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Possible approaches Possible approaches 
to search of a global to search of a global extremumextremum
in optimum control problemsin optimum control problems

- Reduction to a problem of mathematical programming
- Method of casual multistart
- Tunnel methods
- Methods of integrated representations (Chichinadze-method) 
- Methods of casual search
- Convexification methods
- Methods of consecutive search of local extrema
- Evolutionary algorithms
- Methods of the decision of the equation of Krotov-Bellman
- Methods based on approximations of reachable set 
- Shepard approximation methods
- Methods of casual coverings
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 The necessary conditions of optimality (Pontryagin
maximum principle, the linearized maximum principle);
 Theory and methods of phase estimation

(approximation methods of integral funnels and
reachable set);
 The theory of global search in finite-dimensional

extreme problems (multistart methods, 
tunneling methods, methods of grids);
 Lipschitz optimization theory (methods of coverings);
 Convexification theory (R.V.Gamkrelidze, 

A.A.Tolstonogov, B.Sh.Morduhovich). 

TTheoreticalheoretical foundationsfoundations ofof
proposedproposed algorithmsalgorithms
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 The theory of dynamical programming
(Hamilton-Jacobi equations);
 The theory of evolutionary programming

(genetic algorithms);
 The theory of deterministic global optimization

(stochastic approximation methods, Monte-Carlo
methods);
 Approximation theory (operator of Shepard). 

TTheoreticalheoretical foundationsfoundations ofof
proposedproposed algorithmsalgorithms
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Methods of local Methods of local extremumextremum searchsearch

 Algorithms based on the maximum principle;
 Reduced gradient algorithm;
 Conjugate gradient algorithm;
 Nesterov’s ravine algorithm;
 Spectral Projected Gradient of Yevtushenko;
 Quasi-Newton algorithm BFGS;
 Quasi-Newton algorithm DFP;
 Newton algorithm;
 Algorithm of coordinate-wise search;
 Powell's search algorithm. 
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Global search algorithmsGlobal search algorithms
((oneone--dimentionaldimentional variantvariant))

 Algorithm of Strongin;
 Algorithm of Yevtushenko;
 Brent's algorithm;
 Algorithm of "parabol";
 "Spline" - algorithm;
 Zhiglyavskii algorithms (, 3 versions). 
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PPhasehase estimationestimation algorithms for algorithms for 
solving of optimal control problemssolving of optimal control problems
 Approximation algorithms of support function

(A.I.Tyatyushkin);
 Stochastic approximation algorithms;
 Volume maximization algorithm;
 Reduction algorithms to the sequence of

the optimal control problems;
 Algorithm are based on the maximum principle

("Ratszinskii’s method");
 Algorithms are based on the boundary equation of

the integral funnel.
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Implemented algorithmsImplemented algorithms

 Algorithm of random multistart;
 Algorithm of grids;
 Consecutive discretization algorithm;
 Convexification method;
 Curvilinear search algorithm;
 Algorithm of random coverings;
 Shepard's algorithm;
 Genetic algorithm;
 Algorithm is based on the maximum principle;
 Tunneling algorithm; 
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Areas of applicationAreas of application
 Flight dynamics;
 Space navigation;
 Mechanics;
 Robotics;
 Electrical power engineering;
 Chemistry;
 Materials science;
 Quantum physics;
 Economics;
 Ecology
 Geography;
 Medicine;
 Criminal science;
 Materials science;
 Seismology, etc.
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• Investigation of critical aircraft dynamics in general 
flight maneuver and sortie modes;

• Task of optimal maneuvers synthesis in the frame 
“aircraft against radar”;

• Problem of landing a heavy aircraft (“Buran”) to 
the maximum range.

• - Chelyabinsk higher military school of navigators;
• - Ramenskoe instrument-making design office;
• - State research Institute of aviation systems.

Applied problemsApplied problems
Flight dynamicsFlight dynamics
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• Computation of aircraft maneuver for protection 
against missiles attacking from the rear 
hemisphere;

• Optimization of spatial maneuvers of the 
helicopter and modes for engine failure.

• - Sukhoi experimental design office;
• - Gromov flight research institute;
• - Kamov helicopter factory.

