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1 Lemmas

Lemma 1. For any square non-degenerate matric B alB‘ =|B|B~!

Proof. Row expansion of determinant:
D
Bl = bijAi
j=1
where A;; is algebraic complement (also known as cofactor) of B for b;;. So
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Combining this with the fact that B~! = ﬁAT, where {A},, = A;;, obtain that alBl = |B|B~T.
Lemma 2. For any square symmetric non-degenerate matriz B mnlB‘ =pB!
Proof. 251l = L |B|B~T = B~T = B! since B is symmetric.
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Lemma 3. For any square matriz U =ab”.

Proof.

a"Ub = Z a;u;jb;
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2 Definitions
Training set =1, 29, ...2N.
If component is known
1 _
p(z]2,0) = N(z|ps, 2.) = e~ (@—pnz)TET (@ —ps2)

(2m)P/2 |5, |/?

Priors
p(z|0) =
Each object is modelled with mixture of Z Gaussians with parameters {y,,%,} and priors ¢,, z = 1,2, ..
—3(@—p) e (@—ps)
p(x]h) = Z¢z (z|pz, 22) Z¢z D/2|Z |1/2e 2

Parameters of mixture: 6 = {¢., 1., 3, }2_.
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3 Expectation step

P(z,2,) P(z, ) P(2)P(zn|2) azN(mnmv iz)
n(2) = Wy, = P(z|lz,) = = = = = =
() Fo) = B TSP S PRIP@R) X, 0y (i, Sn)
4 Maximization step
4.1 Optimization task
Given, that ¢, = p(z), be need to ensure
Z

Given (4) we need to solve

N

p(xn, 2]0)
E Ewnz 7—>max
— = W 6
n=1z=1

This is equivalent to

N Zz N Z
Zanzlnp Zn,2|0) = ZZ Wy Inp(z

n=1z=1 n=1z=1

Substituting (2) and (1) into (5) and using (4) we obtain final optimization task for the M-step:

)p(zn|2,0) — max

N Z
YDPIUMITINS 3) SITNCEEINS 9 pr el
n=1z=1 n=1z=1 n=1z=1
1 Nz
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4.2 Optimization for ¢,.
Optimization for ¢, leads to Lagrangian
N Z z
L= Zanzlnqﬁz + A1 - Zqﬁz) — extr
n=1z=1 z=1

Optimal values satisfy
N
oL 1
= Wpy— — A
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¢z:: X’}E:qunz

n=1
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,N
A=> "> wp.=» 1=N
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Using (4) we find \:

It follows that
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_EEVTEESTUnZ

Interpretation: ¢, is sample average of component correspondences, when each object may partly belong to each component.



4.3 Optimization for ..

Optimization for u, leads to

Mz

N Zz
T
EzZZwm(xn—uz) Zzl(xn—uz)%max
n=1z=1

or
ops

2> wn X (@ — p2)(—1) =0

n

anzzgl(xn —pz) =371 Z {wnz(zn —p2)t =0
Z {wnz(zn - ,Uz)} = anzxn - anz,ufz =0

e = Y on WnzTy
- Zn Wnz

Interpretation: p, equals to weighted average of objects with weights=correspondences to corresponding component.

4.4 Optimization for X
From (6) we obtain the following optimization problem to find covariance matrices:
N Z N Z
Z Zwm In |E;1| - Z anz (2 — pz)" 271 (@ — p2) — _max (7

¥1,..2
n=1z=1 n=1z=1 1, z

4.4.1 TUnconstrained X,.

For each individual ¥, we get

z

N N
L= Z:lw”z In |ZZ_1’ - Z:lwnz (xn - NZ)T Ez_l (mn - /-lz) — ng:ax (8)

Using lemmas (3), (2)

aﬁ N N
F = Z {wnzzz} - anz(xn - ,U/z)(xn - /~Lz)T =0
z n=1 n=1
25:1 Wz (Tn — p2) (@0 — pz)”
1 Wns

Interpretation: 3., equals to weighted sample covariance matrix with weights=correspondences of objects to corresponding
component.

5. =

4.4.2 Constraint: common covariance Y, = X Vz.
4.4.3 Constraint: diagonal covariance ¥, = diag{c? |,...02 5} Vz.

z,1

4.4.4 Constraint: spherical covariance 3, = 021 Vz.



