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Áàéåñîâñêèé âûáîð ìîäåëåé: ïëàí êóðñà

Ââîäíàÿ ëåêöèÿ. Âñïîìèíàíèå ðåçóëüòàòîâ èç òåîðèè âåðîÿòíîñòåé è

ñòàòèñòèêè.

Ââåäåíèå â áàéåñîâñêèå ìåòîäû. Áàçîâûå ðåçóëüòàòû è îáîçíà÷åíèÿ.

Àïðèîðíîå ðàñïðåäåëåíèå è íåèí�îðìàòèâíûå ðàñïðåäåëåíèÿ

(Je�reys prior). Ýêñïîíåíöèàëüíîå ñåìåéñòâî ðàñïðåäåëåíèé.

Áàéåñîâñêèå ìîäåëè êëàññè�èêàöèè, ðåãðåññèè, êëàñòåðèçàöèè,

ñîêðàùåíèÿ ðàçìåðíîñòè.

Ïîíÿòèå îáîñíîâàííîñòè â áàéåñîâñêîì âûáîðå ìîäåëåé è åãî

èíòåðïðåòàöèÿ.

Ïîñòðîåíèå èíòåðïðåòèðóåìûõ àäåêâàòíûõ ìóëüòèìîäåëåé äëÿ

îïèñàíèÿ ñëîæíûõ âûáîðîê.

Ïîñòðîåíèå è âûáîð ìîäåëåé ïðè àíàëèçå âðåìåííûõ

ðÿäîâ.�àóññîâñêèå ïðîöåññû.

EM-àëãîðèòì è âàðèàöèîííûé âûâîä.

Ââåäåíèå â ãðà�è÷åñêèå ìîäåëè.
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Ñèñòåìà îöåíèâàíèÿ

12 ëåêöèé + 3-4 íåáîëüøèõ òåñòà íà íèõ (ñóììàðíî äî 100 áàëëîâ);

9 çàäàíèé:

6 íåáîëüøèõ (ñêîðåå òåîðåòè÷åñêèõ) ïî 50 áàëëîâ,

3 áîëåå êðóïíûõ (ñêîðåå ïðàêòè÷åñêèõ) ïî 100 áàëëîâ;

Ýêçàìåí:

Ïèñüìåííàÿ ÷àñòü (200 áàëëîâ),

Óñòíàÿ ÷àñòü (300 áàëëîâ).

Çàìå÷àíèÿ:

Íà îöåíêó k òðåáóåòñÿ íàáðàòü 100k áàëëîâ;

Ýêçàìåí ìîæíî ïðîïóñòèòü òîëüêî, åñëè íàáðàíî íå ìåíåå 550

áàëëîâ äî ýêçàìåíà;

Çàäàíèÿ ñîäåðæàò çàäà÷è áîëåå, ÷åì íà 50 / 100 áàëëîâ, ïîýòîìó

ìîæíî âûáðàòü, ÷òî âûïîëíÿòü;

Â êàæäîì çàäàíèè áàëëû ëó÷øåé ðàáîòû óäâàèâàþòñÿ, åñëè îíà

îöåíåíà áîëåå, ÷åì â 50 / 100 áàëëîâ (íå áîëåå 125 / 250 áàëëîâ);

Çà êàæäóþ íåäåëþ îïîçäàíèÿ áàëë çà çàäàíèå ñíèæàåòñÿ â 2 ðàçà.

Çàäàíèå íå ïðèíèìàåòñÿ ïîñëå åãî ðàçáîðà èëè îáúÿâëåíèÿ îá ýòîì.
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Ôîðìóëà Áàéåñà

Çàäà÷à. Ïóñòü ïðîâîäèòñÿ ýêñïåðèìåíò ïî óãàäûâàíèþ ñòîðîíû

âûïàäàíèÿ ÷åñòíîé ìîíåòû. Èçâåñòíî, ÷òî îðàêóë ïðàâ ñ âåðîÿòíîñòüþ

p1 = 0.9, à îáû÷íûé ÷åëîâåê ñ âåðîÿòíîñòüþ p2 = 0.5. Èçâåñòíî, ÷òî
÷åëîâåê P îêàçàëñÿ ïðàâ âî âñåõ n = 10 áðîñàíèÿõ. Ñ êàêîé

âåðîÿòíîñòüþ P ÿâëÿåòñÿ îðàêóëîì?

