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Ñîäåðæàíèå ïðåäûäóùèõ ëåêöèé

Ôîðìóëà Áàéåñà: P(A|B) =
P(B|A)P(A)

P(B)
;

Ôîðìóëà ïîëíîé âåðîÿòíîñòè: P(B) = P(B|A)P(A) + P(B|A)P(A);
Îïðåäåëåíèå àïðèîðíûõ âåðîÿòíîñòåé è seletion bias;

(Ìíîæåñòâåííîå) òåñòèðîâàíèå ãèïîòåç

Ýêñïîíåíöèàëüíîå ñåìåéñòâà. Äîñòàòî÷íûå ñòàòèñòèêè.

Íàèâíûé áàéåñîâñêèé êëàññè�èêàòîð. Ñâÿçü öåëåâîé �óíêöèè è

âåðîÿòíîñòíîé ìîäåëè.

Ëèíåéíàÿ ðåãðåññèÿ: ñâÿçü ÌÍÊ è wML, ðåãóëÿðèçàöèè è wMAP.

Ñâîéñòâî ñîïðÿæåííîñòè àïðèîðíîãî ðàñïðåäåëåíèÿ ïðàâäîïîäîáèþ.

Ïðîãíîç äëÿ îäèíî÷íîé ìîäåëè:

p(ytest|Xtest,Xtrain, ytrain) =

∫

p(ytest|w,Xtest)p(w|Xtrain, ytrain)dw.

Ñâÿçü àïîñòåðèîðíîé âåðîÿòíîñòè ìîäåëè è îáîñíîâàííîñòè

p(Mi|Xtrain, ytrain) ∝ p(Mi)pi(ytrain|Xtrain).
Îáîñíîâàííîñòü: ïîíèìàíèå è ñâÿçü ñî ñòàòèñòè÷åñêîé çíà÷èìîñòüþ.

Ëîãèñòè÷åñêàÿ ðåãðåññèÿ: ïðîáëåìû ML-îöåíêè w è ñâÿçü

àïðèîðíîãî ðàñïðåäåëåíèÿ ñ îòáîðîì ïðèçíàêîâ.
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Àïîñòåðèîðíîå ðàñïðåäåëåíèå â ëîãèñòè÷åñêîé ðåãðåññèè

p(y, w|X, A) = p(y|X, w)p(w|A), ãäå p(y|X, w) =
m∏

j=1

σ(yjw
T

xj).

p(w|X, y, A) =
p(y, w|X, A)

p(y|X, A)
=

∏m
j=1 σ(yjw

T

xj)N(w|0, A−1)

p(y|X, A)
.

p(ytest|Xtest, Xtrain, ytrain) =

∫

p(ytest|w, Xtest)p(w|Xtrain, ytrain)dw.

Âîïðîñ 1: Êàê îïðåäåëèòü wMAP? Åäèíñòâåííîå ëè ðåøåíèå?

q(w) = − log p(y, w|X, A) = − log p(w|A)− log p(y|X, w) =

q(wMAP) +
1
2 (w −wMAP)

T

H−1(w −wMAP) +O(‖w −wMAP‖
3), ãäå

H−1 = A+X
T

RX, ãäå R = diag(σ(w
T

MAPxj)σ(−w
T

MAPxj)).
Íîðìàëüíàÿ àïïðîêñèìàöèÿ: p(w|X, y, A) ≈ N(w|wMAP, H

−1).

Ïðèìåð. Ïóñòü n = 1, wMAP = 1.
Âîïðîñ 2: ×òî ìîæíî ñêàçàòü ïðî ïðèíàäëåæíîñòü îáúåêòîâ ñ

x = 0; 1; −1; 5; −5 ê êëàññó 1?

