g) |w(g) | #
e (4,0,0,0) | =f |1
£ 100,2,0,0)| 22 |1
f (2,1,0,0) | 2229 | 2

1

. Q. _ 4 .2 2
P(RdS, Ty, To, T3, Ty) = Z[xl + x5 —|—2x1a:2].
Hucsio 2-1BEeTHBIX MPSAMOYTOJTHLHUKOB —

16+4+16

1 9

#Col(2) = P(R&S;Q,...,Z) =

3apaya 4.14. Ha cmeraanmvie naacmunax pucyom oduna-
KOGBLE NPAMOY2OALHUKY (He K6adpamovl) U Packpauueaom
U BEPHIMHBI 6 3 U6ema.

CKOADKO MOAHCHO HAPUCOBAMD MAKUL PASAUNHBLT NPA-
MOY20NDHUKOE ?

Pewenve. Haiiném nmkiosoii ungexe P(R : V) neitcrsus
«

rpyiibl - R camMocoBMelleHui 1psaMOyroJibHUKA B 11PO-
CTPAHCTBE Ha €ro BEPIIUHbI.
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geR| Type(g) |w(g) | #
e (4,0,0,0) | =f |1
t 1(0,2,0,0)| 2% |1
f140,2,0,0)| 23 |2
1
P(R&V; T1, To, T3, Ty) = Z[xil +3az§]
qI/IC.HO HpHMO}/TO.HbHI/IKOBI
81 4 27
4C0l(3) = P(R:V:3,...,3) = % — 97

3apava 4.15. Keadpammnas cmexiannas naacmuna pasde-

AEHG Ha 9 PasHbLLT KE6aIPAMOS, KOMOPHLE PACKPAUUEAION-
cA 6 00uH u3 2 u6emos.

1 2 3

Ckoavko cyuecmeyem
PASHOOKPAUEHHBLT NAGCTIUH Y 4 5 6
7 8 9

Pewenune. Ha muoxkectBo T' u3 N = 9 kBaJIpaToOB CTEK-

JSHHON 1tactuku Jeiicrsyer rpyuna Dy = (t, f, s),
th=f2=5>=e¢, e

t — Bpamenue Ha 90° BOKDPYT IEHTpa KBaJIpaTa;

f — cuMMerpust OTHOCHTEJIBHOE TMPSIMO¥, MPOXOISIIeit

yepes cepeJInHbI MPOTUBOIIOJIOXKHBIX CTOPOH;

§ — CHUMMETPHUsl OTHOCHUTEJILHOE IPIAMOU, IIPOXO/ISIeit
Jepe3 IPOTUBOIIOJIOXKHDBIE BEPIINH.

OmpejensieM TUKJI0BOI uHjieKc jgeiicteust Dy na T
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g € D, | nepecranoska Type(g) \ w(g) \ #
e (1)...(9) (9,0,...) o] |1
t,t3 (5)(1397)(2684) (1,0,0,2,...) | z2% | 2
t* (5)(19)(37)(28)(79) | (1,4,0,...) |75 | 1
s, [, | (2)(6)(8)(13)(48)(79) | (3,3,0,...) |aja}|4
8
Luknosoit unjexc: P = ; [ml + 22123 + 2125 —|—4x1x2}
4C0l(2) = 29 +2.23 +2235+4 23 .93 .

3agasa 4.16 (o xowmmnocrepe). Komnocmepom 1a306ém
keadpammnyro mabauuyy 4 X 4, 6 komopot kascdas Kiemra
Moxcem bvims Aub0 nycmoti, Aubo codeprcamsv 6 uenmpe
CUMBON ®.

Ckoavko cyuecmeyem padsuuHvle
KOMNOCMEPOS, ECAU HE PA3AUMAMb ME,
KOMOpole MO2Ym Ovmb NOAYYEHBL 00UH
u3 dpyz020 CAMOCOBMEULEHUAMU 13{14]15]16
6 npocmparcmee?

1011112

Pewenve. Haiijém 1uKJIOBOI MHJIEKC JEHCTBUS I'PYIIIb
mmdapa Dy Ha 16 KJIeTOK KOMIIOCTepa.

