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Ìåòîä íàèìåíüøèõ êâàäðàòîâ

X � îáúåêòû (÷àñòî R
n
); Y � îòâåòû (÷àñòî R, ðåæå R

m
);

X ℓ = (xi , yi )
ℓ
i=1 � îáó÷àþùàÿ âûáîðêà;

yi = y(xi), y : X → Y � íåèçâåñòíàÿ çàâèñèìîñòü;

a(x) = f (x , α) � ìîäåëü çàâèñèìîñòè,

α ∈ R
p
� âåêòîð ïàðàìåòðîâ ìîäåëè.

Ìåòîä íàèìåíüøèõ êâàäðàòîâ (ÌÍÊ):

Q(α,X ℓ) =

ℓ∑

i=1

(
f (xi , α)− yi

)2 → min
α

,

ãäå Q(α∗,X ℓ) � îñòàòî÷íàÿ ñóììà êâàäðàòîâ

(residual sum of squares, RSS).
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Ìíîãîìåðíàÿ ëèíåéíàÿ ðåãðåññèÿ

f1(x), . . . , fn(x) � ÷èñëîâûå ïðèçíàêè;

Ìîäåëü ìíîãîìåðíîé ëèíåéíîé ðåãðåññèè:

f (x , α) =
n∑

j=1

αj fj(x), α ∈ R
n.

Ìàòðè÷íûå îáîçíà÷åíèÿ:

F
ℓ×n

=





f1(x1) . . . fn(x1)
. . . . . . . . .

f1(xℓ) . . . fn(xℓ)



 , y
ℓ×1

=





y1
. . .

yℓ



 , α
n×1

=





α1

. . .

αn



 .

Ôóíêöèîíàë êâàäðàòà îøèáêè:

Q(α,X ℓ) =

ℓ∑

i=1

(
f (xi , α)− yi

)2
= ‖Fα− y‖2 → min

α
.
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Íîðìàëüíàÿ ñèñòåìà óðàâíåíèé

Íåîáõîäèìîå óñëîâèå ìèíèìóìà â ìàòðè÷íîì âèäå:

∂Q

∂α
(α) = 2F ò(Fα− y) = 0,

îòêóäà ñëåäóåò íîðìàëüíàÿ ñèñòåìà çàäà÷è ÌÍÊ:

F òFα = F òy ,

ãäå F òF � ìàòðèöà ðàçìåðà n×n.

�åøåíèå ñèñòåìû: α∗ = (F òF )−1F òy = F+y .

Çíà÷åíèå �óíêöèîíàëà: Q(α∗) = ‖PF y − y‖2,
ãäå PF = FF+ = F (F òF )−1F ò

� ïðîåêöèîííàÿ ìàòðèöà.
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�åîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ÌÍÊ

Ëèíåéíàÿ îáîëî÷êà ñòîëáöîâ ìàòðèöû F = (f1, . . . , fn), fj ∈ R
ℓ
:

L (F ) =
{ n∑

j=1

αj fj

∣
∣
∣ α ∈ R

n
}

PF = F (F òF )−1F ò

� ïðîåêöèîííàÿ ìàòðèöà

PF y � ïðîåêöèÿ âåêòîðà y ∈ R
ℓ
íà ïîäïðîñòðàíñòâî L (F )

(Iℓ − PF )y � ïðîåêöèÿ y íà åãî îðòîãîíàëüíîå äîïîëíåíèå

ÌÍÊ � ýòî îïóñêàíèå ïåðïåíäèêóëÿðà â R
ℓ
èç y íà L (F )
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Ïðîèçâîëüíàÿ ℓ×n-ìàòðèöà ïðåäñòàâèìà â âèäå

ñèíãóëÿðíîãî ðàçëîæåíèÿ (singular value de
omposition, SVD):

F = VDUò.