Applied problemsApplied problems
Flight dynamicsFlight dynamics
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• Task of orbital spacecraft orientation; 
• Problem of the spacecraft landing to the 

Earth, Moon, Mars.

• - Central specialized design bureau “Progress”;
• - Rocket-space corporation “Energy”. 

Applied problemsApplied problems
Space navigationSpace navigation
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• Optimization of operation modes of electric 
networks with DC.

• - Melentiev energy systems institute. 

Applied problemsApplied problems
Electrical power engineeringElectrical power engineering
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• Optimization of anthropogenic robot 
movement;

• Analysis of spherical robot dynamics. 

• - Irkutsk state transport university;
• - Kyushu university, Fukuoka, Japan.

Applied problemsApplied problems
RoboticsRobotics
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[1] A. Halme, T. Schonberg, and Y. Wang. Motion control of a spherical mobile robot. In Advanced 
Motion Control, 1996. AMC'96-MIE. Proceedings., 1996 4th International Workshop on, 
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Institution of Mechanical Engineers, Part I: Journal of Systems and Control 
Engineering,217(6):457{467, 2003.

[3] V. Joshi, R. Banavar, Motion analysis of a spherical mobile robot, Robotica, 2009, 343-353, 
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[4] Shengju Sang, Jichao Zhao, Hao Wu, Shoujun Chen, Qi An: Modeling and simulation of a 
spherical mobile robot. Comput. Sci. Inf. Syst. 7(1): 51-62 (2010).
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Examples Examples ofof sphericalspherical robotsrobots
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TheThe geometricgeometric meaningmeaning

The inertial coordinate system
and the coordinate system
related to the scope of its 
geometrical center.

The auxiliary coordinate system
and 

a
o

ca co
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The problem for spherical mobile robot optimal The problem for spherical mobile robot optimal 
control with threecontrol with three--dimensional control dimensional control 

Dynamic modelDynamic model

Finkelstein E.A. (ISDCT), Svinin M.M. (Mechanical Engineering Department, 
Faculty of Engineering, Kyushu University, Fukuoka, Japan)
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Dynamic modelDynamic model
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Statement of the optimal control problemStatement of the optimal control problem
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The computing experimentsThe computing experiments

The trajectories of the phase variables and the 
trajectory of the contact point on the plane
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The problem for spherical mobile robot optimal The problem for spherical mobile robot optimal 
control with two controlscontrol with two controls

If the contact point lies on the equator

then the plane of the rotors arrangement 
becomes perpendicular of the touching 
plane. The system becomes locally 
uncontrollable, there is a physical 
singularity.
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Transfer problem from point to point

The computing experimentsThe computing experiments

The trajectories of the phase variables and the 
trajectory of the contact point on the plane
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• Model identification and search of oscillating 
heterogeneous catalytic reactions;

• Software developing for analyzing 
electrocardiogram data of experimental 
animals.

• - Boreskov catalysis institute, Novosibirsk, Russia;
• - Vorozhtsov Novosibirsk institute of organic 

chemistry. 

Applied problemsApplied problems
ChemistryChemistry
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The phenomenon of selfThe phenomenon of self--oscillationsoscillations

•The processes of spatial and temporal self-organization
very often observed in various
catalytic systems.

•In homogeneous catalysis these 
phenomena were discovered 
by B. P. Belousov in 1951.

•In heterogeneous catalysis for 
the first time oscillations of the 
reaction rate observed in the 
oxidation of CO on platinum in the early 70-ies of the last 
century.
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Kinetic model of methane oxidation Kinetic model of methane oxidation 
on the nickel surfaceon the nickel surface
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Kinetic model of methane oxidation Kinetic model of methane oxidation 
on the nickel surfaceon the nickel surface
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The domain of oscillations existenceThe domain of oscillations existence

Stochastic approximation Border approximation
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Trajectories of the system variablesTrajectories of the system variables
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The study of selfThe study of self--oscillations in oscillations in COCO
oxidation on platinum in terms of the oxidation on platinum in terms of the 
temperature temperature inhomogeneityinhomogeneity. Initial ODE . Initial ODE 
approximationapproximation

33

z1, z2, z3 are levels of CO, oxygen and platinum. 
Parameters k2, k3, k5 depends on the T value of temperature at which the 
reaction takes place, pressure PCO and PO2 are the parameters of the 
model, the remaining parameters are constant.
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Trajectories of the system variablesTrajectories of the system variables

34
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Dependence of the oscillations on Dependence of the oscillations on 
temperaturetemperature
Plots of amplitude (left) and frequency (right) of  oscillations in 
the concentration of CO from the reaction temperature.