Dy =(t, f,s), th=f2=5s2=¢e, |Dy =8,
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‘ g € Dy ‘ nepecTaHoBKa ‘ Type(g) ‘ w(g) ‘ E
e (1).. (16‘) (160, .. ) ] 1
A0 | 41818 BTl (A8, 5| =7 |2

2 (1,16)...(8, 11) C0.8. 0.0 x5 1

T (1,4)...(10,11) a8 s | 2

s (B (162 E) = (1215) | {46855 |08 | 2

[luknoBoOit nHAEKC JelcTBUA IPpyINIbl )y Ha 3JIEMEHTHI
KOMTIOCTEPa;:

P(xy, ..., x4) = +2x4+3m2+2x1x2]

3l
Hasimame /orcyTerBue B KJeTKe CHMBOJIA ® OIUCHIBACT-
st UX OTOOPasKeHHEM B JIBYX3JIEMEHTHOE MHOXKECTBO (pac-
Kpacke B JiBa TBeTa), mosToMy ducyio C' pasindHbIX KOM-

MMOCTEPOB €CTh
2104+ 2°+3.2% 42!
= 8192+ 4+ 3324256 = 8196+ 96 + 256 = 8548.

K anajiorninoi 3a/1aue CBOJIUTCS 3342498 0 1ucjie (poTo-
111a0JIOHOB PUCYHKOB COEJIMHEHU JIJIsi MHTEIPAJIbHBIX CXEM.

3apgava 4.17. Hatimu “ucro padsuyumull 6apUaAHMOS pac-
Kpacku rpaHei xyba 6 2 u 3 usema.

Pewenve. LukaoBoit mHIeKC:

PO:F) = Ty + 6m1x4 + 32213 + 63:2 + 8a73 |.

ris

264 12.2343.24 420 8 124+6+4
4Col(2) = = 323 i i ;FJF — 10.
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304+12.334+.3°4+8- 32
LCol(3) = 2 3*8 o
3-(81+36+27+8)  3-(80+64+8)

= pum— pum— 57.
8 8

3apava 4.18. Onpedeaumd 4uUcAO0 PABAUNHOLT DPACKPACOK
scex epanets npasusvroti 4-yzorvnotl nupamude, I 6 3
ueema.

Pewenne. 3Banymepyem 1mocsenoBaTe/ibHO DOKOBbIE IDaHK
IT uncnamm 1, ... 4, a ocHOBanme — 5.
G = 7, = (t), t — spamenue na 90°.

g€ Zy Type(g) w(g) | #
e=(1)(2)(3)(4)(5) | (5,0,0,0,0) | 2} 1
t, 83 = (1234)(5) (1,0,0,1,0) | 2124 | 2
2 = (12)(34)(5) (1,2,0,0,0) | 2122 | 1
1
P(xy, ..., x5) = Z[x?+2$1564+$1$3}a
3+2.324+43> 9.32
P@3,...,3) =2~ - LA =7

3apgava 4.19. Hatimu wucao packpacox scex 2panets ycevwén-
HOT NPaABUNOHOT 4-Y204bH0T NUPAMUIbL 6 3 UGEMA.

Pewenune. Ilponymepyem rpanu II: 6okoBbie — ¢ 1 mo 4
MO0 JacoBOi cTpeJsike, ocHOBanust — d n 6. 'pynma, meii-
creytomiast va I — Z4, = (t), t — nosopor na 90° 1o
qaCcOBOIl CTpeJIKe.
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g € Z, | nepecranoska | Type(g) | w(g) | #
e (1)...(6) (6,0,...) Y 1
t, 3 (1234)(5)(6) |(2,0,0,1,0,0) | 23z, | 2
t* (12)(34)(5)(6) | (2,2,0,...)  |afaj | 1

1
LukioBoit unjiekc P = 1 [m? + 2232y + x%x%}

3°+2-32 430 327 +2+3)
4 4

#C0l(3) = — 216.

3apgava 4.20. Hatimu “ucro padsuyumull 6apuaHmos pac-
Kkpacku rpaHei mempasdpa 6 2 u 3 ueema.

1
Pewenvne. P(T : F,xy,...,14) = 12[:E1+8:1:1x3—|—3x2]
4C0l(2) = 20 +11-22 _ 41
¢ 3. 22 3
3'+11-3° _ 27+33 _ 60
= — = 15.
#Col(3) = 3.4 1 1 5

3apava 4.21. Hatimu “ucro padsuyHull 6apuaHmos pac-
kpacku pébep mempasdpa 6 2 u 3 usema.