Îñíîâíûå ñâîéñòâà ñèíãóëÿðíîãî ðàçëîæåíèÿ:

1 ℓ×n-ìàòðèöà V = (v1, . . . , vn) îðòîãîíàëüíà, V
òV = In,

ñòîëáöû vj � ñîáñòâåííûå âåêòîðû ìàòðèöû FF ò

;

2 n×n-ìàòðèöà U = (u1, . . . , un) îðòîãîíàëüíà, U
òU = In,

ñòîëáöû uj � ñîáñòâåííûå âåêòîðû ìàòðèöû F òF ;

3 n×n-ìàòðèöà D äèàãîíàëüíà, D = diag
(√

λ1, . . . ,
√
λn

)
,

λj > 0 � ñîáñòâåííûå çíà÷åíèÿ ìàòðèö F òF è FF ò

.
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�åøåíèå ÌÍÊ ÷åðåç ñèíãóëÿðíîå ðàçëîæåíèå

Ïñåâäîîáðàòíàÿ F+
, âåêòîð ÌÍÊ-ðåøåíèÿ α∗

,

ÌÍÊ-àïïðîêñèìàöèÿ öåëåâîãî âåêòîðà Fα∗
:

F+ = (UDV òVDUò)−1UDV ò = UD−1V ò =

n∑

j=1

1
√

λj

ujv
ò

j ;

α∗ = F+y = UD−1V òy =

n∑

j=1

1
√

λj

uj(v
ò

j y);

Fα∗ = PF y = (VDUò)UD−1V òy = VV òy =
n∑

j=1

vj(v
ò

j y);

‖α∗‖2 = ‖UD−1V òy‖2 = ‖D−1V òy‖2 =
n∑

j=1

1

λj

(v òj y)
2.
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Øòðà� çà óâåëè÷åíèå íîðìû âåêòîðà âåñîâ ‖α‖:

Qτ (α) = ‖Fα− y‖2 + 1
σ‖α‖2,

ãäå τ = 1
σ � íåîòðèöàòåëüíûé ïàðàìåòð ðåãóëÿðèçàöèè.

Âåðîÿòíîñòíàÿ èíòåðïðåòàöèÿ: àïðèîðíîå ðàñïðåäåëåíèå

âåêòîðà α � ãàóññîâñêîå ñ êîâàðèàöèîííîé ìàòðèöåé σIn.

Ìîäè�èöèðîâàííîå ÌÍÊ-ðåøåíèå (τ In � ¾ãðåáåíü¿):

α∗
τ = (F òF + τ In)

−1F òy .

Ïðåèìóùåñòâî ñèíãóëÿðíîãî ðàçëîæåíèÿ:

ìîæíî ïîäáèðàòü ïàðàìåòð τ , âû÷èñëèâ SVD òîëüêî îäèí ðàç.
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Âåêòîð ðåãóëÿðèçîâàííîãî ÌÍÊ-ðåøåíèÿ α∗
τ

è ÌÍÊ-àïïðîêñèìàöèÿ öåëåâîãî âåêòîðà Fα∗
τ :

α∗
τ = U(D2 + τ In)

−1DV òy =

n∑

j=1

√
λj

λj + τ
uj(v

ò

j y);

Fα∗
τ = VDUòα∗

τ = V diag

(
λj

λj + τ

)

V òy =

n∑

j=1

λj

λj + τ
vj(v

ò

j y);

‖α∗
τ‖2 = ‖(D2 + τ In)

−1DV òy‖2 =
n∑

j=1

λj

(λj + τ)2
(v òj y)

2.

Fα∗
τ 6= Fα∗

, íî çàòî ðåøåíèå ñòàíîâèòñÿ ãîðàçäî óñòîé÷èâåå.
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Âûáîð ïàðàìåòðà ðåãóëÿðèçàöèè τ

Êîíòðîëüíàÿ âûáîðêà: X k = (x ′i , y
′
i )

k
i=1;

F ′

k×n
=





f1(x
′
1) . . . fn(x

′
1)

. . . . . . . . .

f1(x
′
k) . . . fn(x

′
k)



 , y ′

k×1
=





y ′1
. . .

y ′k



 .

Âû÷èñëåíèå �óíêöèîíàëà Q íà êîíòðîëüíûõ äàííûõ T ðàç

ïîòðåáóåò O(kn2 + knT ) îïåðàöèé:

Q(α∗
τ ,X

k) = ‖F ′α∗
τ − y ′‖2 =

∥
∥
∥F

′U
︸︷︷︸

k×n

diag
(√

λj

λj+τ

)

V òy
︸︷︷︸

n×1

−y ′
∥
∥
∥

2
.