Ñîâìåñòíîå âåðîÿòíîñòü: P(A ·B) = P(A)P(B|A) = P(B)P(A|B).

Ôîðìóëà Áàéåñà: P(A|B) =
P(B|A)P(A)

P(B)
.

A = [P − îðàêóë], B = [n èç n].

Ôîðìóëà ïîëíîé âåðîÿòíîñòè: P(B) = P(B|A)P(A) + P(B|A)P(A),
P(B|A) = pn1 , P(B|A) = pn2 .

P(A|B) =
P(A)pn1

P(A)pn1 + (1− P(A))pn2
.

Âîïðîñ: Êàê îïðåäåëèòü P(A)?
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Îïðåäåëåíèå àïðèîðíîãî ðàñïðåäåëåíèÿ

Èäåÿ: èç ïðåäûäóùåãî îïûòà è ðàçóìíûõ ñîîáðàæåíèé âûáðàòü P(A).
Ïðèìåð 1: îòñóòñòâèå îïûòà (îðàêóë è îáû÷íûé íåðàçëè÷èìû)

−→ P(A) = 0.5
Ïðèìåð 2: îðàêóëîâ íå áûâàåò (P(A) = 0) èëè "ÿ íè îäíîãî çà ñâîþ

æèçíü íå âèäåë, íî ìîæåò, áûâàþò" (P(A) = 0.0001).

Âîïðîñ: òîëüêî ëè íàøèì îïûòîì îïðåäåëÿåòñÿ àïðèîðíîå

ðàñïðåäåëåíèå? Ìîæåò ëè ïîñòàíîâêà ýêñïåðèìåíòà ïîâëèÿòü íà

àïðèîðíîå ðàñïðåäåëåíèå?

Ïðèìåð 3: Ïóñòü ÷åëîâåê P õî÷åò âûãëÿäåòü îðàêóëîì â ïðîãíîçå

ðåçóëüòàòîâ äâóõïàðòèéíûõ âûáîðîâ ìåæäó ïàðòèÿìè "ïðåëåñòíûõ"è

"çàìå÷àòåëüíûõ". Íà ïåðâûõ âûáîðàõ P âûáèðàåò 1024 ÷åëîâåêà

(âåðîÿòíî, èçâåñòíûõ è óâàæàåìûõ) è ðàññûëàåò 512 èç íèõ ïðîãíîç

¾âûèãðàþò ïðåëåñòíûå¿ , à 512 îñòàâøèõñÿ - "âûèãðàþò

çàìå÷àòåëüíûå". Ïóñòü âûèãðàëè "çàìå÷àòåëüíûå". Òîãäà 512 ëþäåé

çíàþò, ÷òî P âåðíî ïðåäñêàçàë èñõîä âûáîðîâ. Äàëåå èñòîðèÿ

ïîâòîðÿåòñÿ 9 ðàç. Òîãäà â êîíöå åñòü 1 ÷åëîâåê, êîòîðûé çíàåò, ÷òî P

óãàäàë ðåçóëüòàò 10 âûáîðîâ èç 10.
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Îïðåäåëåíèå àïðèîðíîãî ðàñïðåäåëåíèÿ (ïðîäîëæåíèå)

Ñëó÷àé 1 (÷åñòíûé ýêñïåðèìåíò, íåò seletion bias)

Ïóñòü P(A) = 0.0001 (îñíîâàíî íà ïðåäûäóùåì îïûòå), òîãäà

Pn(A|B) =
P(B|A)P(A)

P(B)
=

0.0001 · 0.9n
0.0001 · 0.9n + 0.9999 · 0.5n .

P10(A|B) = 0.0345; P20(A|B) = 0.9273, P30(A|B) = 0.9998.
Çàìå÷àíèå: äëÿ P(A) = 0.5 P10(A|B) = 0.9972; P20(A|B) = 0.999992.