Pewenne. T'pymna T = (t, f), 2 = f2 =e, |T| = 12, rze
t — Bpamienune Ha 120° BOKpyTr ocu, MpoxXoasIeil depes
BEPITUHY U TIEHTP CUMMETPHUH, 4 OCH;

f  — Bpamenue #a 180° BOKPYT ocu, NPOXOAIIEH depes
cepeIMHbl IIPOTUBOIIOJIOXKHBIX PEdep, 3 ocu.
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Oboznaunm 4epes FE  MHOXKeCTBO DPEOEp TeTpasipa —
|E| = 6 — u oboznauum ux nudpamu or 1 g0 6, cuu-
Tast, YTo péopa 1, 2 u 3 MHUIUJECHTHBI OJHOW BEpIINHE, a
OCh BpAIIeHHUsI, 33aBaeMOro 3JIeMeHTOM [, MPOXOJIUT ‘e~
pe3 cepejinHbl pédep 1 u 6.
Haiijém nukIIoBoit nHexc.

geT Type(g) w(g) | #

e=(1)...(6) (6,0,...) 29 |1

t,t? = (123)(456) |(0,0,2,0,...)| 3 | 8

f=(1)(23)(45)(6) | (2,2,0,...) |afa3 |3

12

1

P(T&E,xl,...,xG) = E[x?—l—Sa:%—l—Sx%x%]
4C0l(2) = 2048.2243.20  15+9+12 9
¢ 3.2 -3 7

304+8.3243.3¢
LCol(3) = 2 . 4+ = 87,

3agava 4.22. Hatimu “ucao pasiuymols 6apuanmos pac-
Kkpacku pébep kyba 6 2 usema.

Pewenune. LlwnkiioBoit mHaekc:

P(O:R) = 21 + 623 + 325 + 62323 + 813 |.

24[

2124 6.2343.20 4 7.27
4Col(2) = = 3+23 Tt o
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3agada 4.23. Halmu 4ucao passuvmvls 6apuanmos pac-
Kpacku BEepIIUH Kyba 6 2 u 3 usema.

Pewenne. ILlukjoBoit uHjieKc:

1
P(O:V) = 24[x1+6x4+9x2+83:1x3]
28+6 22 4+9.24 427
Col(2 = 23

3¥4+6-3249-3"+8-34
4Col(3) =2 g - T80 _ 33

3agava 4.24. Ckoavkumu 2e0MEMPUYECKY, PA3AUNHBLMU
cnocobamu mpu abCoAOMHO 00UHAKOBHLE MYTU MO2YM
Ycecmuvea 6 GePuWURAT NPABUALHOZ20 CEMUYLONDHUKE, Ha-
PUCOBANMO020 1A AUCTE OYMa2u?

Pewenune. MuoxectBo T — BepiIMHbI CEMUYTOJbHUKA, HA
KOTOpBIE JieiicTByeT rpynma Z; = (t), t7 =e.

g€ s Type(g) w(g) | #
e (7,0,...) zl |1
t,t2, .t (0,...,0,1)| 7 | 6

[{uk10BO# MHJIEKC caMOIeCTBUs Z7

PZ7(3717 ...,55'7) = ;[56;4—65[77 = ng 7/d.
d|7
Yucsto pa3iuIHbIX pAaCKpacok B 2 1BeTa (Myxa ecThb/Her),
PN YCJIOBUM OKPACKM POBHO 3 BEPIINH M3 7 €CTh KO-
dburmenT us upu Yy 10CIE HOJCTAHOBKY
v y+ 1 ar=y +1 B P

[(y+1)7+6(y+1)]:%[ AR+

~1| =

Py) =
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56,
BE s T 2.3

3apayda 4.25. Boxosvie epanu npasusonot 6-y20abHotl nu-
PAMUIDL OKPAWUBAOMCA 6 KPACHUT, CUHUT U 3eAEHbill
usema. Onpedesumn

(a) wucao pasavunoir 2- U 3-U46EMHLLT NUPAMUD;
(6) wucao nupamud ¢ 00not Kpacnot epanvlo;

(B) wucao nupamud, y komopvix ne menee mpér kpacHoLr
epanet.