Çàâèñèìîñòü Q(τ) îáû÷íî èìååò õàðàêòåðíûé ìèíèìóì.
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�åãóëÿðèçàöèÿ ñîêðàùàåò ¾ý��åêòèâíóþ ðàçìåðíîñòü¿

Ñæàòèå (shrinkage) èëè ñîêðàùåíèå âåñîâ (weight de
ay):

‖α∗
τ‖2 =

n∑

j=1

λj

(λj + τ)2
(v òj y)

2 < ‖α∗‖2 =
n∑

j=1

1

λj

(v òj y)
2.

Ïî÷åìó ãîâîðÿò î ñîêðàùåíèè ý��åêòèâíîé ðàçìåðíîñòè?

�îëü ðàçìåðíîñòè èãðàåò ñëåä ïðîåêöèîííîé ìàòðèöû:

tr F (F òF )−1F ò = tr(F òF )−1F òF = tr In = n.

Ïðè èñïîëüçîâàíèè ðåãóëÿðèçàöèè:

tr F (F òF + τ In)
−1F ò = tr diag

(
λj

λj + τ

)

=
n∑

j=1

λj

λj + τ
< n.
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Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Íåëèíåéíàÿ ìîäåëü ðåãðåññèè

Íåëèíåéíàÿ ìîäåëü ðåãðåññèè f (x , α), α ∈ R
p
.

Ôóíêöèîíàë ñðåäíåêâàäðàòè÷íîãî îòêëîíåíèÿ:

Q(α,X ℓ) =

ℓ∑

i=1

(
f (xi , α) − yi

)2 → min
α

.

Ìåòîä Íüþòîíà��à�ñîíà:

1. Íà÷àëüíîå ïðèáëèæåíèå α0 = (α0
1, . . . , α

0
p).

2. Èòåðàöèîííûé ïðîöåññ

αt+1 := αt − ht
(
Q ′′(αt)

)−1
Q ′(αt),

Q ′(αt)� ãðàäèåíò �óíêöèîíàëà Q â òî÷êå αt
, âåêòîð èç R

p

Q ′′(αt)� ãåññèàí �óíêöèîíàëà Q â òî÷êå αt
, ìàòðèöà èç R

p×p

ht �âåëè÷èíà øàãà (ìîæíî ïîëàãàòü ht = 1).
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Ìåòîä Íüþòîíà-�à�ñîíà

Êîìïîíåíòû ãðàäèåíòà:

∂Q(α)

∂αj

= 2

ℓ∑

i=1

(
f (xi , α)− yi

)∂f (xi , α)

∂αj

.

Êîìïîíåíòû ãåññèàíà:

∂2Q(α)

∂αj∂αk

= 2

ℓ∑

i=1

∂f (xi , α)

∂αj

∂f (xi , α)

∂αk

−2

ℓ∑

i=1

(
f (xi , α)− yi

)∂2f (xi , α)

∂αj∂αk

︸ ︷︷ ︸

ïðè ëèíåàðèçàöèè ïîëàãàåòñÿ = 0

.

Íå õîòåëîñü áû îáðàùàòü ãåññèàí íà êàæäîé èòåðàöèè...

Ëèíåàðèçàöèÿ f (xi , α) â îêðåñòíîñòè òåêóùåãî αt
:

f (xi , α) = f (xi , α
t) +

p
∑

j=1

∂f (xi , αj )

∂αj

(
αj − αt

j

)
+ o

(
αj − αt

j

)
.
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Ìåòîäû ëèíåéíîé ðåãðåññèè

Ìåòîäû íåëèíåéíîé ðåãðåññèè

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåëèíåéíàÿ ìîäåëü ðåãðåññèè

Îáîáù¼ííàÿ àääèòèâíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Ìåòîä Íüþòîíà-�àóññà

Ìàòðè÷íûå îáîçíà÷åíèÿ:

Ft =
(

∂f
∂αj

(xi , α
t)
)

ℓ×p
� ìàòðèöà ïåðâûõ ïðîèçâîäíûõ;

ft =
(
f (xi , α

t)
)

ℓ×1
� âåêòîð çíà÷åíèé f .