35



The 11th International Conference on Intelligent Data Processing: Theory and Applications (IDP-2016),                                                          
10-14 October 2016 in Barcelona, Spain

Dynamic control system with partial Dynamic control system with partial 
derivativesderivatives
z1(x, t), z2(x, t), z3(x, t) are spatial variables

Parameters �2, �3, �5 depends on the � value of temperature at 
which the reaction takes place, pressure ��� and ��2

are the 

parameters of the model, the remaining parameters are constant.

36
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Computational experiments. Surface plotComputational experiments. Surface plot

37

The surface profile of 
the CO concentration 
in (x, t) space.
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Computational experiments. Shaded Computational experiments. Shaded 
surface mapsurface map
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Computational experiments. Separate Computational experiments. Separate 
variables cutvariables cut
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• Optimization problem of composite 
structures;

• Calculations for designing space engines of 
new type.

• - Design Technological Institute of Digital 
Techniques, Novosibirsk

Applied problemsApplied problems
Materials scienceMaterials science
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• Calculation of the basic operations of the quantum 
computer;

• Identification of distributed dynamic models of 
electrons spin epitaxy;

• Modeling of strained heterostructures in quantum 
dots “silicon-germanium”.

• - Rzhanov institute of semiconductor physics, 
Novosibirsk.

Applied problemsApplied problems
Quantum physicsQuantum physics
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 A.V. Rzhanov institute of semiconductor physics SB 
RAS (A.V. Dvurechensky, A.F. Zinov'eva, 
A.V. Nenashev);

 Institute for System Dynamics and Control Theory SB 
RAS (A.Yu. Gornov, T.S. Zarodnyuk);

 Employment of quantum dots (QD) as basic elements 
of a quantum computer has a lot of advantage: we can 
control of their geometric characteristics and location;

 It is proposed to use vertically combined layers of QD 
in Ge-Si system for carrying out of quantum 
computation.

Quantum computerQuantum computer
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• It is considered two cells of a quantum computer which
are based on four tunnel-coupled semiconductor QD;

• The size and the density of QD is determined to 
existence of sufficient tunnel couple in top layer for 
implementation of quantum logical operations;

• The exchange operation of information (SWAP) 
implements due to movement particles to a top layer.

quantum 
dots

Control gate

electrons

Two cells of the quantum computerTwo cells of the quantum computer
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Applied problemsApplied problems
Quantum physicsQuantum physics
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Applied problemsApplied problems
Quantum physicsQuantum physics



The 11th International Conference on Intelligent Data Processing: Theory and Applications (IDP-2016),                                                          
10-14 October 2016 in Barcelona, Spain

Optimal control
and и controlled voltage impuls

The results of computing experimentsThe results of computing experiments

)(tuu 

dt
dutvv  )(

The optimal control problem for system The optimal control problem for system 
of quantum dotsof quantum dots
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The probability variations of finding electrons with
spin "down“ ("up“ ) in each of the four quantum dots (            )

ProbabilityProbability ofof findingfinding electronselectrons inin quantumquantum dotsdots


kP 

kP 4,1k
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Optimal trajectories of the system, allowing to realize
quantum logical storage operation

Computing experimentsComputing experiments
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Dependence of the error functional for the operation of “rotate around 
the specified axis for                   ”2 

[A.V. Nenashev, A.F. Zinovieva, A.V. Dvurechenskii, A.Yu. Gornov, T.S. Zarodnyuk. Quantum logic gates from time-
dependent global magnetic field in a system with constant exchange // Journal of Applied Physics 117, 113905 (2015)].

Applied problemsApplied problems
Quantum physicsQuantum physics
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• Modeling of lands desertification processes for the steppe 
regions of Kalmykia and Mongolia;

• Optimization problem forest utilization on the territory of 
Irkutsk region;

• Modelling of biotransformation processes of organic 
substances in forest ecosystems of the Baikal region.

• - Sochava institute of geography, Irkutsk;
• - Siberian institute of plant physiology and biochemistry, Irkutsk.