Pewenune. lmeem TpansuTuBHOE caMmojieiicTBue Zg.

(a) Obee gamco mupamu.

1 od 1
P(Zg) = E%cp(d)xd/ = E[m?+x§+2x§—l—2x6].
1 4.21
HCol(2) =—[2°+22+2.2242.2] = —/— = 14.
2.3 3
1 780
#Col(3) ==[3°+3°+2-324+2-3] = — = 130.
6 6

(6, B) Yncsro mupavuy ¢ 1 u 3 < KpacHBIMH IDAHSIMH,
[Tosaraem y; =y, y2 = y3 = 1 (coegum TOJIBKO 38 Kpac-
HBIME IpaHaMu), Ty =y + 2, 29 = y> + 2, 23 = y> + 2.

[(y+2)°+ (" +2) +2(y° +2)* +2(y°+2) ] =

| =

P(y) =

1 2 6
= 6[u0+u1y+qu +...+u6y] =
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1
L2424+ 27+ 4)+6:27y+(16- 15423 2) y'+. . |,
wy = 84/6 = 14, up = 2° = 32, uy = (240+24)/6 = 44.

Yucno nupamu c:

(6) omHOl KpaCHO# IrpaHbio — Uy = 32,

(B) He meHee, yem 3 kpacHbiMu rpabsimu — #Col(3) —
(g + 11 + uz) = 130 — (14 + 32 + 44) = 130 — 90 = 40,

3apava 4.26. Umeromes niockue 0Yycumsl, 0KpauLEHHbLe €
00HOT CMOPOHDL 6 KpacHoill, cunul u 3eaénoil ueema. M3
HULT COCTMABAAION, 0ACEPENDA, COOEPHCAULUE NO 8 6 PAG-
HOOMCMOAWULT MOYKaT okpyatcrocmu. Onpedesumo
a)  WUCAO PASAUNHOLT 3-UGETHOLT 0diCePenull;
0) wucao oscepeaudl, y KOMOPLIT He Menee MPper Kpac-
HOLT OYCUH?

Pewenne. 31ech Be3je — TPAH3UTUBHOE CaMOJEHCTBHE
IUKJIMIECKOH rpytibl Zg.

D(8) = {1,2,4,8}, (1) =0(2) =1, p(4) = 2, ¢(8) = 4,

1 1
P(Zs) = gz:gp(d)xfi/d = g[x%+x%+2xi+4x8].

d|g
a) Obrree Tnc0 0xKepeJinii:
P +3'+2.9+4-3

#C0l(3) = . — 834,

0) Iomcanraem umcso X oxepenuii, B KOTOPBIX GHCJIO
Kpacabix Oycun e 6osee 3 (re. 0, 1 u 2) u BblYTEM 110-
JIydeHHoe KOJTUIecTBO n3 834.
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[Tosaraem y; = ¥, Y2 = y3 = 1 (caeaum TosIbKO 3a Oycu-
HAMU KPACHOTO TIBETA).
Haitném  koadduimenTsr  wug, Uy, U TPUA Yo, Y1, Y2
B TPOU3BOJANIEM MHOrousene W —Tpum  mojcTaHOBKE
rr=vy"+2 k=1,....8.
P(Zs) = %[x§+x3+2xi+4x8}

W= —[(y+2°+ @ +2) +2' +2)* +4(4° +2)] =

1
8
= Uo+u1y—|—qu2+...+u8y8 =
1
= —[(2°42"+2:2°+8)+8-27y+(C5-2°+4-2%)y*+. .. |.

23
ug = 2°4+24+1+1 = 36, up = 128,
Uy = 28-8+4 = 224 +4 = 228.

Orciona #Col(3 <) = 834—(36-+128+228) = 834—
392 = 442.

3apava 4.27. I'panu xyba packpawusarom 6 dea ueema —
kpacuvt u cunud. Ckoavko cyuecmeyem kybos

1) pasavuno oxpawennos?
2) y xomopwxr me Mmenee 4 epamnell  KpacHwvie

(#Col(> 4))?

Pewenne. lIuknoBoit mHIEKC:

PO:F) = [x?+6x%x4+3x%x§+6_xg+8x§].