Ôîðìóëà t-é èòåðàöèè ìåòîäà Íüþòîíà��àóññà:

αt+1 := αt − ht (F
ò

t Ft)
−1F ò

t (ft − y)
︸ ︷︷ ︸

β

.

β � ýòî ðåøåíèå çàäà÷è ìíîãîìåðíîé ëèíåéíîé ðåãðåññèè

‖Ftβ − (ft − y)‖2 → min
β

.

Íåëèíåéíàÿ ðåãðåññèÿ ñâåäåíà ê ñåðèè ëèíåéíûõ ðåãðåññèé.

Ñêîðîñòü ñõîäèìîñòè � êàê è ó ìåòîäà Íüþòîíà��à�ñîíà,

íî äëÿ âû÷èñëåíèé ìîæíî ïðèìåíÿòü ñòàíäàðòíûå ìåòîäû.
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Ìåòîäû ëèíåéíîé ðåãðåññèè

Ìåòîäû íåëèíåéíîé ðåãðåññèè

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåëèíåéíàÿ ìîäåëü ðåãðåññèè

Îáîáù¼ííàÿ àääèòèâíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Îáîáù¼ííàÿ àääèòèâíàÿ ìîäåëü (Generalized Additive Model)

�åãðåññèÿ 
 íåëèíåéíûìè �óíêöèÿìè ïðèçíàêîâ ϕj : R → R:

f (x , α) =
n∑

j=1

ϕj (fj(x), αj ).

Â ÷àñòíîñòè, ïðè ϕj (fj(x), αj ) = αj fj(x) ýòî ëèíåéíàÿ ìîäåëü.

ÈÄÅß: ïîî÷åð¼äíî óòî÷íÿòü ϕj ïî âûáîðêå

(
fj(xi ), zi

)ℓ

i=1
,

ïîñòåïåííî îñëàáëÿÿ ðåãóëÿðèçàòîð ãëàäêîñòè R(αj):

Q(αj) + τR(αj) → min
αj

Q(αj) =

ℓ∑

i=1

(

ϕj (fj(xi ), αj )−
(
yi −

∑

k 6=j

ϕk(fk(xi ), αk)
)

︸ ︷︷ ︸

zi

)2
;

R(αj) =
∫ (

ϕ′′
j (ζ, αj )

)2
dζ
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Ìåòîäû ëèíåéíîé ðåãðåññèè

Ìåòîäû íåëèíåéíîé ðåãðåññèè

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåëèíåéíàÿ ìîäåëü ðåãðåññèè

Îáîáù¼ííàÿ àääèòèâíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Ìåòîä ba
k�tting [Õàñòè, Òèáøèðàíè, 1986℄

Âõîä: F , y � ìàòðèöà ¾îáúåêòû�ïðèçíàêè¿ è âåêòîð îòâåòîâ;

Âûõîä: ϕj(fj , αj) � âñå �óíêöèè ïðåîáðàçîâàíèÿ ïðèçíàêîâ;

íóëåâîå ïðèáëèæåíèå:

α := ðåøåíèå çàäà÷è ÌË� ñ ïðèçíàêàìè fj(x);
ϕj(fj , αj ) := αj fj(x), äëÿ âñåõ ïðèçíàêîâ j = 1, . . . , n;

ïîâòîðÿòü

äëÿ âñåõ ïðèçíàêîâ j = 1, . . . , n

zi := yi −
n∑

k=1,k 6=j

ϕk(fk(xi ), αk), i = 1, . . . , ℓ;

αj := argmin
α

ℓ∑

i=1

(
ϕ(fj(xi ), α) − zi

)2
+ τR(α);

óìåíüøèòü êîý��èöèåíò ðåãóëÿðèçàöèè τ ;

ïîêà Q(α,X ℓ) è/èëè Q(α,X k) çàìåòíî óìåíüøàþòñÿ;
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Ìåòîäû ëèíåéíîé ðåãðåññèè