Âîïðîñ 3: Êàê ðåçóëüòàò çàâèñèò îò íåîïðåäåëåííîñòè h−1
? ×òî

ïðîèñõîäèò ïðè h → 0 è ïðè h → ∞?
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Íåëèíåéíàÿ ðàçäåëÿþùàÿ ïîâåðõíîñòü

p(ytest|Xtest, Xtrain, ytrain) =

∫

p(ytest|w, Xtest)p(w|Xtrain, ytrain)dw.

p(w|Xtrain, ytrain) = N(w|1, h−1).

Ïðîãíîç âåðîÿòíîñòè êëàññà 1 â çàâèñèìîñòè îò íåîïðåäåëåííîñòè h−1

x = 5 x = 1 x = 0 x = −1 x = −5

h = ∞ 0.0067 0.269 0.5 0.731 0.9933

h = 1 0.169 0.301 0.5 0.699 0.831

h = 0 0.5 0.5 0.5 0.5 0.5

Âîïðîñ 1: êàê ó÷åñòü â ìîäåëè, ÷òî êëàññû íå ñáàëàíñèðîâàíû?
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Âîïðîñ 2: ÷òî äåëàòü, åñëè

ðàçäåëÿþùàÿ ïîâåðõíîñòü

íåëèíåéíà?
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Âûáðîñû è ïðîïóñêè â äàííûõ
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Âîïðîñ 1: ÷òî äåëàòü, åñëè

ðàçäåëÿþùàÿ ïîâåðõíîñòü

íåëèíåéíà?

Èäåÿ:

x 7→ ϕ(x) = [K(x, xi), i = 1, . . . , m].

Âîïðîñ 2: ×åìó ñîîòâåòñòâóåò îòáîð ïðèçíàêîâ ïðè çàìåíå

x 7→ ϕ(x) = [K(x, xi), i = 1, . . . , m]?
Âîïðîñ 3: ×òî åñëè çíà÷åíèÿ ÷àñòè ïðèçíàêîâ íå çàäàíû èëè

íåêîððåêòíû? ×òî ïðîèñõîäèò ïðè çàìåíå íà ñðåäíåå / ìåäèàíó?

Èñõîäíàÿ ìîäåëü: p(y, w|X, A) = p(y|X, w)p(w|A).
Ïóñòü X = X̃+ Z, X̃ · Z = 0, ãäå Z � ìàòðèöà çíà÷åíèé ïðîïóñêîâ.

Íîâàÿ ìîäåëü: p(y, w, Z|X̃, A) = p(y|X̃, Z, w)p(w|A)p(Z|X̃).

p(w|y, X̃, A) ∝ p(y, w|X̃, A) =

∫

p(y, w, Z|X̃, A)dZ =
∫

p(y|X̃, Z, w)p(w|A) p(Z|X̃)
︸ ︷︷ ︸

âåñ

dZ.
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EM-àëãîðèòì

Ïóñòü D = (X, y) � íàáëþäàåìûå ïåðåìåííûå, Z � ñêðûòûå ïåðåìåííûå.

p(D, Z|Θ) = p(D|X, Θ)p(Z|Θ).

Âîïðîñ 1: êàê ðåøèòü çàäà÷ó p(D|Θ) =

∫

p(D, Z|Θ)dZ → max
Θ

?

Ïðèìåð 1. y = Xw + ε, w ∼ N(w|0, A−1), ε ∼ N(0, β−1I)
p(y, w|X, A, β) = p(y|X, w, β)p(w|A).

log p(y|X, A, β−1

︸ ︷︷ ︸

Θ

) ∝ − 1

2
log det(β−1I+XA−1X

T

)− 1

2
y
T

(β−1I+XA−1X
T

)−1y.

EM-àëãîðèòì

Ââåäåì F (q, Θ) = −

∫

q(Z) log q(Z)dZ+

∫

q(Z) log p(D, Z|Θ)dZ =

−

∫

q(Z) log q(Z)dZ+

∫

q(Z) log p(Z|D, Θ)dZ+

∫

log p(D|Θ)q(Z)dZ =

log p(D|Θ)−

∫

q(Z) log q(Z)
p(Z|D,Θ)dZ = log p(D|Θ)−DKL(q‖p(Z|D, Θ)).