1
3-2°
0 20412-2243-2 42> 30

1) #Col(2) = o =5 =10




232 IIT norok: I'masa 4. Teopusi nepeuncsenus Iloiia

2) Monaraem w(l) = y, w?2) = 1, 2z = y* +
1, k=1,6.
1

W = ﬂ[(y+1)6+6(y+1)2(y4+1)+3(y+1)2(y2+1)2+

+6(y* +1)° +8(y° +1)%].

#Col(> 4) = ugtus+ug — aucio kybos ¢ 4, 5 u 6 Kpac-

HBIMU TPaHSIMU cOOTBeTCTBEHHO. OUeBuaHO Us = ug = 1.
PackpwiBag W, naxoanm:
1
W = ﬂ[ Gyt 6 2y + D) (Y 1) +

+3(y° + 2y + )(y' + 207 + 1)+
+6(y°+3y" +3y°+ 1) +8(y° +2¢° + 1) .

15+6+9+18 54+2+3+6 16
_ -2 =

2.

= 3.8 8
Uroro #Col(24) = 1+1+42 = 4.

3agava 4.28. Jlaa packpacku cmopon keadpama na cmek-
AARHOT NAGCMUHKEE UCTOAB3YIOM 3 UBema — KpacHvil,
curull u 3eaénoit. CKOALKO MOACHO NOAYUUMD

1) pasnopackpawennox x6adpamos?

2) xeadpamos ¢ 1 kpacnvim pebpom u ne boaee 2 cu-
Hux?

Pewenune. LlnkaoBoit mHIEKC:

1
P(Dy) = 3 [ @] + 224 + 325 + 2272, |

1
1) #Col(3) = é[34+2-3+3-32+2-32-3] =
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81+6+27+54 168 87+81
8 8 8 B

21.

2) [lpu packpacke B 3 mBeta: Ty = yr+ys+ys, k=1,4.
CaiesiuM TOJIBKO 3a KpacHbIM (Y1) U cuauM (Y2) BETAMHU:
Tp = y’f + y§ + 1, k=1,4. Haxomqum uyg + uq1 + uqo.

1
W = g[(yl+(y2+1))4+2(y11+y§+1)+

+3(i+ (i + 1) +20m+ (1 + 1) Wi+ v + D |[=]

HAC MHTEPEeCyoT TOJILKO wieHbl ¢ yi (KpacHoe pebpo —
OJIHO)

1
[y 4y (yo+ 1) 632 (yo+1)2+4y1 (yo + 1)P+(yot+1)+. ..

8
20y 29 (e D) (D) + )] =
_ %[...+4y1<y2+1>3+4yl<y2+1><y§+1m =

1
sl A4y (y5+3y5 + 3ys + 1) +4y1 (Ya+y2 + 5 + 1) | [=]

HAC MHTEpPecyloT TOJNBLKO WjleHbl ¢ 3, ys U Y5 TIPU ¥
(cunnx pédep — 0, 1, 2)

E%[4-7+4-3] = —— =5,
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3agadva 4.29. Ipucoedunss x c60600HbIM :

CBABAM Y2AePoda HEN30NBHOZ0 KOALUA “‘c/c\\‘c/

amomwi 6odopoda H usru memus CHsg, I |

MONCHO NOAYUUND MOAEKYAbL DASHDIT /C\C,/fcx
[

sewecme (Kcunon, benson u dp.).

1) Ckoavko TUMUYECKU PA3HOLT MOAEKYA MOACHO TLONY-
YUMb MAKUM NYMEM ?

2) Ckoavko u3 HUT MOAEKYA € NPUCOCOUHEHHBLMU
0, ..., 6 amomamu sodopoda?

Pewenune. CamojeiicTBue rpymmsl audapa Dg.
1) Umeem Dg = (t, f, s), tt=f2=s*=¢, |Dg| =12 —
rpymna Inmsdpa rnopsaka 6, riae

t — Bpamenune nHa 60° BOKpPyT IeHTpa KBaJpaTa;

f — cumMeTpusi OTHOCHUTEJILHOE IPSIMOIi, IIPOXOJsIeii
yepes cepeIMHbl IPOTUBOIIOJIOKHBIX CTOPOH (3 OCH);

S — CHUMMETPHUsl OTHOCUTEJILHOE IPIAMOU, IIPOXO/IsIeit
“4epes3 MPOTUBOIOJIOXKHbIE BepIuH (3 ocH).