Ìåòîäû íåëèíåéíîé ðåãðåññèè

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåëèíåéíàÿ ìîäåëü ðåãðåññèè

Îáîáù¼ííàÿ àääèòèâíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

�îáàñòíàÿ ðåãðåññèÿ

Ìîäåëü ðåãðåññèè: a(x) = f (x , α)

Íåêâàäðàòè÷íàÿ �óíêöèÿ ïîòåðü:

�óíêöèÿ Ìåøàëêèíà L (ε) = b
(
1− exp

(
− 1

b
ε2
))

-5 -4 -3 -2 -1 0 1 2 3 4 5

0

1

2

3

4

b=1 b=2 b=3 квадратичная

Ïîñòàíîâêà çàäà÷è:

ℓ∑

i=1

exp
(

− 1
b
(f (xi , α) − yi)

2
)

→ max
α

.

Çàäà÷à òàêæå ðåøàåòñÿ ìåòîäîì Íüþòîíà-�à�ñîíà.
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Ìåòîäû ëèíåéíîé ðåãðåññèè

Ìåòîäû íåëèíåéíîé ðåãðåññèè

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåëèíåéíàÿ ìîäåëü ðåãðåññèè

Îáîáù¼ííàÿ àääèòèâíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Ìåòîä íàèìåíüøèõ ìîäóëåé

εi =
(
a(xi)− yi

)
� îøèáêà

L (εi ) � �óíêöèÿ ïîòåðü

Q =
ℓ∑

i=1
L (εi ) → min

a
� êðèòåðèé îáó÷åíèÿ ìîäåëè ïî âûáîðêå

Ìåòîä íàèìåíüøèõ êâàäðàòîâ, L (ε) = ε2:

ℓ∑

i=1

(a − yi )
2 → min

a
, a =

1

ℓ

ℓ∑

i=1

yi .

Ìåòîä íàèìåíüøèõ ìîäóëåé, L (ε) = |ε|:
ℓ∑

i=1

|a − yi | → min
a
, a = median{y1, . . . , yℓ} = y (ℓ/2),

ãäå y (1), . . . , y (ℓ) � âàðèàöèîííûé ðÿä çíà÷åíèé yi
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Ìåòîäû ëèíåéíîé ðåãðåññèè

Ìåòîäû íåëèíåéíîé ðåãðåññèè

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåëèíåéíàÿ ìîäåëü ðåãðåññèè

Îáîáù¼ííàÿ àääèòèâíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Êâàíòèëüíàÿ ðåãðåññèÿ

Êâàíò�èëüíàÿ ðåãðåññèÿ, L (ε) =

{

C+|ε|, ε > 0

C−|ε|, ε < 0;
ℓ∑

i=1

L (a − yi) → min
a
, a = y (q), q =

ℓC−

C− + C+

ãäå y (1), . . . , y (ℓ) � âàðèàöèîííûé ðÿä çíà÷åíèé yi .

Ëèíåéíàÿ ìîäåëü ðåãðåññèè: a(xi) = 〈xi ,w〉.
Ñâåäåíèå ê çàäà÷å ëèíåéíîãî ïðîãðàììèðîâàíèÿ:

çàìåíà ïåðåìåííûõ ε+i =
(
a(xi)− yi

)

+
, ε−i =

(
yi − a(xi )

)

+
;







Q =
ℓ∑

i=1

C+ε
+
i + C−ε

−
i → min

w
;

〈xi ,w〉 − yi = ε+i + ε−i ;

ε+i > 0; ε−i > 0.
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Ìåòîäû ëèíåéíîé ðåãðåññèè

Ìåòîäû íåëèíåéíîé ðåãðåññèè

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåëèíåéíàÿ ìîäåëü ðåãðåññèè

Îáîáù¼ííàÿ àääèòèâíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

Ïðèìåð. Çàäà÷à ïðîãíîçèðîâàíèÿ îáú¼ìîâ ïðîäàæ
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Ìåòîäû ëèíåéíîé ðåãðåññèè

Ìåòîäû íåëèíåéíîé ðåãðåññèè

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Íåëèíåéíàÿ ìîäåëü ðåãðåññèè

Îáîáù¼ííàÿ àääèòèâíàÿ ìîäåëü

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

SVM-ðåãðåññèÿ (íàïîìèíàíèå)

Ìîäåëü ðåãðåññèè: a(x) = 〈x ,w〉 − w0, w ∈ R
n
, w0 ∈ R.