Èäåÿ 1: p(D|Θ) → max
Θ

çàìåíèì íà F (q, Θ) → max
q,Θ

.

Èäåÿ 2: Ïîøàãîâî îïòèìèçèðóåì ïî Θ è q, òî åñòü

1 E-øàã: qs = F (q, Θs) → max
q

;

2 M-øàã: Θs = F (qs−1, Θ) → max
Θ

.
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EM-àëãîðèòì äëÿ ìàêñèìèçàöèè îáîñíîâàííîñòè

y = Xw + ε, w ∼ N(w|0, A−1), ε ∼ N(0, β−1I)
p(y, w|X, A, β) = p(y|X, w, β)p(w|A) =.

log p(y, w|X, A, β) ∝ m
2 log β − β

2 ‖y −Xw‖2 + 1
2 log detA− 1

2w
T

Aw.

F (q, A, β) = −

∫

q(w) log q(w)dw +

∫

q(w) log p(y, w|X, A, β)dw =

log p(y|X, A, β)−DKL(q(w)‖p(w|y, X, A, β)) → max
q,A, β

.

E-øàã (ñ÷èòàåì A, β �èêñèðîâàííûìè)

F (q, A, β) → max
q

⇐⇒ q(w) = p(w|y, X, A, β) = N(w|w0, Σ
−1
0 ), ãäå

Σ0 = A+ βX
T

X, w0 = βΣ−1
0 X

T

y.

M-øàã (ñ÷èòàåì q(w) �èêñèðîâàííûì)

Eq(w) log p(y, w|X, A, β) =

∫

q(w) log p(y, w|X, A, β)dw → max
A, β

.

F̃ (A, β) = m
2 log β − β

2E‖y −Xw‖2 + 1
2

n∑

j=1

log αj −
1
2

n∑

j=1

αjEw
2
j → max

A, β
.

∂F
∂αj

= 1
2αk

− 1
2Ew

2
j = 0 ⇐⇒ αj =

1
Ew2

j

.

Hint: 1 = αj(E
2wj +Dwj) =⇒ αnew

j =
1−αold

j Dwj

E2wj
.

∂F
∂β

= m
2β − 1

2E‖y −Xw‖2 = 0 ⇐⇒ β = m
E‖y−Xw‖2

.
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EM-àëãîðèòì äëÿ ìàêñèìèçàöèè îáîñíîâàííîñòè

Ïîòåíöèàë ïîëÿ òî÷å÷íîãî çàðÿäà: ϕ = k q
r
.

Ïóñòü èìååòñÿ íåñêîëüêî çàðÿäîâ q1, . . . , ql â òî÷êàõ z1, . . . , zl.

Òîãäà ϕ(x) = k

l∑

i=1

ql
‖x−zl‖

. Ïî íàáîðó òî÷åê x1, . . . , xm è èçìåðåííûì

yi = ϕ(xi)− ϕ(∞)
︸ ︷︷ ︸

=0

+εi, εi ∼ N(εi|0, β
−1)

òðåáóåòñÿ îöåíèòü ϕ(x) äëÿ x èç òåñòîâîé âûáîðêè.
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y = Φw + ε, ε ∼ N(ε|0, β−1I), ãäå

Φ =
∥
∥
∥

1
δ+‖xi−xj‖

∥
∥
∥ , i, j = 1, m;

w ∼ p(w|A) = N(w|0, A−1).

Øàã 1: p(ytrain|Φtrain, A, β) → max
A, β

ïîçâîëèò îòîáðàòü ïðèçíàêè.

Øàã 2: Ïðîãíîç äëÿ òåñòîâîé âûáîðêè:

p(ytest|Φtest, Φtrain, ytrain) =

∫

p(ytest|w, Φtest)p(w|Φtrain, ytrain)dw
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�åçóëüòàòû äëÿ çàäà÷è âîññòàíîâëåíèÿ ïîòåíöèàëà
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