[Iponymepyem mocyieoBaTeIbHO BEPIIMHBI TPABUIHLHO-
ro 6-yrosbuuka 1, ..., 6.

[TepecTaHOBKY HMKE yKa3aHbl JIJIS CIydasl, KOTJIa OCh
f upoxojut wepes cepejuubl cropon (2-3) u (5-6), a ochb
S — uepe3 BepmmHbl 1 u 4.
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g € D¢ | mepecranoska | Type(g) | w(g) | #
e (1)...(6) (6,0,...0) 29 |1
t,t° (123456) (0,...,0,1) zE | 2
2t (135)(246) (0,0,2,...0) | a3 | 2
t* (14)(25)(36) | (0,3,0,...0) | a3 |1
f (14)(23)(56) | (0,3,0,...0) | x5 |3
s (1)(4)(26)(35) | (2,2,0,...) |afaj | 3

12

P(Dg) = 112 (28 + 226 + 223 + 423 + 327323].

Bcero moyieKysr — NMOJACTAHOBKA T = ... = Xg = 2

(H n merusn CHg):
64+4+8+4324+3-16 39

M = = — = 13.
3-4 3
2) Hucsio mosiekys ¢ 0, ..., 6 aromamu Bojoposga — 000-
snadenue y; = H, yo = 1 n nmojcranoBka x; = HF + 1,
k=1,6 B P.

W = i[(HJr 1S+ 3(H+1)2(H2 + 1)+ 4(H2 +1)° +

12
+2(H 4+ 1) +2H +1)] =
—H'+H+3-H*+3-H+3-H+H+1.

Iroro: MosieKyst ¢ 9iCI0M aTOMOB BOJIOpO/ia (KaK paJjinKa-
ma) —H=0,1,5u6—mo 1 mr, H=2 3 u 4 — 1o

3 mr., Bcero — 13.

3apava 4.30. Ckoavko cywecmsyem ootcepesuti ud 6 Kpac-
woir u 12 cunux 6ycun?
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Pewenne. L[ukoBoit mHIEKC caMOAEHCTBUS T'PYIIIbI U~
s1pa (6b1T0 patee)

1 (n—1)/2 ..
3T1Ty : N HEYETHO,
z : n/d
n 2n 90 / /
17.1n/2 n/2—1 ..
din i [:1:2 + 227 ], n 4€THO,

n=6+12=18, D(18) = {1,2,3,6,9, 18},

1, =2, ¢(9) =6,
p(2) =1, p(6) = 2, ¢(18) = 6.

[To dopmysie:  P(Dig) =

1
%[x%8+wg+2xg+2xg+6x3+6x%8} i [:L‘Q—Hz:%xg} =

- 36|: + 1O$2+2$3+2£I§6—1-63394-6@18—{—9:61332}

316[(y+1)18+10( D2y 1) 2y 1)

+6(y" + 17+ 63"+ 1)+ 9y + 1)’ + 1)°] =

— 3_16[...+(C?8+1OC§’+2C§+QC§+O+O+
+9(CE+CY) ) °] =

= T (18654 1 840 + 6 + 30 4+ 756)4° ] =

= 561y°  Omser. 561.
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3agava 4.31. Hatimu wucao packpacor xyba 6 kpacHvill u
cunutl usema ¢ & KpacHvlLMu PEOPAMU.

Pewenune. Panee Obu1 HaiijieH MUKJI0BOR MHJIEKC JIEACTBUSA
rpymnbl O Ha pébpa Kyoa:

1
P(O:R) = ﬂ[:Jc}Z+6:c§;+3;z:g+6x§x3+8x§,§].
yr = " +1,
W = 2—4[(y—l—1)12+6(y4+1)3—|—3(y2+1)6+

+6(y+ 1)y +1)°+8(y° + 1) =

1
= o[ (Ch+6CC) ] =

1 792 + 120
= —[ ... +(7924+6-2-10)¢y°] = ... + ————— —
oql oo+ (7924 )y Y
= ...+ (33+5)y° = ... +38°.

Orser: 38.