Ôóíêöèÿ ïîòåðü: L (ε) =
(
|ε| − δ

)

+

-3 -2 -1 0 1 2 3

0

1

2

3

Ïîñòàíîâêà çàäà÷è:

ℓ∑

i=1

(
|〈w , xi 〉 − w0 − yi | − δ

)

+
+

1

2C
‖w‖2 → min

w ,w0

.

Çàäà÷à òàêæå ðåøàåòñÿ ïóò¼ì çàìåíû ïåðåìåííûõ è ñâåäåíèÿ

ê çàäà÷å ìàòåìàòè÷åñêîãî (êâàäðàòè÷íîãî) ïðîãðàììèðîâàíèÿ
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Ìåòîäû ëèíåéíîé ðåãðåññèè

Ìåòîäû íåëèíåéíîé ðåãðåññèè

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ

Ñâÿçü ÌÍÊ ñ ìåòîäîì ìàêñèìóìà ïðàâäîïîäîáèÿ

Ìîäåëü äàííûõ ñ íåêîððåëèðîâàííûì ãàóññîâñêèì øóìîì:

yi = f (xi , α) + εi , εi ∼ N (0, σ2
i ), i = 1, . . . , ℓ.

Ýêâèâàëåíòíàÿ çàïèñü: yi ∼ N (µi , σ
2
i ), µi = Eyi = f (xi , α).

ÌÍÊ ýêâèâàëåíòåí ìåòîäó ìàêñèìóìà ïðàâäîïîäîáèÿ (ÌÌÏ):

L(ε1, . . . , εℓ|α) =
ℓ∏

i=1

1

σi
√
2π

exp

(

− 1

2σ2
i

ε2i

)

→ max
α

;

− ln L(ε1, . . . , εℓ|α) = const(α) +
1

2

ℓ∑

i=1

1

σ2
i

(
f (xi , α) − yi

)2 → min
α

;

Êàê èñïîëüçîâàòü ëèíåéíûå ìîäåëè, åñëè yi íå ãàóññîâñêèå,

â ÷àñòíîñòè, åñëè yi äèñêðåòíîçíà÷íûå?
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Ìåòîäû ëèíåéíîé ðåãðåññèè

Ìåòîäû íåëèíåéíîé ðåãðåññèè

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü (Generalized Linear Model, GLM)

Íîðìàëüíàÿ ëèíåéíàÿ ìîäåëü äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ:

yi ∼ N (µi , σ
2
i ), µi = Eyi = xòi α,

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ:

yi ∼ Exp(µi , ϕi ), µi = Eyi , g(µi ) = θi = xòi α,

g(µ) � ìîíîòîííàÿ �óíêöèÿ ñâÿçè (link fun
tion),

Exp � ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé

ñ ïàðàìåòðàìè θi , ϕi è ïàðàìåòðàìè-�óíêöèÿìè c(θ), h(y , ϕ):

p(yi |θi , ϕi ) = exp

(
yiθi − c(θi)

ϕi

+ h(yi , ϕi )

)

.

Çàìå÷àòåëüíûå ñâîéñòâà ýêñïîíåíöèàëüíîãî ñåìåéñòâà:

µi = Eyi = c ′(θi ) ⇒ g(µ) = [c ′]−1(µ)

Dyi = ϕic
′′(θi).
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Ìåòîäû íåëèíåéíîé ðåãðåññèè

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ

Ïðèìåðû ðàñïðåäåëåíèé èç ýêñïîíåíöèàëüíîãî ñåìåéñòâà

Íîðìàëüíîå (ãàóññîâñêîå) ðàñïðåäåëåíèå, yi ∈ R:

p(yi |µi , σ
2
i ) =

1√
2πσi

exp
(
− 1

2σ2
i

(yi − µi)
2
)
=

= exp

(
yiµi − 1

2µ
2
i

σ2
i

− y2i
2σ2

i

− 1

2
ln(2πσ2

i )

)

;

θi = g(µi ) = µi , c(θi ) =
1
2µ

2
i =

1
2θ

2
i , ϕi = σ2

i .

