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Çàäà÷è êëàñòåðèçàöèè

Â çàäà÷å êëàñòåðèçàöèè òðåáóåòñÿ ðàçáèòü çàäàííîå ìíîæåñòâî
îáúåêòîâ íà íåñêîëüêî ïîäìíîæåñòâ (êëàñòåðîâ) íà îñíîâå ñõîä-
ñòâà îáúåêòîâ äðóã ñ äðóãîì.

Ìåðà ñõîäñòâà îïðåäåëÿåòñÿ ïî-ðàçíîìó â ðàçíûõ çàäà÷àõ.

Â òåîðèè ðàñïîçíàâàíèÿ îáðàçîâ è â ìàøèííîì îáó÷åíèè çàäà÷è
êëàñòåðèçàöèè îòíîñÿò ê ðàçäåëó îáó÷åíèÿ áåç ó÷èòåëÿ.

Íàðÿäó ñ ýòèì ðàññìàòðèâàþòñÿ òàêæå çàäà÷è êëàñòåðèçàöèè
ñ ÷àñòè÷íûì îáó÷åíèåì, â êîòîðûõ ÷àñòü îáúåêòîâ èçíà÷àëüíî
ðàñïðåäåëåíà ïî êëàñòåðàì.
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Çàäà÷à êëàñòåðèçàöèè íà ãðàôå
(çàäà÷à àïïðîêñèìàöèè ãðàôà)

Îäíà èç íàãëÿäíûõ ôîðìàëèçàöèé çàäà÷è êëàñòåðèçàöèè
âçàèìîñâÿçàííûõ îáúåêòîâ � çàäà÷à êëàñòåðèçàöèè íà ãðàôå
(èëè çàäà÷à àïïðîêñèìàöèè ãðàôà):
� âåðøèíû ãðàôà ñîîòâåòñòâóþò îáúåêòàì;
� ïàðû âåðøèí, ñîîòâåòñòâóþùèå ïîõîæèì îáúåêòàì, ñâÿçàíû
ïîñðåäñòâîì ðåáåð.

Òðåáóåòñÿ ðàçáèòü ìíîæåñòâî âåðøèí íà ïîïàðíî íåïåðåñåêàþ-
ùèåñÿ ãðóïïû (êëàñòåðû) ñ ó÷åòîì ðåáåðíîé ñòðóêòóðû ãðàôà.

Öåëü � ìèíèìèçàöèÿ ÷èñëà ñâÿçåé ìåæäó êëàñòåðàìè è ÷èñëà
íåäîñòàþùèõ ñâÿçåé âíóòðè êëàñòåðîâ.
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Îïðåäåëåíèÿ è îáîçíà÷åíèÿ

Îáûêíîâåííûé ãðàô íàçûâàåòñÿ êëàñòåðíûì ãðàôîì, åñëè êàæ-
äàÿ åãî êîìïîíåíòà ñâÿçíîñòè ÿâëÿåòñÿ ïîëíûì ãðàôîì.

• M(V ) � ìíîæåñòâî âñåõ êëàñòåðíûõ ãðàôîâ íà ìíîæåñòâå
âåðøèí V ,
•Mk(V ) � ìíîæåñòâî âñåõ êëàñòåðíûõ ãðàôîâ íà ìíîæåñòâå V ,
èìåþùèõ ðîâíî k íåïóñòûõ êîìïîíåíò ñâÿçíîñòè, 2 6 k 6 |V |,
• M1,k(V ) � ìíîæåñòâî âñåõ êëàñòåðíûõ ãðàôîâ íà ìíîæåñòâå
V , èìåþùèõ íå áîëåå k êîìïîíåíò ñâÿçíîñòè, 2 6 k 6 |V |.
Ðàññòîÿíèå ìåæäó ãðàôàìè G1 = (V, E1), G2 = (V, E2):

ρ(G1, G2) = |E14E2| = |E1 \ E2| + |E2 \ E1|.

3



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

Ïîñòàíîâêè çàäà÷

Çàäà÷à A. Äàí ãðàô G = (V, E). Íàéòè òàêîé ãðàô
M ∗ ∈M(V ), ÷òî

ρ(G, M ∗) = min
M∈M(V )

ρ(G, M)

Çàäà÷à Ak. Äàí ãðàô G = (V, E) è öåëîå ÷èñëî k,
2 6 k 6 |V |. Íàéòè òàêîé ãðàô M ∗ ∈Mk(V ), ÷òî

ρ(G, M ∗) = min
M∈Mk(V )

ρ(G, M)

Çàäà÷à A1,k. Äàí ãðàô G = (V, E) è öåëîå ÷èñëî k,
2 6 k 6 |V |. Íàéòè òàêîé ãðàô M ∗ ∈M1,k(V ), ÷òî

ρ(G, M ∗) = min
M∈M1,k(V )

ρ(G, M)
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Ïðèìåð. Çàäà÷è A, A2, A1,2

G M ∗
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Äðóãèå íàçâàíèÿ

• Çàäà÷à àïïðîêñèìàöèè ãðàôîâ

[Zahn C.T. Approximating symmetric relations by equivalence
relations // J. of the Society for Industrial and Applied Mathematics.
1964. V. 12. P. 840�847.]