Applied problemsApplied problems
EcologyEcology
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• Evaluation of medico-social factors of fertility and 
oncological diseases of the Irkutsk region population;

• Investigation of socially important environmental health 
problems of the Baikal and Arctic regions population;

• - East-Siberian institute of medico-ecological research, 
Angarsk;

• - Irkutsk diagnostic and treatment center;
• - Irkutsk state medical university.

Applied problemsApplied problems
Medicine Medicine 
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• Identification of significant factors in biomolecular
networks.

- Mongolian national institute.

Applied problemsApplied problems
BiologyBiology
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[B. Amgalan, H. Lee. DEOD: uncovering dominant effects of cancer-
driver genes based on a partial covariance selection method // 
Bioinformatics (2015) 31 (15): 2454-2460].

maxxAx 

Identification of significant factors in Identification of significant factors in 
biomolecularbiomolecular networksnetworks

maxxAx 
{ : 0, 1}k T

ix R x e x    
The matrix A consists of 1000 
rows and 1000 columns. 
The numerical solution is 
non-null elements of vector x.
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• Optimization problem of anti drug addiction and 
crime investment programs;

• Modeling of youth crime processes in the Irkutsk
region.

• - Vienna university of technology, Austria;
• - East-Siberian institute of the Ministry of internal 

Affairs of Russia.

Applied problemsApplied problems
Criminal scienceCriminal science
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• Calculation of investment programs of Kabansky
region in Buryatia;

• Modeling market equilibrium for the grain market 
of Mongolia.

• - Mongolian national institute;
• - Sochava institute of geography, Irkutsk.

Applied problemsApplied problems
EconomicsEconomics
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• Calculations of urban traffic equilibrium.

• - Keldysh institute of applied mathematics, 
Moscow;

• - Moscow Institute of Physics and Technology .

Applied problemsApplied problems
TransportationTransportation
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• Modeling and estimation of seismic 
resistance of buildings.

• - Institute of earth crust, Irkutsk.

Applied problemsApplied problems
SeismologySeismology
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Modeling and estimation of seismic Modeling and estimation of seismic 
resistance resistance 

The generalized stiffness parameters obtained from the elastic calculation in 
SCAD software are D11 = 2272, D12 = D21 = -397, D22 = 8982.

The attenuation coefficients Cx = 26, Cy = 35.
The yield strength of the building frame were determined by methods of limit 
equilibrium theory. RTX = 190 and RTY = 63.
The limit of elastic-plastic work relies R'=105%∙R
M = 208/9.81
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AccelerogramAccelerogram of earthquake near Baikal of earthquake near Baikal 2727.08..08.2008 2008 
((TalayaTalaya stationstation), ), scaling by 8 pointsscaling by 8 points
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Graphs of the reactions projection Graphs of the reactions projection RRxx andand RRyy
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Reaction dynamics on the plane (Reaction dynamics on the plane (RRxx, , RRyy) and yield ) and yield 
surface. 8, 9 and 10 pointssurface. 8, 9 and 10 points
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AccelerogramAccelerogram of earthquake near Limon City, of earthquake near Limon City, KostaKosta--RiRiccaa,,
222.04.19912.04.1991, , scaling by 8 pointsscaling by 8 points
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Reaction dynamics on the plane (Reaction dynamics on the plane (RRxx, , RRyy) ) 
and yield surface, scaling byand yield surface, scaling by 88 pointspoints
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Graphs of the reactions projection Graphs of the reactions projection RRxx andand RRyy,,
theirtheir dependencedependence onon movementmovement
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Reaction dynamics on the plane (Reaction dynamics on the plane (RRxx, , RRyy) and yield ) and yield 
surfacesurface,, 7 and 9 points7 and 9 points
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Algorithms for the solution of huge Algorithms for the solution of huge 
quasiseparablequasiseparable optimization problemsoptimization problems

- Morse potential optimization;

- Keating potential optimization;

- Huge-Scale separable convex
optimization problem;

- PageRank problem.
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MorseMorse potentialpotential optimizationoptimization
A cluster is a structure consisting of a finite number of atoms or 
molecules. Occupies an intermediate position between the individual 
particles and the bulk material.