Ïóàññîíîâñêîå ðàñïðåäåëåíèå, yi ∈ {0, 1, 2, . . . }:

p(yi |µi) =
e−µiµ

yi
i

yi !
= exp

(
yi ln(µi )− µi

1
− ln yi !

)

;

θi = g(µi ) = ln(µi ), c(θi ) = µi = eθi , ϕi = 1.
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Ìåòîäû íåëèíåéíîé ðåãðåññèè

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ

Ïðèìåðû ðàñïðåäåëåíèé èç ýêñïîíåíöèàëüíîãî ñåìåéñòâà

Áèíîìèàëüíîå ðàñïðåäåëåíèå, yi ∈ {0, 1, . . . , ni}:

p(yi |µi , ni ) = C yi
ni
µ
yi
i (1− µi)

ni−yi =

= exp
(

yi ln
µi

1−µi
+ ni ln(1− µi) + lnC yi

ni

)

;

θi = g(µi ) = ln µi

1−µi
, c(θi) = −ni ln(1− µi) = ni ln(1 + eθi ).

�àñïðåäåëåíèå Áåðíóëëè, yi ∈ {0, 1}:

p(yi |µi) = µ
yi
i (1− µi)

1−yi = exp
(

yi ln
µi

1−µi
+ ln(1− µi )

)

;

θi = g(µi ) = ln µi

1−µi
, c(θi) = − ln(1− µi ) = ln(1 + eθi ).
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Ìåòîäû íåëèíåéíîé ðåãðåññèè

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ

Ïðèìåðû ðàñïðåäåëåíèé èç ýêñïîíåíöèàëüíîãî ñåìåéñòâà

íîðìàëüíîå (ãàóññîâñêîå)

ðàñïðåäåëåíèå Ïóàññîíà

áèíîìèàëüíîå è ìóëüòèíîìèàëüíîå

ãåîìåòðè÷åñêîå

χ2
-ðàñïðåäåëåíèå

áåòà-ðàñïðåäåëåíèå

ãàììà-ðàñïðåäåëåíèå

ðàñïðåäåëåíèå Äèðèõëå

ðàñïðåäåëåíèå Ëàïëàñà ñ �èêñèðîâàííûì ìàòîæèäàíèåì

Êîíòð-ïðèìåðû íå ýêñïîíåíöèàëüíûõ ðàñïðåäåëåíèé:

t-ðàñïðåäåëåíèå Ñòüþäåíòà, Êîøè, ãèïåðãåîìåòðè÷åñêîå
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Ìåòîäû ëèíåéíîé ðåãðåññèè

Ìåòîäû íåëèíåéíîé ðåãðåññèè

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM

Ïðèíöèï ìàêñèìóìà ïðàâäîïîäîáèÿ:

L(α;X ℓ) =

ℓ∑

i=1

yiθi − c(θi )

ϕi

→ max
α

, θi = xòi α =

n∑

j=1

αj fj(xi )

Ìåòîä Íüþòîíà-�à�ñîíà:

αt+1 := αt − ht
(
L′′(αt)

)−1
L′(αt).

Êîìïîíåíòû âåêòîðà ãðàäèåíòà L′(α):

∂L(α)

∂αj

=

ℓ∑

i=1

yi − c ′(xòi α)

ϕi

fj(xi ).

Êîìïîíåíòû ìàòðèöû �åññå L′′(α):

∂2L(α)

∂αj∂αk

= −
ℓ∑

i=1

c ′′(xòi α)

ϕi

fj(xi )fk(xi).
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Ìåòîäû ëèíåéíîé ðåãðåññèè

Ìåòîäû íåëèíåéíîé ðåãðåññèè

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ

Ìàòðè÷íûå îáîçíà÷åíèÿ

F =
(
fj(xi )

)

ℓ×n
� ìàòðèöà ¾îáúåêòû�ïðèçíàêè¿;

y =
(
yi
)

ℓ×1
� âåêòîð îòâåòîâ.

µt =
(
c ′(θi )

)

ℓ×1
� âåêòîð ìàòîæèäàíèé, θi = xòi α

t
.

