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Ñîäåðæàíèå ïðåäûäóùèõ ëåêöèé

Ôîðìóëà Áàéåñà: P(A|B) =
P(B|A)P(A)

P(B)
;

Ôîðìóëà ïîëíîé âåðîÿòíîñòè: P(B) = P(B|A)P(A) + P(B|A)P(A);

Îïðåäåëåíèå àïðèîðíûõ âåðîÿòíîñòåé è sele
tion bias;

Òåñòèðîâàíèå ãèïîòåç

Ïðîáëåìà ìíîæåñòâåííîãî òåñòèðîâàíèÿ ãèïîòåç

Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé. Äîñòàòî÷íûå

ñòàòèñòèêè.

Íàèâíûé áàéåñîâñêèé êëàññè�èêàòîð. Ñâÿçü öåëåâîé �óíêöèè è

âåðîÿòíîñòíîé ìîäåëè.

Ëèíåéíàÿ ðåãðåññèÿ: êëàññè÷åñêèé ïîäõîä, ñâÿçü ÌÍÊ è ïðèíöèïà

ìàêñèìóìà ïðàâäîïîäîáèÿ, ñâÿçü ðåãóëÿðèçàöèè è MAP-îöåíêè äëÿ

âåêòîðà ïàðàìåòðîâ w.
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Ëèíåéíàÿ ðåãðåññèÿ: áàéåñîâñêèé ïîäõîä

Âåðîÿòíîñòíàÿ ìîäåëü ëèíåéíîé ðåãðåññèè

y = Xw + ε, ε ∼ N(0, σ2I), ãäå y ∈ R
n, X ∈ R

n×d, w ∈ R
d
.

p(y|X, w) =

n∏

i=1

1√
2πσ

e−
1

2σ2 (yi−w
T

xi)
2

=
1

(2π)n/2σn
e−

1
2σ2 ‖y−Xw‖2

.

Áàéåñîâñêèé ïîäõîä.

Ïóñòü òåïåðü åùå w ∼ p(w|α), òîãäà p(y, w|X, α) = p(y|X, w)p(w|α).
p(w|X, y, α) =

p(y, w|X, α)

p(y|X, α)
� àïîñòåðèîðíîå ðàñïðåäåëåíèå.

wMAP = argmax
w

p(w|X, y, α) = argmin
w

(− log p(y|X, w)− log p(w|α)).
Ïðèìåðû:

p(w|α) = N(0, τ−1I)
wMAP = argmin

w

(
1

2σ2 ‖y −Xw‖2 + τ
2‖w‖2

)
.

p(w|α) = Laplace(0, τ−1I)
wMAP = argmin

w

(
1

2σ2 ‖y −Xw‖2 + τ‖w‖1
)
.

Âîïðîñ 1: À êàê ïîëó÷èòü ML îöåíêó wML = argmin
w

(− log p(y|X, w))?

Âîïðîñ 2: Ïîëó÷èëè ëè ìû ÷òî-òî íîâîå?
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Àïîñòåðèîðíîå ðàñïðåäåëåíèå

p(w|X, y, α) =
p(y, w|X, α)

p(y|X, α)
=

p(y|X, w)p(w|α)
p(y|X, α)

∝ p(y|X, w)p(w|α).
Òîãäà log p(w|X, y, α) ∝ log p(y|X, w) + log p(w|α).
Íîðìàëüíîå àïðèîðíîå ðàñïðåäåëåíèå.

�àññìîòðèì p(w|α) = N(0, τ−1I), òîãäà

− log p(w|X, y, α) ∝ 1
2σ2 ‖y −Xw‖2 + τ

2‖w‖2 = 1
2σ2y

T

y − 1
σ2y

T

Xw+
1

2σ2w
T

X
T

Xw + τ
2w

T

w ∝ 1
2

(

w
T

(τI+ 1
σ2X

T

X)w − 2
σ2y

T

Xw
)

∝
1
2(w −m)

T

Σ−1(w −m), ãäå

m =
(

X
T

X+ τσ2I
)−1

X
T

y, Σ =
(

τI+ 1
σ2X

T

X
)−1

.

Òàêèì îáðàçîì, p(w|X, y, α) ∝ e−
1
2 (w−m)

T

Σ−1(w−m)
.

Âîïðîñ 1: ×òî ìû ìîæåì ñêàçàòü ïðî ðàñïðåäåëåíèå p(w|X, y, α)?
Âîïðîñ 2: ×òî ïîëó÷èëîñü áû, åñëè áû â êà÷åñòâå p(w|α) áûëî âçÿòî

Laplace(0, τI) ?
Âîïðîñ 3: ×òî ïîëó÷èëîñü áû, åñëè áû â êà÷åñòâå p(w|α) áûëà âçÿòà
ñìåñü íîðìàëüíûõ ðàñïðåäåëåíèé

∑

k

πkN(mk, Σk) ?
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Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé

�àñïðåäåëåíèå p(x) â ýêñïîíåíöèàëüíîì ñåìåéñòâå, åñëè ïëîòíîñòü

âåðîÿòíîñòè (�óíêöèÿ âåðîÿòíîñòè) ïðåäñòàâèìà â âèäå

p(x|Θ) =
1

Z(Θ)
h(x) exp(Θ

T

u(x)).