The interaction between the elements of the clusters described 
various potential functions defined multidimensional potential energy 
surface.

Finding the minima of the potential allows to obtain stable atomic-
molecular configurations.

Such simulation in some cases replaces the field experiments.

The Cambridge Energy Landscape Database (The Cambridge 
Cluster Database): http://www-wales.ch.cam.ac.uk/CCD.html
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Кластер – структура, состоящая из конечного числа атомов или
молекул. Занимают промежуточное положение между
отдельными частицами и объемным веществом.

Взаимодействие между элементами таких кластеров
описывается различными функциями потенциалов, задающих
(многомерные) поверхности потенциальной энергии (ППЭ).  

Нахождение минимумов (стационарных точек) таких
потенциалов (поверхностей) позволяет получать устойчивые
атомно-молекулярные конфигурации. 

Подобное моделирование в ряде ситуаций заменяет натурные
(физические) эксперименты.
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MorseMorse potentialpotential functionfunction
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MorseMorse potentialpotential functionfunction
withwith different different  valuesvalues
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MorseMorse potentialpotential optimizationoptimization

• A global optimization problem.

• An astronomical number of local extrema. For 
example, for a cluster of 147 atoms experts provide 
estimates of the order of         .

• The current state: “large clusters”, consisting of 
more than 200 atoms (600 variables).
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•Задача глобальной оптимизации.

•Астрономические число локальных
экстремумов. Например, для кластера из 147 
атомов эксперты дают оценки порядка .

• Современное состояние задачи – «большие
кластеры», состоящие более чем из 200 атомов
(600 переменных).
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MorseMorse potentialpotential optimizationoptimization
The Cambridge Cluster Database
D.J. Wales, J.P.K. Doye, A. Dullweber, M.P. Hodges, F.Y. Naumkin, 
F. Calvo, J. Hernandes-Rojas and T.F. Middleton. 
www-wales.ch.cam.ac.uk/CCD.html

Hefei National Laboratory for Physical Sciences 
at the Microscale and School of Life Sciences, 
University of Science and Technology of China.
staff.ustc.edu.cn/~clj

Jorge Marques 
Department of Chemistry Research 
in Computational Chemistry and 
Molecular Modeling 
University of Coimbra, Portugal.
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Local optimization techniques 
The main (universal) methods
- Conjugate Gradient;
- L-BFGS;
Additional methods
- Cauchy; 
- Powell; 
Special methods
- Polyak;
Global optimization techniques 
- Multi-start;
- MSBH-Monotonic Sequential Basin-Hopping;
-“Big-Bang”;
-“Forest”

AAppliedpplied optimization methodsoptimization methods
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MSBHMSBH methodmethod
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MSBHMSBH methodmethod
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ForestForest methodmethod
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ForestForest methodmethod



The 11th International Conference on Intelligent Data Processing: Theory and Applications (IDP-2016),                                                          
10-14 October 2016 in Barcelona, Spain



The 11th International Conference on Intelligent Data Processing: Theory and Applications (IDP-2016),                                                          
10-14 October 2016 in Barcelona, Spain

Computing ExperimentsComputing Experiments
MSBH/ForestMSBH/Forest

n is a number of atoms.
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Computing ExperimentsComputing Experiments
MSBH/ForestMSBH/Forest



The 11th International Conference on Intelligent Data Processing: Theory and Applications (IDP-2016),                                                          
10-14 October 2016 in Barcelona, Spain

Computing ExperimentsComputing Experiments
MSBH/ForestMSBH/Forest
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Computing ExperimentsComputing Experiments
MSBH/ForestMSBH/Forest, , n = 240 n = 240 
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Computing ExperimentsComputing Experiments
ForestForest
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150 150 atoms cluster: CN, ISDCTatoms cluster: CN, ISDCT
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151555 atoms cluster: CN, ISDCTatoms cluster: CN, ISDCT
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116060 atoms cluster: CN, ISDCTatoms cluster: CN, ISDCT
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116565 atoms cluster: CN, ISDCTatoms cluster: CN, ISDCT
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117070 atoms cluster: CN, ISDCTatoms cluster: CN, ISDCT
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117575 atoms cluster: CN, ISDCTatoms cluster: CN, ISDCT
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118080 atoms cluster: CN, ISDCTatoms cluster: CN, ISDCT
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118585 atoms cluster: CN, ISDCTatoms cluster: CN, ISDCT
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119595 atoms cluster: CN, ISDCTatoms cluster: CN, ISDCT
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200200 atoms cluster: CN, ISDCTatoms cluster: CN, ISDCT
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230230 atoms cluster: CN, ISDCTatoms cluster: CN, ISDCT
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240240 atoms cluster: CN, ISDCT, PTatoms cluster: CN, ISDCT, PT
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KeatingKeating potentialpotential optimizationoptimization. . 
Form Form ofof a a quantumquantum dotdot SiSi--GeGe
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KeatingKeating potentialpotential functionfunction