Ñëó÷àé 2 (ïðåäâàðèòåëüíî âûáðàí ëó÷øèé èç 100 ñëó÷àéíî

âçÿòûõ ëþäåé ïî k = 100 ïîïûòêàì)

Âîïðîñ: ñêîëüêî îðàêóëîâ ñðåäè ýòèõ 100 ñëó÷àéíî âûáðàííûõ ëþäåé?

à) P(Ã) = 0.5; á) P(Ã) = 0.0001.

Ý��åêòèâíî ïðè òàêîì ýêñïåðèìåíòå ìåíÿåòñÿ P(A):
à) P(A) ≈ 1; á) P(A) = 0.01.

Pn(A|B) =
P(B|A)P(A)

P(B)
=

0.01 · 0.9n
0.01 · 0.9n + 0.99 · 0.5n .

P10(A|B) = 0.7829; P20(A|B) = 0.9992, P30(A|B) = 0.999998.
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Òåñòèðîâàíèå ãèïîòåç

Ïóñòü èìååòñÿ âûáîðêà {x1, . . . , xn}.
H0 : p(x1, . . . , xn) ∈ P , ãäå P � íåêîòîðîå ìíîæåñòâî ðàñïðåäåëåíèé.

Òðåáóåòñÿ: ïðîâåðèòü ãèïîòåçó H0 íà óðîâíå çíà÷èìîñòè

P(H0 îòâåðãíóòà|H0) ≤ α.

Ïðèìåð: Ïóñòü èìååòñÿ âûáîðêà ïàð zi = (xi, yi), i = 1, n,

zi ∼ N

(

zi|(0, 0)
T

,

(

1 ρ
ρ 1

))

.

�èïîòåçàH0 : ρ = 0

T (Z) =
1√
2n

n
∑

i=1

(xi − yi) ∼ N(0, 1− ρ).
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Òåñòèðîâàíèå ãèïîòåç: ïðîäîëæåíèå

T (Z) =
1

2n

n
∑

i=1

(xi − yi)
2 =

1− ρ

n
ξ, ξ ∼ χ2(n).

xi − yi
√

2(1 − ρ)
∼ N(0, 1) =⇒ (xi − yi)

2

2(1− ρ)
∼ χ2(1).

Ìîùíîñòü êðèòåðèÿ: P(H0 îòâåðãíóòà|H0)
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Âàðèàíò ñòàòèñòèêè: T (Z) =
1

n

n
∑

i=1

xiyi.
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Ìíîæåñòâåííîå òåñòèðîâàíèå ãèïîòåç

H0 = ∪i∈MH i
0, M = {1, . . . , m}, M0 = {i : H i

0 − âåðíà},
R = {i : H i

0 − îòâåðãíóòà}.

# âåðíûõ # íåâåðíûõ Âñåãî

# ïðèíÿòûõ H0 U T m−R

# îòâåðãíóòûõ H0 V S R

Âñåãî m0 m−m0 m
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Ìåðû êà÷åñòâà:

FWER = P(V ≥ 1) ≤ α, FDR = E

(

V

R
I(R > 0)

)

.
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Ïîïðàâêè äëÿ ó÷åòà ý��åêòà ìíîæåñòâåííûõ ïðîâåðîê

Ïîïðàâêà Áîí�åððîíè. Çàìåíèì äîñòèãàåìûå óðîâíè çíà÷èìîñòè

p1, . . . , pm íà ïîïðàâëåííûå (adjusted) óðîâíè çíà÷èìîñòè p̃1, . . . , p̃m,
ãäå p̃i = min(1, mpi).

Òåîðåìà. Ïîïðàâêà Áîí�åððîíè îáåñïå÷èâàåò FWER ≤ m0α

m
≤ α.

Äîêàçàòåëüñòâî. FWER = P(V ≥ 1) = P

(

∪m0

j=1{pij ≤ α/m}
)

≤
m0
∑

j=1

P(pij ≤ α/m) ≤ m0α

m
≤ α.