Âîïðîñ 1: êàê âûáðàòü àïðèîðíîå ðàñïðåäåëåíèå p(Θ), ÷òîáû
àïîñòåðèîðíîå ðàñïðåäåëåíèå îñòàëîñü â òîì æå ýêñïîíåíöèàëüíîì

ñåìåéñòâå? (ñâîéñòâî ñîïðÿæåííîñòè ïðàâäîïîäîáèÿ p(x|Θ) è
àïðèîðíîãî ðàñïðåäåëåíèÿ p(Θ))

Ïóñòü p(Θ) =
H(α, v)

Z(Θ)α
exp(Θ

T

v). Òîãäà p(Θ|x) = p(x|Θ)p(Θ)

p(x)
=

1

Z(Θ)np(x)

n∏

i=1

h(xi) exp(Θ
T

n∑

i=1

u(xi)) ·
H(α, v)

Z(Θ)α
exp(Θ

T

v) =

1

Z(Θ)n+α

(

H(α, v)

n∏

i=1

h(xi)/p(x)

)

exp

(

Θ
T

(

v +

n∑

i=1

u(xi)

))

.

Âîïðîñ 2: Çà÷åì íàì ñâîéñòâî ñîïðÿæåííîñòè?
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Îáîñíîâàííîñòü (eviden
e)

Ìîäåëü Mi: pi(y, w|X) = pi(y|X, w)p(w)

Øàã Íàáëþäàåìûå Ñêðûòûå �åçóëüòàò

Îáó÷åíèå (Xtrain, ytrain) w p(w|Xtrain, ytrain)

Êîíòðîëü Xtest ytest p(ytest|Xtest, Xtrain, ytrain)

p(w|Xtrain, ytrain) =
p(ytrain, w|Xtrain)

∫
p(ytrain, w∗|Xtrain)dw∗

p(ytest|Xtest, Xtrain, ytrain) =

∫

p(ytest, w|Xtest, Xtrain, ytrain)dw =
∫

p(ytest|w, Xtest, Xtrain, ytrain)p(w|Xtest, Xtrain, ytrain)dw =
∫

p(ytest|w, Xtest)p(w|Xtrain, ytrain)dw
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Îáîñíîâàííîñòü (eviden
e)

Ìîäåëü Mi: pi(y, w|X) = pi(y|X, w)pi(w)
Ïóñòü èìååòñÿ K > 1 ìîäåëåé.

Ïðîöåññ ïîðîæäåíèÿ âûáîðêè:

Ïðèðîäà âûáèðàåò ìîäåëü èç K äîñòóïíûõ ìîäåëåé ñ àïðèîðíûìè

âåðîÿòíîñòÿìè p(Mi), i = 1, . . . , K.

Äëÿ âûáðàííîé ìîäåëè i∗ ïðèðîäà ñýìïëèðóåò âåêòîð ïàðàìåòðîâ

w∗
èç àïðèîðíîãî ðàñïðåäåëåíèÿ pi∗(w)

Èìåÿ i∗, w∗
ïðèðîäà âûáèðàåò Xtrain è ñýìïëèðóåò ytrain èç

pi∗(y|Xtrain, w
∗)

(Xtrain, ytrain) äàíû íàáëþäàòåëþ.

Ïðèðîäà âûáèðàåò Xtest è ñýìïëèðóåò ytest èç pi∗(y|Xtest, w
∗)
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Îáîñíîâàííîñòü (eviden
e)

Ìîäåëü Mi: pi(y, w|X) = pi(y|X, w)pi(w)
Îáùàÿ ìîäåëü M : p(y, w, Mi|X) = p(Mi)pi(w)pi(y|X, w)

p(ytest|Xtest, Xtrain, ytrain) =

K∑

i=1

p(ytest|Xtest, Xtrain, ytrain, Mi)p(Mi|Xtest, Xtrain, ytrain) =

K∑

i=1

pi(ytest|Xtest, Xtrain, ytrain)p(Mi|Xtrain, ytrain)

p(Mi|Xtrain, ytrain) =
p(ytrain, Mi|Xtrain)

P (ytrain|Xtrain)
∝ p(ytrain,Mi|Xtrain) =

∫

p(ytrain, w, Mi|Xtrain)dw = p(Mi)pi(ytrain|Xtrain)
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Ïðèìåð âûáîðà ìîäåëè

a � appli
ant, r � reviewer

a, r =

{

0, íåò PhD,

1, PhD.