n is the number of atoms in the crystal lattice; 
• Dij, dik, , are constants set;
• Ri = (xi, x2i, x3i) radius vector of the i-th node

(optimized variables).
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FeaturesFeatures ofof thethe problemproblem::
▫▫ High dimensionality of 10High dimensionality of 1055 variables and more.variables and more.
▫▫ The high demands on the result accuracy.The high demands on the result accuracy.

Tested optimization methods:Tested optimization methods:
▫▫ CauchyCauchy methodmethod;;
▫▫ ConjugateConjugate GradientGradient MethodMethod;;
▫▫ Newton'sNewton's MethodMethod..



The 11th International Conference on Intelligent Data Processing: Theory and Applications (IDP-2016),                                                          
10-14 October 2016 in Barcelona, Spain

The dimension of these problems depends of 
physical limits of the Hessian matrix size which 
flows from the available memory.

The high computational complexity due to the 
required long time for solving problem of such 
dimension

Difficulties with Newton's methodDifficulties with Newton's method
implementationimplementation



The 11th International Conference on Intelligent Data Processing: Theory and Applications (IDP-2016),                                                          
10-14 October 2016 in Barcelona, Spain

Storage of a dense matrix requires about n2 memory cells.

Hessian matrixHessian matrix
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Storage of a sparse matrix requires less then n2 memory cells.

Sparse Hessian matrixSparse Hessian matrix
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Methods of sparse matrix storageMethods of sparse matrix storage

• Diagonal scheme for storing  circuit tape matrices;
• Profile storage scheme of symmetric matrices;
• Connected scheme of sparse storage;
• Sparse line format;

and a number of other methods, and various their 
modifications.
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МетодыМетоды храненияхранения разреженныхразреженных матрицматриц

• Диагональная схема хранения ленточных
матриц. 
• Профильная схема хранения симметрических
матриц.  
• Связные схемы разреженного хранения. 
• Разреженный строчный формат,  

а так же ряд других методов и различные их
модификации.
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Applied method of sparse Applied method of sparse 
matrix storagematrix storage

L is a maximum number of nonzero elements in the Hessian line. For 
considered problem L = 51.
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The ratio of dense and sparse The ratio of dense and sparse 
matrices sizematrices size

M = 8 n2 the size of a dense array (in bytes).
Msparse = 51 (8 + 4) n the size of a sparse matrix (in bytes).
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Selected format has a number of positive features:

• a fixed amount of memory used order  2·L·n cells;

• a small number of occupied cells, about 4-5 % when the dimension 
of the problem is 10⁵ ;

• a quick access to the elements of the main diagonal;

• ease of implementation procedures for sparse matrix multiplication 
• on a tight vector.

Features of used storage formatFeatures of used storage format
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Computing experimentsComputing experiments

Newton's method modification
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Computing experimentsComputing experiments
Conjugate gradient method

Tests were carried out on a computer system containing 10 cores
Intel Xeon X5670
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HugeHuge--Scale sScale separableeparable convexconvex
optimizationoptimization problemproblem

The classification of local optimization problems 
on the number of variables 
proposed by the Yu.E. Nesterov:

• “Small” – up to 100 variables
• “Medium” – from 10³ to 10⁴ variables
• “Large” – from 10⁵ to 10⁷ variables
• “Huge” – more than 10⁸ variables
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HugeHuge--Scale sScale separableeparable convexconvex
optimizationoptimization problemproblem

Difficulties
• the number of variables – memory limitations
• the computational complexity – time limit
• the required amount of computation – time limit

parallel computing
Required memory
• float - 4 bytes per cell
• double - 8 bytes per cell
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Required memoryRequired memory
the vector size of n elements

Memory (RAM) - the main hardware limitations for many modern Huge-Scale
optimization problem.
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Test optimization problem 1Test optimization problem 1

This test function is convex, separable, the minimum value is 
known (fmin = 0).