W t = diag
(

1
ϕi
c ′′(θi )

)
� äèàãîíàëüíàÿ ìàòðèöà.

Òîãäà ìåòîä Íüþòîíà-�à�ñîíà ïðèâîäèò ê ÌÍÊ

ñ èòåðàòèâíûì ïåðåâçâåøèâàíèåì îáúåêòîâ

(IRLS, Iteratively Reweighted Least Squares):

αt+1 := αt − ht
(
F òW tF

)−1
F òW t diag

(
1

c′′(θi )

)
(y − µt).

Ýòî ñîâïàäàåò ñ ÌÍÊ-ðåøåíèåì ëèíåéíîé çàäà÷è ðåãðåññèè

ñî âçâåøåííûìè îáúåêòàìè è ìîäè�èöèðîâàííûìè îòâåòàìè:

Q(α) = ‖F̃α− (ỹ − µ̃)‖2 → min
α

.
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Ìåòîäû ëèíåéíîé ðåãðåññèè

Ìåòîäû íåëèíåéíîé ðåãðåññèè

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Îáîáù¼ííàÿ ëèíåéíàÿ ìîäåëü

Ìàêñèìèçàöèÿ ïðàâäîïîäîáèÿ äëÿ GLM

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ êàê ÷àñòíûé ñëó÷àé GLM

�àñïðåäåëåíèå Áåðíóëëè, yi ∈ {0, 1}: p(yi |µi ) = µ
yi
i (1− µi )

1−yi

θi = g(µi ) = ln µi

1−µi
, c(θi) = − ln(1− µi ) = ln(1 + eθi ).

Ïðèíöèï ìàêñèìóìà ïðàâäîïîäîáèÿ ïðèâîäèò ê log-loss:

ℓ∑

i=1

lnµyi
i (1− µi)

1−yi =

ℓ∑

i=1

yi lnµi + (1− yi ) ln(1− µi)

Âûðàæåíèå äëÿ àïîñòåðèîðíîé âåðîÿòíîñòè êëàññà +1:

P(yi =1|xi ) = Eyi = µi =
1

1 + exp(−θi)
= σ(θi ) = σ(xòi α)

Ëèíåéíûé êëàññè�èêàòîð è îòíîøåíèå øàíñîâ (odds ratio):

xòi α = θi = ln
µi

1− µi

= ln
P(yi =1|xi )
P(yi =0|xi )

Ê.Â. Âîðîíöîâ (voron�fore
sys.ru) Ìåòîäû âîññòàíîâëåíèÿ ðåãðåññèè 30 / 31



�åçþìå â êîíöå ëåêöèè

Ìåòîä íàèìåíüøèõ êâàäðàòîâ

� íîðìàëüíûé íåêîððåëèðîâàííûé øóì

Ìíîãîìåðíàÿ ëèíåéíàÿ ðåãðåññèÿ

� ÷åðåç ñèíãóëÿðíîå ðàçëîæåíèå

�ðåáíåâàÿ ðåãðåññèÿ

� òîæå ÷åðåç ñèíãóëÿðíîå ðàçëîæåíèå

Íåëèíåéíàÿ ðåãðåññèÿ

� ñâîäèòñÿ ê ïîñëåäîâàòåëüíîñòè ëèíåéíûõ ðåãðåññèé

� èñïîëüçóåòñÿ ìåòîä Íüþòîíà-�à�ñîíà

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ

� íå ðåãðåññèÿ, à êëàññè�èêàöèÿ

� èñïîëüçóåòñÿ ìåòîä Íüþòîíà-�à�ñîíà

Îáîáù¼ííàÿ ëèíåéíàÿ ðåãðåññèÿ

� îáîáùàåò îáû÷íóþ è ëîãèñòè÷åñêóþ ðåãðåññèþ

� èñïîëüçóåòñÿ ìåòîä Íüþòîíà-�à�ñîíà

Íåêâàäðàòè÷íûå �óíêöèè ïîòåðü

� ïðîáëåìíî-îðèåíòèðîâàííûå (çàâèñÿò îò çàäà÷è)

� ïðèâîäÿò ê ðàçíûì ìåòîäàì, îòëè÷íûì îò ÌÍÊ
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