• Correlation Clustering

[Bansal N., Blum A., Chawla S. Correlation Clustering // Machine
Learning. 2004. V. 56. P. 89�113.]

• Cluster Editing
[Shamir R., Sharan R., Tsur D., Cluster graph modi�cation problems
// Discrete Appl. Math. 2004. V. 144. P. 173�182.]
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Òî÷íûå àëãîðèòìû

• Çàäà÷à A ïîëèíîìèàëüíî ðàçðåøèìà äëÿ ãðàôîâ ñïåöèàëü-
íîãî âèäà

[Zahn, 1964]

• Çàäà÷à A äëÿ ãðàôîâ áåç òðåóãîëüíèêîâ ñâåäåíà ê çàäà÷å î
íàèáîëüøåì ïàðîñî÷åòàíèè

[Ôðèäìàí, 1971]

• Òî÷íûé àëãîðèòì ðåøåíèÿ çàäà÷è A äëÿ ãðàôîâ, íå ñîäåðæà-
ùèõ ÷åòûðåõâåðøèííûõ ïîäãðàôîâ ðîâíî ñ ïÿòüþ ðåáðàìè

[Âåéíåð, 1971]
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Âû÷èñëèòåëüíàÿ ñëîæíîñòü

• Çàäà÷à A NP-òðóäíà
[K�riv�anek-Mor�avek, 1986; Bansal-Blum-Chawla, 2004;

Shamir-Sharan-Tsur, 2004]

• Çàäà÷à Ak NP-òðóäíà ïðè ëþáîì ôèêñèðîâàííîì k > 2
[Shamir-Sharan-Tsur, 2004; Giotis-Guruswami, 2006]

• Çàäà÷è A1,2 è A2 NP-òðóäíû íà êóáè÷åñêèõ ãðàôàõ.
Îòñþäà âûâîäèòñÿ, ÷òî âñå âàðèàíòû çàäà÷ ÿâëÿþòñÿ NP-
òðóäíûìè, âêëþ÷àÿ A1,k ïðè ëþáîì ôèêñèðîâàííîì k > 2

[Àãååâ-Èëüåâ-Êîíîíîâ-Òàëåâíèí, 2006]
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Àëãîðèòìû ïðèáëèæåííîãî ðåøåíèÿ

• 3-ïðèáëèæåííûé àëãîðèòì äëÿ çàäà÷è A1,2
[Bansal-Blum-Chawla, 2004]

• 4-ïðèáëèæåííûé àëãîðèòì äëÿ çàäà÷è A
[Charikar-Guruswami-Wirth, 2005]

• Ðàíäîìèçèðîâàííàÿ ÏÏÑ äëÿ çàäà÷è A1,k ïðè ëþáîì
ôèêñèðîâàííîì k > 2 [Giotis-Guruswami, 2006]

• 2-ïðèáëèæåííûé àëãîðèòì äëÿ çàäà÷è A1,2
[Coleman-Saunderson-Wirth, 2008]

• 2,5-ïðèáëèæåííûé àëãîðèòì äëÿ çàäà÷è A
[Ailon-Charikar-Newman, 2008]

• 3-ïðèáëèæåííûé àëãîðèòì äëÿ çàäà÷è A2
[Èëüåâ-Èëüåâà-Íàâðîöêàÿ, 2011]
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Çàäà÷à êëàñòåðèçàöèè
ñ ÷àñòè÷íûì îáó÷åíèåì

Çàäà÷à A+
k . Äàí ãðàô G = (V, E) è öåëîå ÷èñëî k,

2 6 k 6 |V |. Âûäåëåíî ìíîæåñòâî ïîïàðíî ðàçëè÷íûõ âåðøèí
X = {x1, . . . , xk} ⊆ V . Íàéòè òàêîé ãðàô M ∗ ∈Mk(V ), ÷òî

ρ(G, M ∗) = min
M∈Mk(V )

ρ(G, M),

ãäå ìèíèìóì áåðåòñÿ ïî âñåì êëàñòåðíûì ãðàôàì M ∈Mk(V ),
â êîòîðûõ íèêàêèå äâå âåðøèíû ìíîæåñòâà X = {x1, . . . , xk}
íå ïðèíàäëåæàò îäíîìó è òîìó æå êëàñòåðó (ò. å. ìíîæåñòâó
âåðøèí îäíîé êîìïîíåíòû ñâÿçíîñòè ãðàôà M).

• Çàäà÷à A+
k NP-òðóäíà ïðè ëþáîì ôèêñèðîâàííîì k > 2.
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Ïðèáëèæåííûé àëãîðèòì äëÿ A+
2

Çàäà÷à A+
2 . Äàí ãðàô G = (V, E) è ìíîæåñòâî X = {x1, x2},

ãäå x1, x2 ∈ V , x1 6= x2. Íàéòè òàêîé ãðàô M ∗ ∈M2(V ), ÷òî

ρ(G, M ∗) = min
M∈M2(V )

ρ(G, M),

ïðè÷åì ìèíèìóì áåðåòñÿ ïî âñåì êëàñòåðíûì ãðàôàì
M ∈M2(V ), òàêèì, ÷òî x1 ∈ V1, x2 ∈ V2, ãäå V1, V2 � êëàñòåðû
(ìíîæåñòâà âåðøèí êîìïîíåíò ñâÿçíîñòè ãðàôà M).