Ïîïðàâêà Áåíäæàìèíè-Õîõáåðãà.
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Raw p-values

Ïóñòü p(1) ≤ p(2) ≤ . . . ≤ p(m), òîãäà ïðè

ïîëîæèòåëüíîé ðåãðåññèîííîé

çàâèñèìîñòè äëÿ p(p1, . . . , pm) ïðè
p̃(m) = min(1, p(m)),
p̃(m−i) = min(1, m

m−i
p(m−i), p̃(m−i+1))

îáåñïå÷èâàåòñÿ FDR ≤ m0

m
α.

10 / 16



Íàèâíûé áàéåñîâñêèé êëàññè�èêàòîð

Ïóñòü èìååòñÿ K êëàññîâ C = {C1, . . . , CK} è x ∈ R
n
.

Òðåáóåòñÿ ïîñòðîèòü êëàññè�èêàòîð f(·) : R
n → C.

p(Ck|x) =
p(Ck)p(x|Ck)

p(x)
∝ p(Ck)p(x|Ck).

p(Ck)p(x|Ck) = p(Ck)p(x1|Ck)p(x2|x1, Ck) · . . . · p(xn|x1, . . . , xn−1, Ck).

¾Íàèâíîñòü¿: p(xi|x1, . . . , xi−1, Ck) = p(xi|Ck).

p(Ck|x) =
p(Ck)

∏n
i=1 p(xi|Ck)

p(x)
.

Êëàññè�èêàòîð: f(x) = argmax
k

(

p(Ck)
n
∏

i=1

p(xi|Ck)

)

.

Âîïðîñû:

Êàê îïðåäåëèòü p(Ck) è p(xi|Ck)?

Íàñêîëüêî ïëîõà ¾íàèâíîñòü¿, è çà÷åì îíà ââîäèòñÿ?

Ïî÷åìó êëàññè�èêàòîð òàêîãî âèäà?
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Íàèâíûé áàéåñîâñêèé êëàññè�èêàòîð: ïðîäîëæåíèå

Âîïðîñ: êàê îïðåäåëèòü p(Ck) è p(xi|Ck)?

1 Îïðåäåëÿåì p(Ck) ÷àñòîòíî ïî âûáîðêå, à äëÿ p(xi|Ck) ñòðîèì
ïàðàìåòðè÷åñêóþ ìîäåëü è èñïîëüçóåì ML-îöåíêè åå ïàðàìåòðîâ ïî

âûáîðêå;

2 Àíàëîãè÷íî ï.1, íî èñïîëüçóåì íåïàðàìåòðè÷åñêîå îöåíèâàíèå

ïëîòíîñòåé;

3 Ââîäèì àïðèîðíîå ðàñïðåäåëåíèå íà âåêòîð âåðîÿòíîñòåé

[p(C1), . . . , p(CK)]
T

, ïàðàìåòðè÷åñêóþ ìîäåëü íà p(xi|Ck) ñ
íåèçâåñòûìè ïàðàìåòðàìè, è àïðèîðíîå ðàñïðåäåëåíèå íà

ïàðàìåòðû ìîäåëåé.

Âîïðîñ: íàñêîëüêî ïëîõà ¾íàèâíîñòü¿, è çà÷åì îíà ââîäèòñÿ?

Ïðèìåð: K = 2,

p(x|C1) = N

(

0,

(

1 0
0 1

))

, p(x|C2) = N

(

0,

(

1 1
1 1

))

.
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Íàèâíûé áàéåñîâñêèé êëàññè�èêàòîð: ïðîäîëæåíèå

Ïðèìåð. Êëàññè�èêàöèÿ ïîëüçîâàòåëåé ïî èíòåðåñóþùåìó àòðèáóòó

(íàïðèìåð, ïîëó, âîçðàñòó, äîñòàòêó, èíòåðåñó ê íåêîòîðîìó òîâàðó) ïî

èñòîðèè x ïåðåõîäîâ ìåæäó âåá-ñòðàíèöàìè.