The calculation of values of the function f(x) and its gradient f(x)
performed in parallel on different CPU cores, for large-scale 
problems it is impossible for one compute node due to physical 
limitations on the amount of RAM.
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Computing experimentsComputing experiments

Computational experiments were carried out with

•Computing cluster MBC-100K of Interdepartmental 
Supercomputer Center.
RAM – 1 Gb, 1 CPU.

•Computing cluster MBC-100K of Keldysh Institute of Applied
Mathematics RAS.

•Computing cluster “Academician V.M. Matrosov”, unit “Tesla”.
RAM – 250 Gb, 32 CPU.
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Computing experimentsComputing experiments
the running time of algorithm
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Computing experimentsComputing experiments
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Required memory (1 core)Required memory (1 core)
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Required memory (100 cores)Required memory (100 cores)
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Computing experimentsComputing experiments

•good scalability of the proposed implementation;

•the main limiting factor - the amount of available RAM;

•High-performance for separable problems.



The 11th International Conference on Intelligent Data Processing: Theory and Applications (IDP-2016),                                                          
10-14 October 2016 in Barcelona, Spain

Test optimization problem 2Test optimization problem 2
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Computing experimentsComputing experiments
the running time of algorithm
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Computing experimentsComputing experiments
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Computing experiments, test 2Computing experiments, test 2
Modification of  Polyak method, time (s)
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Computing experiments, test 2Computing experiments, test 2
Modification of  Polyak method, time (s)
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Computing experiments, test 2Computing experiments, test 2
Modification of  Polyak method, iterations number
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Computing experiments, test 2Computing experiments, test 2
Modification of  Polyak method, iterations number
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The problem of finding The problem of finding 
PageRankPageRank--vectorvector

P is a stochastic matrix that defines the original graph.

It is implemented the Fletcher-Reeves conjugate gradient 
method for PageRank problem. 

TP x x
,n n nP R x R 

 , 1, 1,...,1 Tx e e 
0, 1,ix i n 
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PageRankPageRank problemproblem
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PageRankPageRank problemproblem

where A = PT – I, I is unit matrix, Sn(1) is unit simplex in;
e = (1,...,1);

is penalty parameter for missing constrains                .
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Traditional gradient methodsTraditional gradient methods
We make complete (“normal”) calculation of the 
optimized function and its gradient at each iteration. 
Computational complexity of order O(s n).

Tested implementation (CPU + GPU):
• Conjugate gradient method (CG, different versions);
• Conjugate gradient method of Yuri Nesterov;
• Barzilai-Borwein method (BB);
• B.T. Polyak method;
• Cauchy method.
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Computational experimentsComputational experiments
Were performed on system with the following characteristics:
•Intel Core i5-2500K, 16 GB RAM, GeForce GTX 580 (512 CUDA Cores)
• gcc-5.2.1
• CUDA toolkit 7.5

The assembly is made in Release mode. 
Compilation flags: -O2 -std = c ++ 11 -mcmodel = small.

Test web-graphs were downloaded from Stanford University website:
•Stanford Large Network Dataset Collection (snap.stanford.edu/data)

•For all the tasks we set f* = f0 10-4, the algorithms were allowed to use
unlimited time and iterations. The starting point was set
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Characteristics of the Characteristics of the A A matrixmatrix



The 11th International Conference on Intelligent Data Processing: Theory and Applications (IDP-2016),                                                          
10-14 October 2016 in Barcelona, Spain

Minimization timeMinimization time
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Stanford Problem. Stanford Problem. 
Methods convergenceMethods convergence
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NotreDameNotreDame Problem. Problem. 
Methods convergenceMethods convergence
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BerkStanBerkStan Problem. Problem. 
Methods convergenceMethods convergence



The 11th International Conference on Intelligent Data Processing: Theory and Applications (IDP-2016),                                                          
10-14 October 2016 in Barcelona, Spain

Google Problem. Google Problem. 
Methods convergenceMethods convergence
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Update methodsUpdate methods
The basic idea, which can allow to solve effectively such 
problems, is to take into account the matrix sparseness 
when selecting optimization method, and implementing  the 
program.