d � de
ision

d =

{

1, ïðèíÿòü,

0, îòâåðãíóòü.

r = 0 d = 0 d = 1

a = 0 9 0

a = 1 132 19

r = 1 d = 0 d = 1

a = 0 97 6

a = 1 52 11

Ñëó÷àè:

1 p(d|a, r) = p(d)

2 p(d|a, r) = p(d|a)
3 p(d|a, r) = p(d|r)
4 p(d|a, r) = p(d|a, r)
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Ïðèìåð âûáîðà ìîäåëè

1) p(d|a, r) = p(d)
Ïîýòîìó p(d|w) = Be(w). Prior : p(w) = U [0, 1]

p(y|X) =

∫

p(y|X, w)p(w)dw =

∫ 1

0
C0
9 (1− w)9

C97
103w

6(1−w)97C132
151w

19(1−w)132C52
63w

11(1−w)52dw = 2.8·10−51CCCC

2) p(d|a, r) = p(d|a)
Ïîýòîìó p(d|a = 0) = Be(w1), p(d|a = 1) = Be(w2).
Prior : p(w1) = U [0, 1], p(w2) = U [0, 1]

p(y|X) =

∫

p(y|X, w1, w2)p(w1)p(w2)dw1dw2 =

∫ 1

0

∫ 1

0
C0
9 (1−w1)

9C97
103

w6
1(1−w1)

97C132
151w

19
2 (1−w2)

132C52
63w

11
2 (1−w2)

52dw1dw2 = 4.7·10−51CCCC

10 / 16



Ïðèìåð âûáîðà ìîäåëè

3)p(d|a, r) = p(d|r)
Ïîýòîìó p(d|r = 0) = Be(w1), p(d|r = 1) = Be(w2).
Prior : p(w1) = U [0, 1], p(w2) = U [0, 1]

p(y|X) = 0.27 · 10−51CCCC

4) p(d|a, r) = p(d|a, r)
Ïîýòîìó p(d|a = 0, r = 0) = Be(w1), p(d|a = 0, r = 1) = Be(w2),
p(d|a = 1, r = 0) = Be(w3), p(d|a = 1, r = 1) = Be(w4).
Prior : p(w1) = U [0, 1], p(w2) = U [0, 1],
p(w3) = U [0, 1], p(w4) = U [0, 1]

p(y|X) = 0.18 · 10−51CCCC
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Ïðèìåð âûáîðà ìîäåëè
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Ñðàâíåíèå îáîñíîâàííîñòåé, 326 îáúåêòîâ â âûáîðêå
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Âûáîð ìîäåëè: çàâèñèìîñòü îò ðàçìåðà âûáîðêè
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Ïðîñòîå ïîíèìàíèå îáîñíîâàííîñòè

Evidence : pi(y|X) =

∫

pi(y|X, w)pi(w)dw

pi(w|X, y) =
pi(y|X,w)pi(w)

p(y|X)
.

Ïðåäïîëîæåíèÿ:

w îäíîìåðíûé

Àïðèîðíîå ðàñïðåäåëåíèå pi(w) ïëîñêîå ñ øèðèíîé ∆wprior

Àïîñòåðèîðíîå ðàñïðåäåëåíèå pi(w|X, y) ñêîíöåíòðèðîâàíî âîêðóã

wMP ñ øèðèíîé ∆wpost

Òîãäà: log pi(y|X) ≈ log pi(y|X, wMP ) + log

(
∆wpost

∆wprior

)

.

Äëÿ M -ìåðíîãî w: log pi(y|X) ≈ log pi(y|X, wMP ) +M log

(
∆wpost

∆wprior

)

.
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Ïðèìåð îïòèìèçàöèè eviden
e

yi = w + εi, εi ∼ N(ε|0, β−1)
y1|w, . . . , yn|w ∼ N(yi|w, β−1), w ∼ N(w|0, α−1).

p(y|α, β) = βn/2α1/2

(2π)n/2
√
nβ + α

exp

(

−1

2
β

n∑

i=1

y2i +
β2(
∑n

i=1 yi)
2

2(nβ + α)

)

.

(α∗, β∗) = argmax
α, β

p(y|α, β).

0 200 400 600 800 1000
n

0.8

0.9

1.0

1.1

1.2

T

1/
√
β∗

ETn(y|0, 1)
ETn(y|0.01, 1)

0 2000 4000 6000 8000 10000
n

0.4

0.6

0.8

1.0

P
(α

∗
<

∞
)

w = 0

w = 0.01

α∗ =







n2β∗

β∗(
∑n

i=1 yi)
2 − n

,
|∑n

i=1 yi|√
n

︸ ︷︷ ︸

Tn(y|w, β)

>
1√
β∗

,

+∞, èíà÷å.

1

β∗
=

∑n
i=1(yi − y)2

n− 1
.
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