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Generative models zoo

‘ Generative Models ‘
Likelihood based Implicit density
models models
GANs
Tractable Approximate
density density

e Autoregressive models .
« Flow models Latent variable models
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https://arxiv.org/abs/1511.06434

Bayesian framework

» x — samples;
> y — target variables;
» 6 — model parameters.

Discriminative Generative

p(y,0|x) = p(y|x, 8)p(0) p(y,x,0) = p(y,x|0)p(0)

» Find conditional probability ~ » Find joint probability of

of y given x. (x,y).
» Samples x are given. » Samples x should be
» Used for classification, modelled.
regression. » Generation of new samples

(x,y)-
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Generative models

Given samples {x;}7_; € X from unknown distribution p(x).
Goal
learn a distribution p(x) for

» evaluating p(x) for new samples;

» sampling from p(x).

Challenge
Data is complex and high-dimensional (curse of dimensionality).

Solution

Fix probabilistic model p(x|@) — the set of parameterized
distributions .

Instead of searching true p(x) over all probability distributions,
learn function approximation p(x|@) =~ p(x).
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Latent variable models

Suppose that our probabilistic model p(x, z|@) instead of p(x|@).

» Here z are latent variables.
» We observe only samples x.
» Latent variables z are unknown.

» Parameters @ are not random.

MLE problem for LVM

0" = argmaxp(X, Z|0) = arg maxH p(x;,z;|0) =
0 0 iz

n
= arg;nax Z log p(x;,z;|0).

i=1

What if 6 are random variables with distribution p(8)?
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Bayesian framework

What if @ are random variables with distribution p(8)?

Before we get any data, we do not know anything about 8 except
the prior distribution p(0).

When we get data, we could change the prior distribution to the
posterior.

Bayes theorem

_ p(X,Z|0)p(0) _ p(X,Z|0)p(6)
PO ) =" 2) = Tp(X.2)p(0)d0

Full Bayesian inference

p(x' X, Z) = / p(x"|0)p(6]X, Z)d0
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Bayesian framework

Full Bayesian inference
p(1%.2) = [ p(x0)p(6IX, Z)d0
Maximum a posteriori (MAP)
0" = arg(;nax p(0|X,2Z) = arggnax(log p(X, Z|6) + log p(8))
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Latent variable models
MLE problem
n n
0" = arg;nax p(X|0) = argemaxilj1 p(x;|0) = arggnax; log p(xi|0).

Challenge
p(x|@) could be intractable.

Extend probabilistic model

Introduce latent variable z for each sample x
p(x,z|0) = p(x|z,0)p(z); logp(x,z|0) = log p(x|z,8) + log p(z).

p(xi6) = [ plx.2l6)dz = [ plxiz.6)p(z)dz.
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Latent variable models

log p(x|0) = Iog,‘/p(x]z7 0)p(z)dz — max

Examples
Mixture of gaussians PCA model

u

(a) . x\/

0 0.5 1

> p(x|z,0) = N(x|p,, £2)
» p(z) = Cat(z|w)

1 w2 /
Rt

> p(x|z,0) = N(x|Wz + 1, 2)
> p(z) = N(z[0,1)

Bishop C. Pattern Recognition and Machine Learning, 2006.
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Latent variable models

log p(x|@) = Iog/p(x|z, 0)p(z)dz — max

PCA goal: Project original data X onto low latent space while
maximizing the variance of the projected data.

x=Wz+pu+e

> p(x|z,0) = N(x|Wz + p, X2)
- plz) = N(zl0.1)

Bishop C. Pattern Recognition and Machine Learning, 2006.
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Incomplete likelihood
MLE problem

n
0" = argmax p(X,Z|0) = arg mapr(x,-, z;|0) =
0 7] .
i=1

n
= arg max Z log p(xi, z;|0).
6
i=1

Since Z is unknown, maximize incomplete likelihood.

MILE problem

0* = arg maxlog p(X|0) = arg maxlog/p(X, Z|10)dZ =
7] 0

= argmaxlog/p(X|Z,H)p(Z)dZ.
0
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Variational lower bound

X,Z|6
|ogp(X\9)=|ogp( 216) _

p(ZIX.0) ~

_ p(X,Z|6) . p(X,Z|0)q(Z)

= a@es Sy 7 = [ @) Sz o)~
_ p(X,Z|0) q9(2) _
—/q(Z) log 4(2) dZ+ | q(Z)log o(ZX. e)dZ—

= L(q,0) + KL(q(2)||p(Z|X, 0)) = L(q,0).
Kullback-Leibler divergence

> KL(qllp) > 0;
> KL(qllp) =0=q=p.

12 /16



Variational lower bound

log p(X[0) = L(q,0) + KL(q(Z)||p(Z|X,0)) > L(q, ).

ELBO
L(q,0) :/q(Z) log p();(’zz)w)dzz
:/q(Z) |0gP(XZ,9)dZ+/q(Z) o Zg;dz

= Eqlog p(X|Z,0) — KL(q(Z)||p(Z))

Instead of maximizing incomplete likelihood, maximize ELBO

max p(X|@) — maxL(q,0).
0 q,0
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EM-algorithm

A
£(q.9) Z/q(Z) Ing(X\Z,G)dZJr/q(Z) log ZEZ;dz.
Block-coordinate optimization
> Initialize 6%;
> E-step

q(Z) = argmax L(q,0") = arg min KL(q||p) = p(Z|X, 6%);
q q

> M-step
0" = argmax L(q, 0);
(4

» Repeat E-step and M-step until convergence.
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Amortized variational inference

E-step

q(Z) = argmax L(q, 6") = arg min KL(q||p) = p(Z|X, 0").
q q

could be intractable.

Idea
Restrict the family of all possible distributions g(z) to the
particular parametric class conditioned of sample: g(z|x, ¢).
Variational Bayes

» E-step

Gn = Pn_1+ NVeL(P, 0n—1)’¢:¢n71
> M-step
0n=0n-1+1VeLl(d,,0)lg—, ,
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