Considered methods at each iteration minimize  not all the 
components of the vector x, but only several (1-2 
variables). This approach is associated with a sparse 
statement (the matrix A), and with the sparseness of the 
solution (a vector x) for this class of problems.

This approach allows one to build effective in complexity 
evaluating methods, but often requires a number of non-
trivial steps for efficient software implementations. 
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««ПересчетныеПересчетные»» методыметоды
Основной идеей, позволяющей эффективно решать такие задачи
является правильный учет разреженности исходной постановки как на
уровне выбираемого метода оптимизации, так и на уровне его
последующей программной реализации.

Рассматриваемые методы относятся к покомпонентным, т.е. на
каждой итерации производится минимизация не по всем компонентам
вектора x, а лишь по небольшой его части (1-2 переменных). Данный
подход связан как с разреженностью постановки (матрица A), так и с
разреженностью самого решения (вектор x) для рассматриваемого
класса задач.

Такой учет фактора разреженности позволяет построить
эффективные методы с точки зрения оценки сложности, но зачастую
требует выполнения ряда нетривиальных шагов для получения
эффективных программных реализаций. 
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Example of Example of Update IterationUpdate Iteration
Accordint to the philosophy of componentwise methods for 
each iteration, we slightly change the optimized vector
xk +1= xk + ek. Here the vector ek consists mainly of zeros, 
so these “full” calculations become too “expensive”.
We turn to the updating function and its gradient:

Obviously, the complexity of these operations is 
substantially less than one when using the traditional 
approach.
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Implemented MethodsImplemented Methods
Application of described updating ideology allows us to 
create effective methods for this class of problems, which 
have significantly better estimates regarding to the 
“traditional” ones. 

We propose 3 of these methods:
• NL1 – direct gradient method in the 1-norm;
• FW – Frank-Wolf method of conditional gradient;
• GK – randomized mirror descent in the Grigoriadias-
Khachiyan form.
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NL1NL1
Direct gradient method

Here we got 2 function and gradient computation at one iteration.
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FWFW
Frank-Wolf method of conditional gradient

Where 1 is on the position:

Here we got 1* function and gradient computation at one 
iteration.
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GKGK
Saddle statement of problem and randomized mirror descent

This problem can be rewritten in a saddle form:

As a result, the problem can be rewritten, preserving the 
properties of sparseness as:

Аникин А.С., Гасников А.В., Горнов А.Ю., Камзолов Д.И., Максимов Ю.В., Нестеров
Ю.Е.Эффективные численные методы решения задачи PageRank для дважды разреженных
матриц //Труды МФТИ. 2015. Т. 7, № 4, С. 70-91.
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Computational experimentsComputational experiments
The behavior of these methods was studied on the PageRank
problem with matrices of 3 types:

• Diagonal, with given number of the diagonals: nd = 1,3,5, ...  
Each matrix row / column contains                     
nonzero elements.
• Randomly generated structure. Each matrix row / column 
contains exactly s of non-zero elements.
• Stanford University problems. Matrix contain any number of 
non-zero elements.
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GK Method with different GK Method with different NN

A is random, n=102, s=3.
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FW FW vsvs NL1NL1

A is diagonal.
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FW FW vsvs NL1NL1

A is random.
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Time (sec.) for solving Time (sec.) for solving PageRankPageRank
problem for webproblem for web--graphsgraphs
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Iteration costs for webIteration costs for web--graphsgraphs problemproblem



The 11th International Conference on Intelligent Data Processing: Theory and Applications (IDP-2016),                                                          
10-14 October 2016 in Barcelona, Spain

WebWeb--NotreDameNotreDame problem solutionproblem solution
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WebWeb--BerkStanBerkStan problem solutionproblem solution
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ConclusionsConclusions
 The optimization problem of large dimensions    
can be solved (for complex productions - the 
principle “best-of-known”);

 These problems should be studied deeply and 
actively by a wide range of specialists;

 The correct choice of methods is an important 
issue, especially for the class of Huge-Scale 
problems; correct setting of optimization techniques 
parameters significantly affect their performance and 
efficiency.
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