Ïðîöåäóðà ïîñòðîåíèÿ êëàñòåðíîãî ãðàôà.
Ïóñòü v � ïðîèçâîëüíàÿ âåðøèíà ãðàôà G, N(v) � ìíîæåñòâî
âåðøèí ãðàôà G, ñìåæíûõ ñ v. Ïîñòðîèì êëàñòåðíûé ãðàô
Mv = M(V1, V2) ∈M2(V ) ïî ñëåäóþùèì ïðàâèëàì.
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Ïðàâèëà ïîñòðîåíèÿ ãðàôà
Mv = M(V1, V2) ∈M2(V )

(à) Åñëè â ãðàôå G âåðøèíà v ñìåæíà ðîâíî ñ îäíîé èç âåðøèí
x1, x2, òî V1 = {v} ∪N(v), V2 = V \ V1.

(á) Åñëè â ãðàôå G âåðøèíà v ñìåæíà ñ îáåèìè âåðøèíàìè
x1, x2, òî

M ′ = M(V ′
1 , V

′
2), ãäå V ′

1 = ({v} ∪N(v)) \ {x2}, V ′
2 = V \ V ′

1 ,
M ′′ = M(V ′′

1 , V ′′
2 ), ãäå V ′′

1 = ({v} ∪N(v)) \ {x1}, V ′′
2 = V \ V ′′

1 .

Åñëè ïðè ýòîì ρ(G, M ′) 6 ρ(G, M ′′), òî Mv = M ′, â ïðîòèâíîì
ñëó÷àå Mv = M ′′.
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Ïðèìåð. Ïðàâèëî (á)

v

x1

x2

G

v

x1

x2

ρ(G, M ′) = 5

v

x1

x2

ρ(G, M ′′) = 3
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Ïðèìåð. Ïðàâèëî (â)

v

x1

x2

G

v

x1

x2

ρ(G, M ′) = 5

v

x1

x2

ρ(G, M ′′) = 3
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Ïðàâèëà ïîñòðîåíèÿ ãðàôà
Mv = M(V1, V2) ∈M2(V )

(â) Åñëè â ãðàôå G âåðøèíà v íåñìåæíà ñ îáåèìè âåðøèíàìè
x1, x2, òî

M ′ = M(V ′
1 , V

′
2), ãäå V ′

1 = {v} ∪N(v) ∪ {x1}, V ′
2 = V \ V ′

1 ,
M ′′ = M(V ′′

1 , V ′′
2 ), ãäå V ′′

1 = {v} ∪N(v) ∪ {x2}, V ′′
2 = V \ V ′′

1 .

Åñëè ïðè ýòîì ρ(G, M ′) 6 ρ(G, M ′′), òî Mv = M ′, â ïðîòèâíîì
ñëó÷àå Mv = M ′′.

(ã) Åñëè âåðøèíà v ñîâïàäàåò ñ îäíîé èç âåðøèí x1, x2, òî
V1 = ({v} ∪N(v)) \ {x}, V2 = V \ V1,
ãäå x = x1, åñëè v = x2, è x = x2, åñëè v = x1.
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Ïðèáëèæåííûé àëãîðèòì

Ðàññìîòðèì ñëåäóþùèé àëãîðèòì ïðèáëèæåííîãî ðåøåíèÿ
çàäà÷è A+

2 .

Àëãîðèòì ALG+
2

Øàã 1. Äëÿ êàæäîé âåðøèíû v ∈ V ïîñòðîèòü êëàñòåðíûé
ãðàô Mv ∈M2(V ) ïî ïðàâèëàì (à)�(ã).

Øàã 2. Ñðåäè âñåõ ãðàôîâ Mv âûáðàòü òàêîé ãðàô M+
2 , ÷òî

ρ(G, M+
2 ) = min

v∈V
ρ(G, Mv).

Êîíåö àëãîðèòìà.
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Ãàðàíòèðîâàííàÿ îöåíêà òî÷íîñòè
àëãîðèòìà ALG+

2

Òåîðåìà 2. Ïðè n > 3 äëÿ ëþáîãî n-âåðøèííîãî ãðàôà
G = (V, E) è ëþáîãî ìíîæåñòâà X = {x1, x2} ⊂ V (x1 6= x2)
àëãîðèòì ALG+

2 íàõîäèò òàêîé êëàñòåðíûé ãðàô M+
2 ∈M2(V ),

÷òî

ρ(G, M+
2 ) 6

(
3− 6

n

)
ρ(G, M ∗),

ãäå M ∗∈M2(V ) � îïòèìàëüíîå ðåøåíèå çàäà÷èA+
2 íà ãðàôå G.
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