Ïðåäïîëîæåíèå: ïåðåõîäû ìåæäó ñòðàíèöàìè äëÿ êàæäîãî êëàññà Ck

îïèñûâàþòñÿ ìàðêîâñêîé öåïüþ ñ íåêîòîðûìè âåðîÿòíîñòÿìè ïåðåõîäà

(ðàçíûìè äëÿ ðàçíûõ êëàññîâ) ìåæäó ñîñòîÿíèÿìè (âåá-ñòðàíèöàìè).

1

0 21
3

1
2

1
3

1
3

1
2 1

2
1
2

p(Ck|x) =
p(Ck)p(x|Ck)

p(x)
∝

p(Ck)p(x|Ck).

p(Ck)p(x|Ck) = p(Ck)p(x1|Ck)p(x2|x1, Ck) · . . . · p(xn|x1, . . . , xn−1, Ck) =
p(Ck)p(x1|Ck)p(x2|x1, Ck) · . . . · p(xn|xn−1, Ck).

Âîïðîñ: êàê îöåíèòü p(x1|Ck), p(Ck) è p(xi|xi−1, Ck) ?
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Íàèâíûé áàéåñîâñêèé êëàññè�èêàòîð: ïðîäîëæåíèå

Êëàññè�èêàòîð:

f(x) = argmax
k

p(Ck|x) = argmax
k

(

p(Ck)

n
∏

i=1

p(xi|Ck)

)

.

Âîïðîñ. Ïóñòü p(Ck|x) èçâåñòíà òî÷íî. Êàêîé êëàññè�èêàòîð

îïòèìàëåí?

Ïóñòü K = 2 è P =

(

p11 p12
p21 p22

)

åñòü ìàòðèöà øòðà�à.

Ïðèìåð 1. p11 = p22 = 0, p12 = 0, p21 = 1;
Ïðèìåð 2. p11 = p22 = 0, p12 = 1, p21 = 1;
Ïðèìåð 3. p11 = p22 = 0, p12 = 1, p21 = 10;
Ïðèìåð 4. p11 = −1, p22 = −100, p12 = 1, p21 = 1.
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Ïîÿñíåíèÿ

Ïîëîæèòåëüíàÿ ðåãðåññèîííàÿ çàâèñèìîñòü.

Ïóñòü p = [p1, . . . , pm]
T

âåêòîð äîñòèãàåìûõ óðîâíåé çíà÷èìîñòè â

çàäà÷å ìíîæåñòâåííîé ïðîâåðêè ãèïîòåç, à D ⊆ R
m
� âîçðàñòàþùåå

ìíîæåñòâî (x ∈ D, y ≥ x =⇒ y ∈ D), òîãäà åñëè

P(p ∈ D|pi1 = x1, . . . , pij = xj) íå óáûâàåò ïî (x1, . . . , xj) äëÿ ëþáîãî

íàáîðà (i1, . . . , ij), òî èìååò ìåñòî ïîëîæèòåëüíàÿ ðåãðåññèîííàÿ

çàâèñèìîñòü äëÿ ñîâìåñòíîãî ðàñïðåäåëåíèÿ F (p1, . . . , pm).

Ïîëîæèòåëüíàÿ ðåãðåññèîííàÿ çàâèñèìîñòü ïî êàæäîìó ýëåìåíòó

èç ïîäìíîæåñòâà M0.

Ïóñòü p = [p1, . . . , pm]
T

âåêòîð äîñòèãàåìûõ óðîâíåé çíà÷èìîñòè â

çàäà÷å ìíîæåñòâåííîé ïðîâåðêè ãèïîòåç, à D ⊆ R
m
� âîçðàñòàþùåå

ìíîæåñòâî (x ∈ D, y ≥ x =⇒ y ∈ D), òîãäà åñëè

P(p ∈ D|pi = xi), i ∈ M0 íå óáûâàåò ïî xi, òî èìååò ìåñòî

ïîëîæèòåëüíàÿ ðåãðåññèîííàÿ çàâèñèìîñòü ïî êàæäîìó è ïîäìíîæåñòâà

M0 äëÿ ñîâìåñòíîãî ðàñïðåäåëåíèÿ F (p1, . . . , pm).
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